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PREFACE | 


“If you have knowledge,let the others candle at it" 


This book is specially designed by keeping in mind the demand of securing top 
class marks as well as the difficulties of an average student in understanding of Text 
Book. A significant feauture of this book is 


® All important definitions . 
r Formulas in the begening of every exercise. 
@ Complete and comprehensive notes of every chapter. 
Cs Easy approach towards every solution. 
° The questions are supported with comprehensive diagrams 
2 Each and every important question is highlighted: 
cs This book isa complete replacement of text book, students need not bother ' 


about text book when they have it. 


Each chapter is provided with the important questions at its end. This book is 
a tremendous equalizer with its main focus to save students from any kind of 
perplexity and preparing them for the examenitions of all the boards of punjab and 
Federal. Underlying all the aspects, this book will prove to be a great agset, not just 
for students but for all knowledge seekers. 


A special care has been made to avoid mistakes of every kind; therefore this 
note book has been read repeatedly so that before printing, all sorts of mistakes or 
shortcomings can be overcome. In this regard, | am highly indebted to Prof. Rafique 
Bloach, Prof. Nadeem Iqbal, Prof. Nasir Mushtaq, Prof. Javeed Kahoot, Prof. Farooq 
Khan, Prof. M. Farooq, Prof. Babar Zaheer, Prof. Sadaf Batool, Prof. Hina Sikander 
for exhaustive proof reading and giving their very valuable directions to keep the 
book according to the level of the students. 
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| am highly obliged to my worthy principla Prof. Shaukat Ali for his 
motivation and encouragment to write this book. 


It is hoped that this book will serve the purpose well for which it has been 
compiled, | am a staunch believer of the fact that the students will certainly find a 
great boosting difference by comparing it with the other books. 


This book is dedicated to the sacred one Almighty who bestowed knowledge 
upon me, and endowed me with honour and esteem, and rendered me capacity and 
ability to toil and labour, no doubt | was ignorant and nameless. 


To the Professors 


This book will also be beneficial to our worthy teachers as this will make a 
speedy and quick overview to the lecture. 

Moreover this will be helpful in pointing out and highlighting all the important 
definitions and questions. 

The questions at the end of the chapter are of M.C Qs, short and long questions 
type. Studying the Concepts reviews the content of the chapter and requires that 
students write out their answers. "Testing your skills" of the questions. 

All the convincing comments and patronizingly forwarded Suggestions will be 


thankfully entertained for making this Book more effective. 


Farukh Mahmood 
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a <a a 


Number System 


Rational number: 


A number which can be written in the form of £. where pand gez, g#0 


tm |= 
fe | 


-7 
called a rational number e.g.; oo etc. Also 0.21,0.510,0.999 etc are rational numbers 


21 510 999 
as they can be written as ~~. ss 
100 1000 1000 


irrational number: Multan 2010 


? 
A number which can not be written in the form of ie where pandgez g#Q0 calledan 
q 


aw Fe : zh ve 
irrational number e-g.; J9/3; 5. etc. All the square roots with prime number in it are 
the examples of irrational numbers. 


erminating decimal: Rawalpindi 2009 


A decimal which has only a finite number of digits in its decimal part, is called a 
terminating decimal.-e.g.; 202.04. 0.000225, 101.25704, 6.25 are examples of terminating 
decimals. : 

Since all the terminating decimals can be converted into common fractions as 


20204 
202.04 = — 


Recurring Decimals} Rawalpindi 2009 


A decimal in which one or more digits repeat indefinitely is called recurring decimal 
or a periodic decimal e.g, g Bi 5 5s Ba , 21.134134......... ete are recurring decimals. 

Such numbers can also be converted into their equivalent common fractions (see Q.6, 
Ex6.8, chapter6) So every recurring decimal is a rational number. 
Non-terminating, Non-recurring Decimals: 

A non terminating and non recurring decimal is a decimal which neither terminates 
nor it is recurring. It is not possible to convert such a dGecima! into a common fraction. Thus 
all non terminating and non recurring decimals represent irrational numbers. 

For example. 
7.3205080 ....... (non terminating, non recurring) is irrational. 


so every terminating decimal is a rational number. 
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Example 2 Prove that J? is an irrational number: 


Sol. 


Suppose V2is a rational number. Then it can be written in E strom. (where 
Y 


PpyEez&gF0) ie Bs i where p and q has no common factor. 
Te) q 


Ss V2q yy P = 2¢° —> (7) Now R.H.S of (i) isa multiple of 2, therefore L.H.S 

Must also be a multiple of 2, so let. P = 2P'(P’ being an integer) put in (i), then 

(i) > Qp')? =2¢°=> 4p” =2¢° 

2p” =’ + Ui) 

Now L.H.S of (ii) is a multiple of 2, then R.H.S of (ii) is a multiple of 2, so let 
q = 2q'(q'an integer) From the above discussion it is clear that p=2p'and 
gy =2q'.This shows that p and q have 2 as their common factor which is 
contradiction to the fact that p & q have no factor in common. Hence our supposition 
that /2 is rational, is wrong. Hence we conclude that is an irrational number. 


Example 3 Prove that \’3 is an irrational number: Lahore 2009 


Sol. 


: 3] 
Suppose V3 is a rational number. Then it can be written in P from 


(p.g€2withg #9) ie Pe V3> p= V3q (where p, q has no common factor) 
q 


=> p° =3q’ (i) (squaring) 

Now R.H.S (i) is a multiple of 3, therefore L.H.S must also be a multiple of 3, so let 
q =3p’ (q' being an integer) From the above discussion it is clear that p and q has 
3 as their common factor which is a contradiction to have no fact that in that 


V3 is rational is wrong, Hence we concluding that V3 is an irrational number. 


Note: Using the above method, we can prove that 2 a he Maas are irrational numbers 


where nis prime. 
Example 4 (i) a.0=0 Multan 


Sol. 


(ii) 
Sol. 


a.0=a.[1+(-1)] additive inverse 
=a.1+(-a.1) distributive law 
=at+(-a)=O additive inverse 
ab=0 => a=0 v b=0 
given that ab=0 


1 
Suppose a#0 then — exist 
a 
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1 1 
Now i (ab)= —.0 => (—.a)b=0 => 1.b=0 => b=0 
a a a 


Similarly if b + 0 then a=0 
Hence if ab=0 then a=0 v b=0 


Example 5 
(i) (-a)b=a(-b)=ab 
Sol. (-a)(b)+ab=(-a+a)b=0(b)=0 
So (-a)b and ab are additive inverse 
.. (-a)b=a(-b)=-ab 
(ii) (-a)(-b)=ab 
Sol. (-a)(-b)-ab=(-a)(-b)+(-ab)= (-a)(-b)+(-a)b=(-a)(-b+b)=-a(0)=0 = (-a)(-b)=ab 


Properties of Real numbers: 
Addition Properties Multan 2010 


(i) Closure Property: for all a,5¢R,a+6¢Rin other words sum of two real 
numbers is real number. Faisalabad 2009 

(ii) Commutative Property: For all a,b¢ R.a+b=hb+a 

(iii) | Associative Property: For all a,b,ce R,(a+b)+c=a+(b+c) 

(iv) Additive identity: Oc Ris the additive identity of the set of real numbers 
such that o+a=ato=a, VaeR 

(v) Additive inverse: _ |f the sum of two numbers is zero, then two numbers are 
called additive inverse of each other e.g., additive inverse of 7 is -— 7, etc. 

Thus forall ae R such that a+(—a)=(-—a)+a=0 so “a” and “— a” are inverse of 

each other. 


Multiplication properties: 


(i) Closure Property: forall a,b¢/R,a-b¢€ Rin other words product of two real 
numbers is real number. Faisalabad 2009 

(ii) Commutative Property: For all a,b< R,a-b=b-a 

(iii) Associative Property: For all a,b,c eR,(a-b)-c=a-(b-c) 

(iv) Multiplicative identity: 1¢ ‘Ris the multiplicative identity of the set of real 
numbers such that l.a=a.l=a VaelR 


(v) Multiplicative inverse: If the product of two numbers is one, then these two 
numbers are called multiplicative inverse of each other e.g., multiplicative inverse of 
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] = he es i ee 
7 is 5 . etc, thus for all @ € ix there is €lRsuch that a.—=—.a=1 soa and 
a a 


are multiplicative inverse of each other. 
ad 


Distributive Laws: Faisalabad 2009 


Forall a,b.ce R a(b+c)=a.h+a.¢ (left distributive law) 
(a+b)c=a.c + b.c (Right distributive law) 


Properties of Equality: 


(i) Reflexive property: For all a ¢iR,a=<a.i.e, a number is always equal to itself. 
(ii) shee property: Forall abe R if a=b—= b= 
(iii) tive property: Forall a.b.ce R. if a=b and h=c >a -c¢ 


(iv) hddeice property: Forall ab,ce R. if a=h then a+c=hice 
(v) Multiplicative property: For all a.b,c ¢ R. if a=b thea.c=h.e 
(vi) Cancellation property w.r.t “+”: For all a,o,ceR, if at+e=bt+e>a=h 
(vii) Cancellation ercrery w.r.t “X”: Forall a,b,c eR, if a.c=b.cma=h 


Properties of inequalities 


(i) Trichotomy property: Va.4¢ R either a=b or a>bora<b Sargodha 2008 
(ii) Transitive property: For all a.b.ce R 


(() a<band b<cma<c (ii) a>bhand b>c>a>c 
(iii) Additive property: For all a,b,ceR 

(i) i a>boat+crbt+e (i) iff a<bo>a+c<bt+e 
(iv) Multiplicative property: For all a,b,ce R with e>0 

(i) if a>b=>ac>he (ii) iff a<b>ae <he 

and forall a,b, €R withe<0 

(i) if a<b>ac>be (ii) if a>b=ac <be 


This shows that if negative number is multiplied to both sides of an inequality then 
the inequality is reversed. 
Note: If reciprocals of both sides of an inequality are taken then the sign of 


' Ly 
inequality changes e.g., < > 4 =>2<4 
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: Which of the following sets have 
closure property w.r.t. addition 
and multiplication? 


(i) 10} 
Sol Addition 0+ 0=0e {0} 
Multiplication Ox0=Qe {0} 


}0} closed w.r.t ‘+’ and 'x' 


(ii) {1} 
Sas Addition 1+1=2¢ {1} 
Multiplication |xl=le {1} 


Not closed w.r.t ‘+’ but closed w.r.t'x' 


(iii) {0,-1} 
Faisalabad 2008, Multan 2009 
Sol Addition 


0+0=0¢{0,-1! 
(0)+(-1) =-Le {0,-} 
(-1)+0=-1e {0,-1} 
(-1)+(-1)=-2¢ {0,-1} 


Not closed w.r.t ‘+’ 


Sargodha 2009, 


Multiplication 
0x0=0¢{0,-1! 

0x (-1)=0e{0,-1} 
-1x0=0e{0,-1} 
(-1)x (=1)=1¢ {0,-1} 
Not closed w.r.t. 'X’. 


NUMBER SYSTEM 


Exercise 1.1 


(iv) {1,-1} (Sargodha 2009, 2011 
Faisalabad 2008, Multan 2008, 2009 
Gujranwala 2009) 
Sol Addition 1+1 


1+(-1) =0¢ {1-1} 
(-1)+1 =0¢41,-1} 
(-1)+(-1)==2 €41.=T} 


Not closed w.r.t ‘+’ 

Multiplication 

Ix] =le iI, I 

ix(-l)) . =-Le{h=1} 

-1Ix] =-le}l,-1} 

(-1)x(-1)=1e{1,-]} 

Closed w.r.t. “X’. 

2. Name the properties used in the 

following equations. (letters, where 
used, represent real numbers). 


i. 4+9=9+4 
Commutative w.r.t ‘+’ 


ii. (++ S=a+e3) 


Associative property w.r.t ‘+’ 
ii, W34+v5)4+V7=V3+0/54V7) 
Associative w.r.t ‘+’ 
iv. 4.1 + (-4.1) = 0 
Additive Inverse 
Vv. 1000 x 1 =1000 
Multiplicative Identity 
vi. 4.1 + (-4.1) = 0 
Additive Inverse 
vii. a-a =0 
Additive Inverse 


viii, =V2x V5 = 2x5 


Commutative w.r.t. ‘X’ 
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a(b-c) =ab-ac 
Left Distribution over Subtraction 
(x-y)z=xz—- yz 
Right Distribution over subtraction 
4x(5x8)=(4«5)x8 
Associative w.r.t-‘X’ 
a(a+b—d)=ab+ac—ad 
Left Distribution __ 
3. Name the properties used in the 
following inequalities: 
i -3<-2>0<1 
(Add 3 both sides) 
Additive prdperty 
-§<4>20<16 
(Multiplying b- 4) 
Multiplicative property 
1>-1>-3>-5 
(Add —4) 
Additive property 
a<0=>-a>0 
(Multiply by — 1) 
Multiplicative property 


Ix. 
Xx. 
xi. 


xii. 


I 


ab 
Multiplicative property or Inverse. 
a>b=>-a<-b 
Multiply by (-1) 
(Multiplicative property) 
Prove the following rules of addition: 
ab at+b 


i —+-= 
ec ¢ 


‘oboe 'x' by 
a 6b 
Sol 


vi. 


Sol 


&, 


c 
l 


c 


a b 1 
L.H.S=—+—=ax—=hx 
Cone e 


Sol 


=(a+b)x é 
c 


NUMBER SYSTEM 


1 
= (ad +be)x— 
= (ai c) hd 


_ad+be 
hd 


Pe 
Prove that ——- -—_ = 
12 18 


—21-10 
>i a 
36 


Sol 


] 
= (—21—10)x— 
( ) 36 


Ee RS 
36 
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6. Simplify by justifying each step: 
(i) 4+16x 
4 
4+16x 

Sol L.H.S= 

= (4+16x)x A 

4 
= (1 Kas dxed)xe 


= (1+4x)x [4 x | Left Distribution 


l 
=(1+4x)| 4x— 
of i) 
= (1+4x)(1) Cancellation Law 
=(1+4x) Multiplicative Identity 
1 1 
—+- 
(i Di 
4 § 
hae a Adsl 
So. Se 'x' Identity 
| a Gee 
Sa =Xl==x] 
45 4 
gs A: ea Spee Sa 
4°5°5°4_ 20 20 
“131.4 il BE Closure property 
4S 5 -@ ~2G. 20 
] 
5+4)x— 
M 0 
] 
5-—4)x — 
( * 50 
5+4 9 : 
= rae = T =9 Cancellation property. 
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(iii) 


Sol. b Multiplicative identity 


Cancellation property 


‘x’ Identity 


= ee Cancellation property 
ub 1 


b NN Ae nape 


ub_ 


Distribution Law 


] 
-| | b-| 
ab P ab ss - ab 


= ——__ Cancellation Law 


This book was uploaded by www.educatedzone.com 


COLLEGE MATHEMATICS-| ho :) 


Sol 


Verify the addition properties of complex numbers. 


Closure 
Let at+ih.c+id € C then 


(at+ib)+(ct+id)=(a+c)+i(b+d) eC 

Associative 

atib,c+id.e+if €C then 

[(a+ib)+(c+id)|+(e+if) 
=[(a+ce)+i(b+d)] +(e +i) 
=(atc+e)+i(b+d+f) 
=(a+ib)+[(c+e)+i(d+ f)] 
=(u+ib)+| (c+id)+(e+if)] 

Additive Identity 

(0+i0),(a+ib) ec” 

then (a+ib)+(0+10) =(a+0)+i(6+0) 
at+ibec 

Also (0+i0)+(a+ib) 
=(0+a)+i0+6)=a+ibeC 

Additive Inverse 

(a+ib),(-—a—ib)e C 

(a+ib)+(-a-ib)=(a—a)+i(b—-5b) 

0+70EC 


Also (—a—ih)+(a+ib)=(-—a+a)+i(a+ib) 


0+i0EC 
Commutative 
(a+ib)(¢+id) € C then 
(a+ib)+(ce+id) 
(a+c)+i(b+d)=(c+a)+ild +b) 
=(c+id)+(at+ib) 


Verify the multiplication properties of the complex numbers. 


Close w.r.t. ‘X’ 

(a+ib)(c+id) © Cthen 

(a+ib\et+id)=act iad + ibe+ Phd 
=ac+i(ad +bc)—bd 
—(ac-hd)+i(ad+be)e C 


NUMBER SYSTEM 
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Sol 


Associative W.r.t. ‘X’ 
(at+ib),(c+id)(e+if)e Cc 


then| (a+ ib\(c + id) |(e + if) = (ac +i’ bd + ibe + iad)e + if) 


=[(ac— bd) + i(be + ad)|(e+ if) 


= [e(ac —hd)- f(be +ad)] + i[ (ac —bd)+e(bc+ ad)] 
= [aec—ebd — fhe - fad] + il afe - bd + ebc+ead| 
=[a(ec—df)—d(cf + de)|+i[a(cf + de) + bec — df)| 


=(a+ib)[(ec —df) + i(cf +de)] 
=(a+ih)[(c+id)\(e+if)] 
Identity 
(a+6),(1+70) € C then (a + ib)(1 +i0) 
=at+0+ib+0=at+ibeC 


Inverse 
(a+b), { ee =o areg JeC men 
a+b a+h 
(aib), (4 -—* :} =(a + iby 5) 
2 a+b ath a+b 
Pies Bs ln 
a+b a+b 
ib 
Al - ib 
= 4 oe a+) 
_ (a-ib)a+ib) _ a+b? 
a+h a+h 


=l1=1+0i 
Commutative 
(at+ib),(c+id)ec 
(a+ib)(c + id) =(ac—bd) + i(ad + be) 
= (ca—db) + i(da+cb) 
=(c+id)(a+ ib) 
Verify the distribution law of complex numbers. 


(a,b) [(c,d) +(e, £)] = (a,6)(c,d)+(a,b)le, f) 


Distribution law is (a,b)[(c.d) +(e, f)]=(a,b\(c.d) +(a.b\e. f) 
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Sol 


LHS =(a,b)[(c,d)+(e, /)] 


=(a,b)[(c,d)+(e, f)] 
=[a(c+e-b(d + f),a(d + f)+(c+e)] 

= (ac + ae—bd —df),(ad + af) +(be + be) 
= (ac ~bd,ad + bc) +(ae—bf ,af + be) 

= (a,6)(c,d)+(a,b)e, f) 

=RHS 


Simplify the following: 
i=V-1 
- =P =-} 
£ 
PaPxi 
=(7)*xi 
=(-1)'xi 
= [xj<i 
i** 
j= (7) =(-1) et 
(-i)” 
(-i)” =i? =-i"* 7=-(7  i=-(-1) i =4{-]i =i 


(-1)? 


ae oul 1 l 
ES ea 
SO! SaeO Ee TRG. OS ee, ae 

Cixi. tet Fe) 


Written in terms of i 


V-Ib 


J-1b =ib 


for 
(5s els SA 
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c 


Sol 


10. 
Sol 


Ics. = NUMBER SYSTEM 


/-16 
Sic 
\ 25 


fer{eu- if = 8 
a 
Han fem G5 


(7,9) + (3,-5) 
(7,9) +(3, 5) =(74+3,9-5) > 
= (10,4) 
(8, -5)—(-7,4) 
=(8—(-7),-5-—4) = (8+7,-5—4) =(15,-9) 
(2,6) (3,7) Multan 2009 
=(2+6i)(3 +7i) 
=6+147+18i + 42)? 
=6+32i+42(-1) 
=6+32i-42 
=-36 +32; 
= (—36,32) 
(5,-4) (-3,-2) 
=(5-—4i)(-3-2i) 
=—15~ 1074127 +87" 
=-15+27-8 


(0, 3) (0,5) 
=(0+37)(0 +5i) 
= (3i)(5/) 

=157 =15(-1) 
=-1§ 

=(-15,0) 
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11; (2, 6) + (3,7) 

(2,6), 246i 2+6i , 3-71 

(3,7) 347i 347i 3-T7i 

_(2#6i3-7i) 6-144 +181 - 427° 


Sol 


Gy =. 9 —(-49) 
—6+4i-42(-1)  6+4i+42 
9+ 49 58 
_ Ba et 
58 58 58 
oF. Sa 24 2 
+i—=(—,— 


~ 29° 20° 26°99 

12. (5,—4) +(-—3,-8) Faisalabad 2009 
_ 6-4) _ 5-4 
“(= PoBy ee . 
5-4 -3+8i 6-413 +8) 

3-8) 93-8) 3 8-30 8) 
_ =15 +407 + 121-327 / 

(-3)° — (81)° 
—15+52i-—32/* 
9—64(-1) 

_-154+52i+32 17452i 
pee So Sea 


Sol 


13. Prove that the sum as well as the product of any two conjugate complex numbers 
isarealnumber. - Federal 2008 
Sol Let Z=x+iy 
Conjgate = Zex~ iy 
Sum =Z+Z 
=x+iy+x-iy 
= 2xis real 
Product =Z Z 
=(x+ y)r- ty) 
ee : ee 2 : aR aie 
=x -(ly) =x°-(-y*) =x°+y° isreal 
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co 


14. 
(i) 


Sol 


(ii) 


Sol 


(iii) 
Sol 


15. 


(i) 
Sol 


EG ATICS-I 
Find the multiplicative inverse of each of the following numbers: 
(-4,7) Faisalabad 2008, Multan 2008 
Multiplicative Inverse = 
(~4,7) 
pees. 5 —4—Ti 
—4+7i -4-Ti 


_ -4-7i 4-7 
(-4) -(7i 16-(-49) 
-4-7i -4-Ti |-4 +7 


=(=,2) 


“F64ae. 65. “65°85 


(/2,-V5) =e) 2007, 2010, Gujranwala 2009 


Multiplicative Inverse = 


Ei 


l 2 +iv5 
“ae V2 -S5 a W245 
V2+iV5 V2 +iv5 


~ Gay Wisi 2—(-5). 
_ v2 +iv5 _v2+iv5 _ v2, = 


(1, 0) 


Multiplicative Inverse =: 


] ini _ 1-07 
1+0i 1-07 (1)’-(0yY 
1- 


07 
=———=1-0=(,0 
1=0 (0 = (1,0) 


Factorize the following: 

a’ +4b° Sargodha 2008, Multan 2009, 2010 
=a’ —(-4b”) = (a?)—(i7 4b") = (a)? - (2bi)° 
=(a-2bi)(a + 2bi) 


R SYSTEM 
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(ii) 9a* +165" S arg odha 2008, Faisalabad 2007 
Sol = = 9a" +166? = 9a’ — (-16b?) = 9a’ - (/716b") 
= 9a’ ~(i4b) = (3a) - (140)? 
= (3a — 4b/)(3a + 4b7) 
(ii) = 3x7 +3y’ 
Sol = =3x° +3y? =3(x? + y’) 
=3[(x)’-(-y")] 
= 3(x)’ -(iy)’) 
= 3(x —iy)(x + iy) 
16. Separate into real and imaginary parts (write as a simple complex number): 


2-7i 
i 
0 4+5i 
2-71 - 2-7 A-SI 
Sol 
4+57 445i *4-5i 
_ (2-7i(4—Si) 8-10-28 +357 
(4) -(3iY 16 -—(-25) 
_8-38/-35 _-27-38i_~27 38 
16+ 25 41 41 41 
—s \2 
ti (-2 + 3i) 
1l+i 
ee 2 Pe " 2 <3 
Sol (—2 + 3/) et 123+ 9i yas 


1+i l+i 1-i 
_ (4-127 + %-1))(1-i) 


(1+i)(1-2). 
~ (4-12i-9)1~-i) _ (-5-12i)(1-1) 
(1)? - (i 1~(—I) 

_ -5+5i-12i +127 

E 1+1 
-5-7i+12(-1)_ -5-7i-12 
eS Eee ee PE 
-17- She? 

es : a 
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(iii) Ea 
1+i 

i ‘Sa or | eee ba 

Sol = = 
I+i J+? 1-i (1) -(iy 
fC) i+ 


Le 
1—(-1) 2 2 


i 
2 
Example 1: Find the Module of the following complex numbers. 

i. 1-iv3 ii, 3 ii. —Si iv. 3+4i 
Solution: 


(i) ba fete 
Faisalabad 2009, Sargodha 2010 


»|Z[= yay +(-N3P 

= Vl 332 Ans 
(ii) Let Z=3 

Z =3+0i 

* Iz\= Jey +(0) =3 Ans 
(iii) Let Z=-Si 

i= Si 

ap |Z| = (oy +(—5)? =§ Ans 
(iv) Let Z=3+4i 

“abe Jy +(4) 

= J25 =5 Ans 


Example 2: (Federal board) 
Ff Z,=2+i, Z,=3=2i 
Z,; = 1+ 3i, then express 


ZZ, Qt 0+3) 2-0-3) 


fe ee ee SS 3-2i 
2-6i-i+3i 2-7i-3 

3-2i 3-2; 
-1-7i_ 3+2i 


x 
3-21 342i 


This book was uploaded by www.educatedzone.com 


NUMBER SYSTEM 


COLLEGE MATHEMATICS-1 17 
-3=2)-21i-147* - -3-231+14 
9-4) 9+4 
te pe ee 
13 oe 


Express the complex number 1+ iN3 in polar form. 


Example 4: 
Sargodha 2011, Fasaiabad 2007 

Solution: Put r cos0 =1-> (i) & r sind = Ai (ii) 

Squaring & adding (i) & (ii) 

r cos? +r? sin? @ = (1) +(W3)? 

r’(cos’ 0 +sin’ 0) =1+3 

r=4 

r=2 

Dividing (ii) by (i) 

rsin@ _ 3 

reoso 1 

tanO = 3 

a Tan"'(V3) 

¢. Sy 


Thus 1+iV3 = r(Cos@ + isin@) 
. = 2(Cos60° +7sin60) Aus 
State Demoiver,s Theorem: Lahore 2009 


Statement: 
(Cos@ +isin@)” = Cos(n@) + isin(n@) 


Example 5; Find out real and imaginary parts of each of the following complex numbers. 
(i) (V3 +iy Federal 2009 
5 

(ii) 1-V3i 

1+ V3i 
Solution (i): 

Let rcos@ = a ,& rsinO =1 where 
r’cos O+r sin’ @=(3y +) 


r’*(cos’@ +sin? 0) =3+1 
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r =4 
or = 2 
also rsing = u 
rcos@ V3 
] 
tan@ =—= 
V3 
1 
@ =tan"' 
CF 
@ =30° 


(/3 +1) =[r(cos@ + isiné)] =r*(cos@ +isin@) 


NUMBER SYSTEM 


= 2} (cos@+isin9)’ =8(cos3(30°) + isin 3(30°) By demoiver’s theorem. 


= 2'(cos30" +isin30’)’ =8{ cos90° + isin 90° | 


=8[0+7.1]=0+8/ 
Real Part =0 
Imaginary Part =8 
Solution (ii): ; 
Let cos, =1&r sind =-V3 


, =)? +(-v3)? 


hr = ¥1+3=2 
nsing, _ -V3 
7 cos0, | 


B 


tan 8, en A, =Tan(-X) =-60° 
Also Let —_r,cos0, =1&r,sin@ = V3 
=> rn = Vay+(3p 
Fy. = V4 =2 
3 


and 0, = Tan"'(—) = 60° 


s A) (cos(-60°) +isin(-60"))] 
o = 
1+. ¥3i [ (cos 60° + isin 60° )} 
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5 sexs +isin(-60°) } 
(cos 60° + isin 60°)° 
=| cos(~-60") + isin(-60°) } [cos(60°) + isin(60") 
= [ cos(-300° )+ isin(-300°) | [ cos(-300°) +isin(—300° )| By demaiver,s theorem 
= [ cos(300°)~isin(300°) ][ cos 300° ~isin 300° | =[cos300° -isin 300° |’ (i) 
as cos300° = cos[3x90+30]=sin30= 4 


sin 300° = sin| 3x 90” +30’ ]|=-cos30” = ea 
V3 


= G +i “y (i)become 


(ia) 3S) 


wl Siete o tp ety ayn l 2, 
ae Cae WaT i 44 2 
I-39 NG. 3 
= HT = -—-— + — 
4 2 4. 2 
x <2 


Theorems If z, Z,,Z, be any complex numbers then show that 


eo 

Sol. Let Z=a+ib=|Z\=Ja +e? () 
Also Z =a-ib =>|2| = (a) +(-by =Var +h? (2) 
-Z =-a-ib =>|-2|=(-a) + (by =Va +8 (3) 
-Z =-a+ib>|-z|= J(-a) + (by = Va +? (4) 
From (1),(2),(3) & (4) we have. 
ae Be 
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(ii) 
Sol. 


(iii) 
Sol. 


(iv) 
Sol. 


a 


(Z)=z Multan 2009 
let Z=atib->(l) 
=> Z=a-ib 


=. Zag — (2) 

From (1) & (2) we have (Z) = 7 

ZZ =|2) Lahore 2009 

Let Z=atib=> Z =a-ib 

LHS=Z. Z =(a+ib\a-ib)=(a’)-(iby 


a Se 
res 56) 
RHS =|2) =(Va+hY =a 4h? ~» (ii) 
L.H.S = R.H.S 
Z,+2Z,=2Z,+Z, Sargodha 2008 
Let Z, =a+ib, Z,=c+id 
Z, =a-ib, Z, =c-id 


Now Z,;+Z, =(a+ib)+(c+id) 


Also 


(v) 


Sol. 


Now 


=(a+c)+i(b+d) 
=> Z,+Z,=(a+c)-i(b+d) (i) 
Z,+Z, =(aib) +(¢=id) 
=(a+c)-i(b+c) 
From (1) &(2) wehave Z,+Z,=Z,+Z, —>(ii) 


Z,\_ 2 
—' |= ' Federal 2008, Sargodha 2009, Faisalabad 2008 
Z,) 4, 

Let Z, =a+ib, Z,=c+id 

Z, =a—ib, Z, =c-id 


Zi _a+ib _atib c—id 
Z,) e+id ctid c—id 
ac -iad +ibe -i’ bd 

(c)’ —(idy 
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yi _ ae - iad +ibe+bd _(ac+bd)-i(ad ~bc) 
oo —pd? 4d 


Z, \_ (ac + bd) + i(ad —be) a) 


pring 9 
Z, ce +d’ 


; Zi a-—ih a-ib crid 
Again | = |=——= x 
21) ¢-id ~¢~id-.¢+id 
_actiad—ibe-i'bd _ac+iad —ibe + bd 
(cy —(idy aed we 
4 aa (eos mae 28) + (2) 
£; c +d 


Frome & (2) we have (2. ~ z 

(vi) |Z,.Z,|=|Z,||Z,| | 

Sol. = Let Z,=a+ib, Z, =c+id 

=> |Z|=Va'+e, |Z,)=Vve +a? 

Now L.H.S |Z, . Z,|=|(a+ib)(c + id)| 
=| ac +iad + ibe +i°bd| 
=| ac +iad + ibe — bal 
= | (ac — bd) + i(ad + be| 
= (ac — bd)’ + (ad + bc)? 
=Va'e’ +b'd? -2aebd +.a’d? + bc? + 2aebd 

=VAC+h AD +a ad +h =Vace +a? +b +b d? 

=Va? +h? Vo? +a? 


=|Z|.\Z,|=RHS 
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(vi) |Z,|-|Z,|.s|Z, +Z,|s|Z,|+|Z,| 
Sol. Let Z,=a+ib, Z, =c+id 
then Z,+Z, =(a+c)+i(b+a) 


CO eb ea 
eal |ac| > 0c 
|2,|+|Z,| > |Z, +Z,| > (1) 


For Collinear Points = 
A od 


° 
a+fae|=[oc] +) 
|2,|+|Z.| =|Z, +2, 

By (1) & (2) |Z,)={Z,|2|Z,+Z,|  +() 

Now 
|Z,|=|2, + 2, -Z,| 
IZ,| s|Z, +Z,|+|-Z,| 
|2,|$|Z, + Z,|+|Z,| 
\Z,|-|Z,|<|Z,+Z,] ° (4) 

By (3) & (4) 


|\Z,|-|Z,|<|Z, + Z,|<|Z,|+Z,| Proved 
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a; Graph the following numbers on the complex plane: 
(i) 2+3i 
Sol. 2 +3 Compare with x + iy 

Here x=2, y=-3 

ie 

(ii) 2-3i Y 
Sol. 2—3i Compare with x + iy 

x=2, y=-3 ~ 
(iii) —2-3i 

Sol. Compare with x + iy Y 

x=-2, y=-3 

(iv) —2+3i 
Sol. — 2+ 3iCompare with x + iy 

x=-2, y=3 
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Compare with x + iy 


x=-6, y=0 
(vi) 2 
Sol. i=O0+i ; 
; Y 
Compare with x+iy => 
x=0, y=l 
ieee oe 
(vii) 5 Pa 
Sol. Compare with x + iy 
x=2, ye- 
ae Ts 
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(viii) -5S-6i ; 
Sol. Compare with x + iy 
x=-5, y=-6 


2. Find the multiplicative inverse of: 
(i) —3i =0-3i Faisalabad 2008 
‘Multi licative inverse = ——_ 
: 0-3 
-! 043) (0+3i 
O-3i 0+3% 0-(9;7) 
={=8) 9° 3 
(i) = 1-29 
Multiplicative inverse = 4 
1-27 
Aa ee 
1-27 142; 


= 1+2i _1+2i 
1+4 5 
1 at 
=_—+— 
5. § 
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—3-5i 
Multiplicative inverse = : . 
-3-Si 
I —3+5i —3+5i 
sabia Sag alos sr, Rey 
-3-5i -34+5i (-3)'-(5i) 
_ -3+Si _ -3+5i 
9-(-25) 9+25 
Mes 5.2 SiS eg 
34 34 34 
(iv) (1,2) Sargodha 2009 
Multiplicative inverse = en EE 
(1,2) 
Sot eta 1 
1+2i 1-2; 1-2i 
Ll. 1-2 
(1)? -(@2i)?_1-(-4) 
Ast Ne 2ie 152i 
ne ae ree ee 
: ae. 
=. 3 
3. Simplify: 
(i) "i Lahore 2009, Multan 2010 
Sol. OO PM p= (7)? xi =(-1)” xi =1 xi =i 
(ii) (-ai)',aeR 
Sol.  (-ai)' =a*i* =a‘ (7 =a‘(-1) =a‘l=a’ 
im war 
Self eee teat 2 ee 
z POPES, eat eee 


(iv) i '° — Rawalpindi 2009 


Sol. Av ee Ue ee eS 


4. Prove that Z =Z ifZ isreal 
Sol. Suppose Z=atib (i) =>Z=a-ib 


NUMBER SYSTEM 
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Given Z=Z 
a—itb=a+ib >a-a=ib+ib>0=2ib 
>b=0 
(i) become 
Z=a+ib => Z=a+0>Z=a=>Zisreal 
So Z is real conversely suppose that Z is real. 
So Za > (i) 
>Z=a 
Z=a > (ii) 
Compare (II) and (II!) 
Z=Z Hence proved. 
5. Simplify by expressing in the form a + bi 
(i) 5+2/-4 
Sol. 5+2V-4 =5+2/(-n4 


=5+2iV4 =542i(2)=5+4i4 
(i) = (2+-393+ 73) 


Sol. = (2+iV3)(3 + iv3) 
= 6+ 2iv3 + 3iv3 +7? V3V3 
= 6+ Siv3 + (-1)(3) =6-345V3/ 
=34+5V/3i 

as 2 

(iii) ss ; 

Sol 2 2 NS -iv8 
Vs+J-8 Js-iNe V5 -iv8 


_ _2¢/5 -iv8) _ V5 -iv8) 
eras 5-(-8) 


eS 


a 13 gre 
3 
OO ee 
‘et 3 V6 +ivi2 
Venus aris V6 -ivi2 J6 +iNi2 
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3V6+i3V12 36 +/3V12 
~ (6-2 6 =(-12) 
~ 36 +i3V12 _ 3(v6 +ivi2) 
7 pe ae 
v6, N4x3_ Vo is 
6 6 6 V6v6 6 


i We 4s 
=— 4 Ht 
6 3 V6 V3v3 
l i 
=—+ — 
6:3 
6. Showthat Vz eC 
(i) Z°>+Z is a real number. Faisalabad 2007 
Sol. Take Z = a+ibthenZ=a-—ib 


Now Z?+Z’? =(a+ib) +(a-iby 
= a’ + 2iab + (ib) + a’ —2iab + (ib)’ 


=@—b? +a —b? =2a* — 2b’ which is real. 


(ii) (Z-Z) is a real number 
Sol. Take Z=at+ib 
then Z =a—ib 
Now| Z-Z | =[(a+ib)-(a-ib)} 
=[a+ib—a+ibl 
= (2iby = 47h? =—407 


Which is real. 
7. Simplify the following 


‘a (-1+:8,] 


2 2 


at 3 ely, +3 


a8 yy + By 
tat. as iy wh ae 
+=) 


Sol. 
=-2 5G ig ts ONT 
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= 
Sree. Sees 
s. 3 i8-rs 
=1 Ans 
; (-! 8, 
(ii) sae ey 
m8 
Sol. Bie, =>) pean es : eee ees - iy 
1 SS 3/35 
REE 3(— Sie leede 5 We & okt 2s Pies eax + 
| Bae Fs mee “gerd: a? 
ey eS eae eee sad Sufi Sa 
or PY a Fy i 
a alg oo De er 
eR aa ew Sage eae 
a 1 V3.4, 2 V3, 
(iii) = ( 5 rie, ( 3 a, 
PSQs Sey ee Se Pe eer ei 
Sol. ic ae eS NE ee Nee 
) Sg on eee CS Se 
1,3) re 3, eel V3 
a ce es 22. Ope Se 
Se Ea Oe eres ee: ee ee 
Be A eee ee ee ae 
Se San Oe pee ee 
+i — +i --+=i 3 
id hicodby a Dk alec BRA aaa 
3 A 1 2 
4 4 a: 
(iv)  (a+biy 
Sol. (a +ib) = a? + 2abi + (iby =a’ + 2abi—b’ 
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(v) (a+ bi)? 


Re 1 1 1 (a* —b*) —2abi 
Sol. +ib YS = = 
ae (a+iby a’ +(ibP +2abi (a? <b’) 4 2abi | (a —b*)—2abi 

(a’ —b’)—2abi = (a° —b’) -2abi 


(@ ey -(2abiy? a’ +b‘ —2a°b? -(—4a°b*) 
(a? —b”)—2abi (a? —b?)-2abi (a —b?)-2abi 


=A ee, DY CEL PE: FE ERS, ae 


a ne -2a°b’+4a7b? a +b'+20°b? (a +by 
_a-b? 2abi Note (a+b) =a’ +b’ + 3ab(a+b) 
See ET =a’ +b? +3a7b+3ab’ 
(vi) = (a+ biy 
Sol. (a+ib)’ = a’ + 3a’ (bi) + 3a(bi)? +(bi)? 


= a’ +3a’bi + 3a(—-b’) + Pb? 
= a? +3a°bi —3ab? - ib? =(a’ -3ab”) + i(3a°b —b’) 

(vii) (a-iby | 
Sol. (a —ib)’ = (a? + (bi) =a? + 3a”(—ib) + 3a(-ib)? + (-ib)? 

= a’ —3a’bi + 3a(-b’) - Pb? 

= a’ —3a°bi —3ab’ —(-i)b 

= a’ ~3a°bi - 3ab’ + ib® =(a° -3ab*) + i(b’ —3a°b) 

(wy (3-V—4y" Federal 2007 . 


1 
" an ~-3 ss -3 = ee 
Sol. = (3- V4)? = (3-14)? = (3-21) ne 


1 

~ (3) =) (21) + 3(3)(2)? - (21) 

1 1 

~ 27-54) + 9(—4)-(-18) 27-541 - 3648; 
1 ~9 + 46] —9+ 46/7 


—_ ---—— — 


-9-461 -9+46i (-9)?-(46i)° 


_ 9+ 46i =. Se Ae 

~ 81-(-2116) 8142116 2197 
a 

"2197" 2197 
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Q#1. Select the Correct Option (10) 
i. The property used in inequality 7<9=>—a >Ojg. 
a) Additive b) Transitive 
c) Multiplicative d) Trichotomy 
ii, Multiplicative inverse of (1,0) is: 
a) (-1,0) b) (0,1) 
¢) 0-1) gd —«(1,0) 
iii, Union of Rational and Irrational Numbers is set of 
a) Real numbers b) Integers 
c) Whole numbers d) Complex numbers 
iv, Factors of 9a° +1657 are 
a) (34+ 4b)(3a - 46) b) (3a + 41b)(3a — 4ib) 
°) (Bai+4)(3ai-46) yy (V3 + 41b)(V3a - 41) 
22. 
Vv. — is 
7 
a) Rational numbers b) Irrational numbers 
c) Whole numbers d) Natural numbers 
vi, The number V2 is 
a) Natural b) Rational 
c) Irrational d) integer 
s\ 19 
vii. (-i) equal to 
a) l - b) =] 
c) i d) -j 
viil. The numbers 0.142857142B57....cccccscosss. is 
a) Natural b) Integer 
c) Rational d) Irrational 
ix, The number vi6 is called: 
a) Natural b) Integer 
c) Rational d) irrational 
x. Multiplicative identity in complex number is: 
¢) (0,0) dy) 
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—QHi. 


at mee ties 


14 &! 


Does the (0,-} posses closure property w.r.t 


Find multiplicative inverse of the complex number (1,2) 
Define Recurring decimal and terminating decimal: 


Prove that Z = Z iff Z is real. 
State De Mouvre’s Theorem. 
Cae 2 
£=1Z) V 
Prove that Zz Z| ZeC 


Show that V3 is an irrational number. 


Simplify ee : 
What is Closure Law of addition in the set of real haanabiees. 


Find modulus of !~ V3i 
Sinpiify (5,4) +(-3.-8) 

(2) nial 
YY * ca 
V2.2, €C show that Z; Z, 
Find Multiplicative Inverse of —3i 


Express !+ iN3 in polar form. 


21 
Simplify a as 
For a Real number 4.5 row that 4(- -b)=—ab 
Factorize 9@ +160" 
Veyd, €C Show that £,+2,=2,+2Z, 


State Trichotomy property 


2 2 
Factorize @ +40 


- 
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ae 


Sets Functions and Groups 


Well defined collection of distinct objects is called a set. Well defined, we mean an 
object that we can separate easily from other objects. 

The object in a set are called elements or members of a set Capital letters A, B, C, D, 
ieechaes are used as names of sets small letters a, b, c, d, ............... elements of sets. 

There are three different ways to describe a set. 
i. Descriptive method: A method by which a set is described in words 

For example. N=The set of all natural number. 
ii. Tabular method: tn this form, we have to write all the elements of a set within 
the brackets. For example; the set of all natural numbers can be written as: 

N ={1,2,3,4,5,6, 7...... ass } 


iii. Set-builder form: in this form, we use a letter or symbol for an arbitrary element 
of set and also write the property that is common to all element. For example; the set of 


natural number. Can be written as N = {x|xis any natural numbers| 


Some different sets of numbers: 


N = set of all natural numbers = {1,2,3,4........... \ = set of all +ve integers = ¥.. 
ji. ° W=setofall whole number = {0,1,2,3,4........... \ = set of non negative integers. 
iii. Z= set of all integers = {0,+1,+2,+3,......0 } s 
iv. Z'= set of all—vé integers = {—1,-2,—3,-4....... } 
Vv. O= set of all odd integers = {+1, +3, +5,........... } 
vi. E = set of all even integers = {0,+2,+4,......+00-- } 


vii. Q = set of all rational numbers = {ss= P where p.qeZ and g# o| 
q 


viii. Q’ = set of all irrational numbers = ‘" xv 2 where p.qeZ and q+ | 
q 
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Ole llae ge aNumber of elements in a set is called its order: Lahore 2009 
Membership of a set: iff symbol used for a member ship of a set is € is read as 
“belongs to” Thus a€ A means a is an element of a set A ora belongs to A. If a is not an 
element of set A. It is written asa¢ A. 

wo sets A and B are said to be equal sets if each element of one set is an 
element of other set, written as A= B. 
Two sets are said to be equivalent if one-to-one correspondence 
can be established between them 
Example: if A={1 2 3}; B={a b c} 

Then one-to-one correspondence between A&B can be established as under: 


A={1 2 3} 
Th) 
B={a b c} 
set having one element is called singleton set. 
Null Set A set having zero number of element is called null set or empty set. It is 
denoted by¢ = { } 


A set having finite number of elements. 
LS set having infinite numbers of elements. 
if each element of set A is also an element set B. Then A is called subset 
of B written as A C Band in such a case Bis called SUPER SET of A. 

Note: (i) Empty Set "¢"'is subset of every set. 

(ii) Every Set is sub set of itself. 
Power Set 

The set of all subset of set A is called power set of A, defined by P(A). 
Note; Power Set of empty set is not empty. 
Proper subset: Faisalabad 2009 

if A is subset of B and contains at least on element which is not in A than A in called 
proper subset of B donated by AC B 
Improper subset: 

If Ais subset of B and A=B then Ais Improper subset of B its follow that every set is 
improper subset of its self. 
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i EXERCISE2 | 


1. Write the following sets in set builder notation: 


i. {1,23 100000} 

Sol {a|xeN Ax <1000} 

Ht, {0,1,2,..0108} 

Sol {x[xeW ax 100} 

Wii, {0,1 £2, srseesee + 1000} 

Sol {x|x= Z-1000 <x < 1000} 
iv. {0,-1,-2, sso. — 500} 

Sol {x|xe ZA-500< x <0} 


{100,101,102,........400} 
{x|x€N and 100< x < 400} 
viv {-100,-101,-102, 1... — 500} 


Sol x|x€ ZA-500< x <-100} 

vii. { Peshawar, Lahore, Quetta, Karachi} 

‘Sol {x| x is a provincial capital of Pakis tan} 
viii, {January, June, July} 

Sol —_{x|x is month of Calender year beginning with J } 
Ix. The set of all odd natural numbers. 

Sol { x|x is an odd natural number} 

x. The set of all rational numbers. 

Sol {x|x 6) } 

xi. The Set of all real numbers between 1 and 2. 
Sol {x]x €Ral<x<2} 

xii. The set of all integers between - 100 and 1000 


Sol {x]x €ZA-100< x <1000 } 
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2. Write each of the following sets in the descriptive and tabular forms: 
I. {xx N ax s10} ' 
Sol Tabular Forms: {1,2,3,4,........0++ 10} 
Des. Form: set of first ten natural numbers. 
i. {x]xeN A4<x<12} 
Sol ‘Tabular Forms: {5,6,7,...........+. | I} 
Des. Form: set of natural numbers between 4 and 12. 
ii, {xx Za-S<x<5} 
Sol Tabular Forms: {—4,-3,-2,-1,0,1,2,3,4} 
Des. Form: set of all integers between -5 and 5. 
iv. {x|xe E A2<xs4} 
Sol Tabular Forms: {4} 
Des. Form: set of even numbers between 2 and 5. 
v. {x|x eP Ax<12} 
Sol Tabular Forms: {2,3,5,7,11} 
Des. Form: set of prime numbers between 1 and 12. 
vi {xlx €O A3<x<12} 
Sol Tabular Forms: {5,7,9,11} 
Des. Form: set of odd integers between 3 and 12. 
vil. {x\xeE A4s x <10} 
Sol Tabular Forms: {4,6,8,10} 
Des. Form: The Set of even integers from 4 to 10. 
vii.  {x]xek A4<x<6} 
Sol Tabular Forms: { } 
Des. Form: The Set of even integers between 4 and 6. 


ix, { x|x EO ASS XS 7} Rawalpindi! 2009 


Sol Tabular Forms: {5,7} 
Des. Form: The Set of odd integers from 5 up to 7. 
x. {x]x 0 A5<x<7} 
Sol Tabular Forms: { } 
Des. Form: The Set of odd integers between 5 and 7. 
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xi. {x|x eNAx+4=0} 
Sol Tabular Forms: { } 


Des. Form: The Set of natural numbers x, satisfying x + 4 =0 
xii. {x|xeQax? =2} 


Multan 2010 
Sol Tabular Forms: { } 
Des. Form: The Set of rational numbers x, satisfying x’ =2 
xiii. {x|xe¢ RAx=x} 
Sol Tabular Forms: IR 


Des. Form: The Set of real numbers x, satisfying x = x 
x = xis satisfying by all real numbers. 


xiv. {xjxeQax=-x} 

Sol Tabular Forms: {0} 
Des. Form: The Set of rational numbers satisfying x =—x 
“¥=-xX> 2x=0 or x =0 

xv. {x|xeRax#2} 

Sol Tabular Forms: !2 — {2} 
Des. Form: The Set of real numbers x, except 2 

xvi. {xix eRaxeQ} 


Sol Tabular Forms: ’ 
Des. Form: The Set of real numbers x, which are not saatsa so it will set of 
irrational numbers. 


3. Which of the following sets are finite and which of ath are infinite? 
i. The set of students of your class. 

Sol Finite 

ii. The set of all schools in Pakistan. 

Sol Finite 

iil. The set natural numbers between 3 and 10. 
Sol Finite 

iv. Set of rational numbers between 3 and 10. 
Sol Infinite 

Vv. The set of real numbers between 0 and 1. 
Sol Infinite 

vi. The set of rationales between 0 and 1. 

Sol Infinite 

vii. The set of whole numbers between 0 and 1. 
Sol Finite 
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viii. 


The set of all leaves of trees of 4. Write two proper subsets of each 
Pakistan. . of the foliowing sets: 
Infinite i. {a,b,c} 
P(N): 
Infinite sii {a} 13} 
P(a,b,c) i, {0,1} 
Finite Sol {0} , {1} 
(1, 2, 5 Bisechescssctien } ii.  =N 
Infinite Sol A Sy Zeulane Ral } 
{1,2) 3.scscceree 100,000, 0000} {1}, {2} 
Finite ar Z 
{x]xeRaxe x} Sol Z = {0,+1, 42.00. ae } 
Finite 
{I}. {2} 
2. — 
{xx e€Rax*= 16} a R 
Finite Sol R=set of real numbers 
{x|x€ Qa x’ =5} {1}, {2} 
Finite : W 
{x|x€Qa0<xs1} Sol W = set of whole numbers 
Infinite {1} ,{2} 
vi, {x]xeQa0s x52} 
Sol {I}, {2} 


Is there any set which has no proper subset? If so name the set. Lahore 2009 
Yes, @ is set which has no proper subset. 


What is the difference between {a,b} and {{2,b}} Faisalabad 2008, Sargodha 2009 
{a,b} isa set with, oelements and { {a,b}} is set with one element {a,b} 
Which of the following sentences are true and which of them are false? 


{1,2} = {2,1} 


True 


¢< {{2,1}} 


True 


{a} < {{a}} 


False 


{a} « {fa} 
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v. a: {{a}} 
vi. ge {{a}} 
Sol False 


8. What is the number of elements of the power set of the each of the following sets? 


bir SING 


Sol Power set of { } has elements = 2° =] 
li {0,1} , 
Sol Power set of {0,1} has elements = 27 = 4 


ii. — {1,2,3,4,5,6, 7} » 

Sol Power set of {1, 2,3, 4,5,6, 7} has elements = 2’ = 128 

iv.  {0,1,2,3,4,5,6,7} 

Sol —_- Power set of {0,1,2, 3,4,5,6,7} has elements = 24 = 256 

Vv. {a,{b,c}} 

Sol Power set of { a, {b,c}} has elements = 2? = 4 

vi. {{a,b} {b,c} ,{d,c}} 

Sol — Power set of {{a,5} {b,c}, {d,c}} has elements = 2° =8 

9. Write down the power set of each of the following sets: 

Sol (i) {9,11} Power setis {g{9},{11},{9,11}} 
(ii) {+,-,x,+} S arg odha 2010 
Power set is {¢, {+},{-}.£<},{+},{+,-}.{+.x},{+,+},{-} {-.+},{x, +} 


fe-hiftcth toms} ftoct} ] 


(iii) {9} 
Sol Power set of {¢} is = {¢.{o}} 
(iv) {a,{b,c}} S arg odha 2009 


Sol Power set ={9{a}.{b,c}, {a{b,c}} 

10. Which pair of sets are equivalent? Which of them are also/equal? 
i, {a,b,c} ,{1,2,3} 

Sol Equivalent 
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ii. The set of the first 10 whole numbers, {0, 1,2, 3......»++. 9} 


Sol Equal 
iil. Set of angles of a quadrilateral ABCD, set of the sides of the same quadrilateral 
Sol Equivalent 


iv. Set of the sides of a hexagon ABCDEF, set of the angles of the same hexagon: 
Sol Equivalent 
v. S85 203, As soccsersseee} of So i Oy ronterstoesy } 
Sol Equivalent 
VE 
vi {125 Anatomy {h <7 ama 
Sol Equivalent 
vis.” {SPS 5555} ,{5,10,15,20....csssee0es } 
Sol Neither equivalent nor equal sets. 


Union of two Sets: 


Union of two sets A and B, denoted by AUB js the set of all elements, which 
belongs to Aor B: symbolically; 7 


AUB={x|xe Avxe B} 
Example: |f 4 ={1,2,3,};B={2,3,4,5}, then AUB ={I,2,3,4,5} 
Intersection of two sets: . 
A and B denoted by 4B, is the set of all elements, which belong to both A and B: 
symbolically; AMB= {x|xe AAXE B} 


Example: f 4={1,2,3,};B={2,3,4,5}, then AN B= {2,3} 


Disjoint Sets: 
If intersection of two set A and B is empty. Then sets A and B are called Disjoint Sets. 
Example: OME = ¢ Where ‘0’ is set of odd integers ‘E’ is even. 


Overlapping Sets: 


if the intersection of two sets A and B is non-empty but neither is subset of the 
other, then such sets are called overlapping Sets. 


Example: Let 4= {1,2,3,4};B = {3,4,5, 6} ;Ac\ B=overlapping set = {3,4} 


Complement of a Set: 
If U is universal set, then U/A or U—A is called Complement of A, denoted by 


A' or A‘. Thus A'=A° =U-A 
Symbolically 4’ = { x|x EUAx€ A} 
Example: IfU =N, then E'=O and O'=E 
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Difference of Two Sets: 


The difference 4—Bor A/ B of two sets A and B is the set of elements which belong to A 
but do not belong to B. 


Symbolically A-— B= A/ B= {x|x€ ANX€ B} 
Example: _'f A= {1,2,3,4,5};B ={4,5,6,7}; 4— B= {1,2,3} 
Note: A-B+#B~—A because B- A={6.7} 


(named by “JOHN VENN” The English Logician and Mathematician (1834-83) A.D ( it, 
is the picture representation of given sets in the form of rectangle and circles). In Venn 
Diagram, rectangular region represents universal set U and circular region represent given sets. 

Venn Diagrams of given Sets. 


1; AUB 


When Aand Bare disjoint sets OR when AM B=¢G 


2. AUB . 
So 


When Aand B are overlapping set OR when AN B#¥O 


U 
3. AUB 6 
When ACB @) 
4, ANB u 


When Aand Bare Disjoint Seti.e AN B=¢ (a) 


5. ANB 


When Aand Bare overlapping setsi.e. ANB #¢ 
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6. ANB ; i 
When AcB Ca) 

U 
7. A-B=A/B when AN B= 


When A and Bare Disjoint sets i.e, ANB=¢ (>) 


8. A-B Faisalabad 2008 U 


When A and B over lapping sets i.e when AMB# eg 
U 

B 
U 


9. A-B 


When Ac Band A-B=¢ 


10. A-B 


When Bc A and A-Be¢ 


Note: Shaded area gives required region or required result 


Number of elements: 


(i) No. of elements in set A is denoted by n (A). 

(ii) If A and B are disjoint sets then n(AU B) = n(A)+n(B) 

(ili) If A and B are overlapping sets, then (4 UB) = n( A) + n(B)—n( Ar B) 
(iv) if ACB; then n(AU B)=n(B) and n(AnB)= n( A) 

(v) n(A— B)=n(A)-n( ANB) 

(vi) n(B— A) = n( B)-n(ANB) 


This book was uploaded by www.educatedzone.com 


COLLEGE MATHEMATICS-| SET FUNCTIONS AND GROUPS 


EXERCISE 2.2 


1. Exhibit 4 Band AB by Venn Diagrams in the following cases: 


i, AcB 
Sol AUB: when ACB AMNB=? when Ac B 
Dotted region represents AUB Doted region represents ANB 


ii. BcaA 
Sol: AUB: when Bc A ANB=? when BCA 
Dotted region shows AUB Doted region gives AB 


iii. AU.A!' 


Sol SAGA HT 
Dotted region represents 
AVA'=U 
iv. A and B are Disjoints sets. 
Sol :-AU B=? When A and B are disjoint sets. 


Shaded region represents A.B 


v. Aq B=? when Aand B are disjoint sets. U 


Sol Blank region represents 4/8. Because (+) C*) 
according to the condition AN B= 
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vi. 
Sol 


iii. 
Sol 


A and B are over lapping Sets. 
AU B=? ANB=7, 


When A and B are overlapping sets. When A and B are overlapping sets. 


Shaded region gives AUB Shaded regiongives AB 
Show A— Band B~— A by Venn Diagrams when: 


(a) If Aand B are overlapping (b) If A and B are overlapping set, then 
A-B=? B-A=? 


Shaded region gives 4-B Shaded region gives B— A 


(a) A~B=? If ACB (b) B—~A=? If ACB 


Which is Venn diagram of A—B Which is Venn diagram of B— A 


(a) A~-B=? If BCA (b) B-A=? If BCA 


Its Venn diagram is Its Venn diagram is 


U 
A 


© 
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3. Under what conditions on A and B are the following statements true? 

i. AUB=A ii. AUB=B 

Sok. - FF Rew Sol. If ACB 

iii. A-B=A iv. AMNB=B 

Sol. If ANB=¢ Sol. if BCA 

v. n( AU B)=n(A)+ n(B) vi. n( Ac B) = n(A) 

Sol. if A and Bis are disjoint sets. + YACE 

vi. A-B=A viii. (AN B)=0 

Sol. lf Aand Bdisjointor AN B=¢ Sol. If ANB=$¢ 

ix. AUB=U — multan 2009 x. AUB=BUA 

So. if B=A'or B=A Sol. _It is always true. 

xi. n=(AN B)=n(B) xi. U-A=¢ 

Sol. If BCA Sol. if U=A 

‘4. Let 
U= {1 2 taecen 10}, A={2,4,6,8,10}, B={1,2,3,4,5} and C={1,3,5,7,9} tist 
the numbers of each of the following sets. 

i, AS 


sol. 4° =U-A={1,2,3.....10} -{2,4,6,8, 10} ={1,3,5,7,9} =C 


ii. B 
Sol. B =U-B={1,2,3.....10} —{1,2,3,4,5} ={6, 7,8.9, 10} 
iii. AUB 
Sol. AU B=\2,4,6,8,10} U{1,2,3,4,5} 
SAUB= {1,2,3,4,5,6,8,10} 
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iv. A-B 
sol. A-B={2,4,6,8,10}-{1,2,3,4,5} 


or A-B={6,8.10} 


v. ANC 

Sol. ANC ={2,4,6,8,10} y{1,2,3,4, 5} 
ANC ={ }=¢ 

vi. Awe 


sol. A UC" ={1,3,5,7,9} U{2,4,6,8,10} 
AOS 2 {02.3/4, o cserces 10} 


vii. AUC 
Sol. A UC ={1,3,5,7,9} U{1,3,5,7,9} 


A UC ={1,3,5,7,9} 


viii U* 
Sol U° =U-U 
Ai ene 10} = {1,2,3,.....0..+. 10} =¢ 
5. Using Venn diagrams, If necessary, find the single sets of equal to the following 
i. A’ ii. ANU 
Sol. Sol, AU =set of common elements =A 


iii. 
Sol. 


iv. Au¢ 
Sol. AUP=A 
Shaded region shows AU¢ 
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v. one 

Sol 8g¢ng={ } 

6. Use Venn diagram to verify the following: 
i. A-B=ANB | 

Sol. From Venndiagramof A-—Band AB 


We see that A-B=AOB 


i.  (A-BY OB=B 
Sol. __ Use diagram to verify (4-—B) MAB=B 


Case-| When A and B are overlapping 


Here A-—B= 


(A-B) = | : 


From Venn diagram (A— B)’ A B= 


A-B (A-B) 


This book was uploaded by www.educatedzone.com 


COLLEGE MATHEMATICS-| | 48 | SET FUNCTIONS AND GROUPS 


Case-ll: When A and B are disjoint sets ; then 


SSASSN SSS SSS SSA SRA S 

SANSA NV PPP 

¢ _— NAAR NAAN RENEN NN NY 
(A-B) = SSS 


NSSASSANNSSS ANN AANA 


SSS Soa hhh bbb bb) 
ASASSSSASS ASS 
SAE ny’ 
SAO 


SAS ASA yyy 

SASAANAAASAAS AAAS ARAN NSS BBS DS SURES ENN BERENS BRN 
SAASSANAS NANA ETAT ENN 
BSAA ANE ANSARI ES SEES SSS 


PROPERTIES OF UNION AND INTERSECTION MBG LUD Esc Algo 


i. AUB=BUA; Commutative property of union. 

ii, ANB=BoOA; Commutative property of Intersection 

ili, (AUB)UC=AU(BUC); Associative property of union 

iv, (ANB)AC=AN(BNC); Associative property of Intersection 

v. AU(BOC)=(AUB)A(AUC); _ Distributive property of union over 

Intersection (Faisalabad 2009) 

vi. AN BUC) =(ANB)U(ANC) Distributive property of intersection over union 
3 (AUB) =A OB 

vii. (AN BY = 4'UB' De Morgan’s Laws, (Faisalabad 2008) 
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1. Verify the commutative properties of union and intersection for the following pairs of sets: 
i,(a) AUB=BUA 

A={1,2,3,4,5}, B={4,6,8,10} 
Sol. AU B={I,2,3,4,5} U {4,6,8,10} ={1,2,3,4,5,6,8,10} —>1 

BU A={4,6,8,10} U{1,2,3,4,5} = {1,2,3,4,5,6,8,10} + 2 

Froom1&2 AV B=BUA 


i.(b) ANB=BONOA 
Ary B={1,2,3,4,5} 7 {4,6,8,10} = {4} —1 
Bry A={4,6,8,10} {1,2,3,4,5} > BO A={4}—2 


From 1 and 2 
Am B= BoA proved 


ii. N 
Sol. N =set of natural numbers Z = set of integers 
Given sets are N and Z then 
ZUIN=Z 
NUZ=Z 
NOZ=N 
ZAN=N 


So NUZ=ZUN 
and NAZ=ZAN 
iii. Az={x\xeRAx20} and B=R 
Sol. AUB={x|xeRax20}UR=R 
BUA=RU{x|xeRax20}=R 
ANB={x|xeRAxz0}AR 
={x]xeRax2>0} 
BNA=Ra{x\xeRax20} 
={x}xeRAx20} 


AUVUB=BUA 
and ANB=BnA 
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ra Verify the properties for the sets A,B and C given below: 
i. Associative Law of Union 
a {1,2,3,4} 

B = }3,4,5,6,7,8} 

C= {5,6,7,9,10} 
Sol. Associative Law of union AU (BUC)=(AU BY UC 

LH.S=AU(BUC) 
253; hd 


{3,4,5,6,7.8,}U {5,6 an 
~ {3,4,5,6,7,8,9,10} 


a 


=(h; 
= {1,2 
R.H.S=(40 B)UC) 
=[{1,2,3,4} U {3,4,5,6, 7,8, ]U{5,6,7,9, 10} 
= {1,2,3,4,5,6,7,8} U{5,6,7,8,9,10} 
= {1,2,3,4,5,...c0s000010} 2 
From land 2; 
AU(BUC)=(AUB)UC 
ii. Associativity of intersection 
Sol. = AN(BAC)=(ANB)AC 
LH.S=AA(BOC) 
= {1,2,3,4} 7 {3,4,5,6,7,8,} 7 {5,6,7,9,10} 
= {1,2,3,4}.> {5,6,7} 
={} 1 
bee 
= {1,2,3,4} {3,4,5,6,7,8.} ]-{5, 6, 7,9,10} 
2 SURAANo, } —»2 
From land 2 
AM(BAC)=(ANB)AC 
iii. Distributivity of union over intersection 
Sol. AU(BOC)=(AUB)A(AUC) 
LH.S= AU(BOC) 
= {1,2,3,4} U[ {3,4,5,6,7,8,} 0{5,6,7,9, 10} | 


= {1,2,3,4} {5,6, 7,} = {1,2,3,4,5,.6,7} © 1 
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R.H.S=(4U B)A(AUC) 
=[{1,2,3,4} 0 {3,4,5,6,7,8} ][ {1.2.3.4} U (5,6, 7,9,10} | 
= {1,2,3,4,5,6,7,8} 0 {1,2,3,.ccccesern 7;9,10} ={1, 2,3, .csccssee 7} 2 


From 1 and 21L.H.S = R.H.S. 

iv. Distributativty of (over 

Sol. AMN(BUC)=(AN B)YU(ANC) 
LH.S= AM(BUC) 


= {1,2,3,4} 0[{3,4,5,6,7,8,} U{5,6,7,9, 10} | 
= {1,2,3,4} 9 (3,4,5,6,7,8,9,10} 
L.H.S = {3,4} 1 
R.H.S= (49 B)U(ANMC) 
=[{1,2,3,4} 0{3,4,5,6,7,8} ]U[{1,2,3,4} a5, 6,7,9,10} ] 
={3,4}U{ }=G3,4} +2 


From 1 and 2 we get. 
L.H.S = R.H.S 


Partii. A=¢; B={0}; C={0,1,2} 
Sol. Given A=; B={0}; C ={0,1,2} then 
(a) Associativity of union; AU (BUC)=(AUB)UC >] 
Putting value in 2, we getdU| {0} U{0.1,2} ]=[(6U {0} JU{O, 1,2} 
=> ¢V{0,1,2} = {0} U{0,1,2} 
{0,1,2} = {0,1,2} 3 


L.H.S = R.H.S 
b. Associtivity of Intersection AN(BAC)=(ANB)AC >] 
Sol. Putting values in 1, we get 


PA {O} {0,12} ]={Gr {ol} r{0,1,2} 
d{0} =o r{0,1,2} 

p= 

L.H.S = R.H.S 


Cc. Distributive Law of over > 
Sol. AUY(BAC)=(AVUB)A(AUC) 


LHS= AU(BAC) 
= [({0}0{0,1,2}) | 
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=pU{o}={0} 1 
R.H.S= PRE 


=[¢ }rtopjoLld }v{o.1.2)] 
={0}A Aid \ +2 
From 1 and 2; L.H.S = R.H.S 
d, Distributive Law of C\over U 
Sol. ANMN(BUC)=(ANB)U(ANC) 
LH.S= AN(BUC) 


=$r[ {0} U{0,1,2}) | 
=¢r{0,1,2} : >1 
R.H.S= (A AB)YU(ANC) 
=[@A{0}) ]UL@A{0,1,2}) | 
=9U¢=¢ 2 
Fromland2 
L.H.S = R.H.S 
Part-iii. N,Z,Q 
Sol. GivenN<Z<Q 
N=) 2343ou.., } 
FAB aE Mie ol Sn hc ~ e } 


O = Set of rational numbers 
a. Associativity of Union 
Sol. NU(ZUPD)=(NUZ)UO 
NUQ=ZU0(. NSZ<Q) 


Q=90 
L.H.S = R.H.S ved 
b. Associativity of Intersection 


Sol. NA(ZAQ)=(NAZ)NQ 
?NAZ=ENNDQ.NSZSQ) 


N=WN 
=> L.H.S = R.H.S proved 
Cc. Distributivity of U over > 


Sol. = NU(ZAQ)=(NUZ)N(NUQ) 
= NUZ=SZNQ() NSZSQ) 
Z=Z 
=> L.H.S = R.H.S proved 
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d. Distributivity of over U 
Sol. NA(ZUQ)=(NOZ)U(N OQ) 
=>NAQ=NUN(VN<Z<O) 


N=N 
=> L.H.S = R.H.S proved 
3. Verify De Morgan’s Laws for the following sets: 
Us 2 aga ,20}, A = {2,4,6,.....0000. 920} ated B= {1, 3,5, ccsescss. 19} 


Sol.(i) We have to prove (4 B)'= 4’U B’ 
L.H.S= (AN B)' 


Where AB ={2,4,6, ares ,20} m {1,3,5, ase: 19} 
ANB=¢={ } 
(ANB) =U-(ANB)=U-G@=U 1 
R.H.S= 4'U B’ 
Where A’=l/—A 
= | ea eer Mei) ad A eee .20} 
Me AVS Sia cit} 
B'=U-B 
oo Rae (VE <2) oS a Se ,19} 

B92, 46,toncan 20} 
AND BSF 5, ncccan, 1D Bn 20} 
AO B= {1,2,3,4, 010020} =U 2 
From 1 and 2 
L.H.S = R.HS . 

ii. We have to prove that (AU B)'= A’ B’ 

Sol. LHS = (AUB)! 
AUB ={2,4,6,...060520} U {1,3, 5, oescrene 19} = {1, 2,3,......20} =U 
(AUB) =U-(AUB)=U-U=¢ aa 
R.H.S= A’ B’ 
Where A’ =U—A 
A’ = {1,2,3,4yecsssoseers »20} - {2,4,6,.....0000 ,20} 
M813, Sicctiecs 19} 
B =U — B={1,2,3,.0ssserees »20} ~{1,3, 5, sss. 19} = {2,4,6,........520} 


Fromiand2 => L.H.S = R.H.S 
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4, Let U = The set of the English alphabet; 
A={x|x is avowel}, B= {rly isa consonant} 
Verify De Morgan’s Laws for these sets. 
Sol. We want to prove that 
(AUB =ANB 
L.H.S =(AU BY’ 
Now(Av B)={x\x is a vowel} U {|v isa consonant} 
AW B= Set of English alphabet =U 
(AUB) =U-(AUB)=U-U={} 31 
R.H.S= A’ B’ 
Where 4’=U ~ 4 =U —{x|x is a vowel} 
A= { »| yisa consonant } 
and B’=U-B=U { yy is a consonant} 
B= {| x is avowel } 
Then A’ B= { y| yisa consonant } ao {x|x is a vowel \ 
AB ={} +2 
From 1 and 2 


L.H.S = R.H.S 
5. With the help of Venn diagram, verify the two distributive properties in the 


following cases w.r.t union and intersection. 


i. (a) AcB,ANC =Mand B and C are overlapping. 
Sol. AU(BOAC)=(AU B)N(AUC) 


Venn diagram of AU (BOC) Venn diagram of (AUB) A(AUC) 


Bac 
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(b) 


Sol. 


SET FUNCTIONS AND GROUPS 


AU B= 


+ 


AUC= 


(AUB)A(AUC)= 
AU(BOAC)= 


From Venn diagram, Itis clear that AU (BO A) =(AUB)A(AUC) 


AN(BUC)=(ANB)U(ANC). 
Venn diagram of AN (BUC) Venn diagram of (AM B)U(ANC) 


AMC = no thing is common. 


“(ANB)YU(ANC)= —— 


From Venn diagram. It is clear that AMBUC)=(ANB)U(ANC) 


(a) A and B and are the overlapping, B and C are overlapping but A and C are 
disjoint. 
AU(BAC)=(AUB)O(AUC) 


Venn diagram of AU(BAC) UC) 
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AUB= 
se- il 
(AUVB)A(AUC)= 
From Venn diagram obviously AU(BOC)=(AUB)A(AUC) 
(b) ANR(BUC)=(ANB)U(ANC) 
Sol.  Venndiagramof AN(BUC) Venn diagram of (AN B)U(ANC) 


AM (B UW C) = SESSEESESEESES! AMC = no common elements 
From Venn Diagram it is clear that d A(BUC) =(AN B)U(ANC) 


6. Taking any set, say 4 = {1,2,3,4,5} verify the following: 


i. AUG=A 
Sol LHS=AUS 
= {1,2,3,4,5} US 
= {1,2,3,4,5} = A =R.H.S 
ii. AVA=A 
Sol. CHS =AWASHA 
= {1,2,3,4,5} U {1,2,3,4,5} 
= {1,2,3,4,5} = A=R.H.S 


iii. ANA=A 
Sok LHS=AMA 


= {1,2,3,4,5} 9 {1,2,3,4,5} 
= {1,2,3,4,5} = A =R.H.S 
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7.) Pa 3 Aes, ae, 520} and A = {1,3,5, sass. 19} verify the following: 
I, AUA'sU Mulatan 2008 
Sol, LHS = AU A’ = {1,2,3,4,5,.-ccseeeee05 20} — {1,3, 5, scessceesen 19} 
Where A’ =U — A= {246,000.00 20} 
= AVA! ={1,3,5y.cecssscsseen POV IAs fasde. ,20 
Lygn eee ct 4 j 
#402343, ccieen ,20}=U 
ii, ANU=A 
Sol. = L.H.S = ANU 
| He Bb dal | Hea Milena eee 20} 
a, he Se ene 19} =A=RAS 
iii. ANA = Faisalabad 2007 
Si. = =ANA =O; 
L.H.S= AM A’ 
Ce ae OEE AB ccticckoed 20} 
={ }=O=RHS 


8. From suitable properties of union and intersection deduce the following results: 
i, AN(AVU B)=AVU(ANB) 
Sol LHS =AM(AUB) 
=(AXM A)U(AM 8B) (using Distributive law) 
=AU(ANB):: ANA=A 
=AU(ANB) 
=RHS 


ii. AU(AN B)=AN(AVB) 
Sol. LHS =AU(ANB) 

=(AU A) (AU B)( Distributive law) 

=AMN(AUB)*; AVA=A 

=RHS 
9. Using Venn diagrams, verify the following results: 
i. ANB =A if ANB=@ ; 
Sol. New if 47 B'= Athen we have to show that 4) B = @in Venn diagram 


= B 
his book was a by www.educatedzone.com 


COLLEGE MATHEMATICS-1 58 SET FUNCTIONS AND GROUPS 


Ar) B’ = Ais shaded in Venn diagram. This is possible only if A and B are disjoint 
= AA B-©@ Conversly suppose that 4 B=©@ i.e Aand B are disjoint we have 
to show that AM B’ = A 


ANB=A 
Since AN BaD 
=> AM B = Aas shaded in Venn Diagram. 


ii. (A—-B)\UB=AUB 
Sol. Given sets are (A— B)U Band AUB 


Their Venn diagrams show. 
(A-B)UB=AUB 


iii. (A-B)OB 
Sol. Given sets are A — Band B. Their Venn diagrams show (A—B) AB 


(A-B)OAB 


== lm 
(A-B)NB=©0 
(.. no elements is common is shaded regionof A—B& B) 


iv. AUB=AU(A'NB) 
Sol. LHS=AUB 
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RHS= AU(A'OB) ’ 
i 


AU(A'AB)= Uy 


Logic is the discipline that deals with the methods of reasoning. OR logic provides 
rules and techniques for finding that given argument is valid. 


1. Logical reasoning is used in Mathematic to proves theorems. 
2. In Computer Science to verify the correctness of programs. 
3._In Physical science to draw conclusion from experiments. 


itis a declarative sentence that is either true (T) or false (F) but not both. 
i. Earth is round 
ii. 2+3=5 
are statements 
iii. Do you speak English? It is question. So it is not statement. 


Proportional Variables 


2) 


The letters (Di... ) that can be replaced by statements are called 
proportional variables. 
e.g P = It is raining q = Itis cold. 


To draw general conclusions from limited number of observations. Or experiences is 
called Induction. 


A person gets penicillin injection once or twice and experiences reaction soon 
afterwards. He generalizes that he is allergic to penicillin. 


To draw general conclusion from well knows facts is called deduction. 


All men are mortal. We are men. Therefore, we are all mortal. 
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Logical Connectives: 


Symbols that are used to combine statements or proportional variables. 


LIST OF SYMBOLS 


How to be read Symbolic How to be 
expression read. 
ey. save —pP not p (Negation of 
and PAW 
Or PY 


Dee then implies If p then q 
p implies q 
p if and only ifq 
p is equivalent to q 


Is equivalent to If 
and only it. 


Compound Statement: 


Two or more sentences are connected to form a compound statement. e. g “It is 
raining and it is cold” is a compound statement in which p = it is raining; g = It is cold. 
Then r = It is raining and it is called compound statement. 
A table to drives truth values of a given compound statement in terms of its 
component parts is called Truth Table. 
It is denoted so ~ p means “not p” 
Truth Table 


Conjunction of two statements p and q is true only if both p and q are true other 
wise false. It is denoted by p Aq 


Truth Table 
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Disjunction: 
Disjunction of two statements p and q is denoted by pv g (por q). 
Disjunction i.e pv gq is false only when both p and q are false, other wise true. 


Truth Table 


Conditional statement: 
The statement “ p > q” is called a conditional statement OR implication of p and q 

In a conditional statement. P is called Hypothesis or anticident and “q” is called Conclusion 

or consequent. 

p — q is false only when p is true and q is false. p — q ) otherwise true 


Truth Table 


Biconditional: i 


The statement p <> q is called bi-conditional, It is written p <> gand gq <> pitis 
also called equivalent " p <> qg” read as p if and only if q. If p and q both are same, then 
p & q is true otherwise false. . 
Truth Table 


Let p — q bea given conditional statement, then. 


i, q — piscalled Converse of p— q 
ii, ~ p—>- qis called inverse of pq 
iil, ~q->>~ pis called contra positive of p > q 
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Truth table: of converse, inverse and contra positive of given conditional 


Converse 
Gp 
es 


Inverse ~ Contra 
op Tes positive 


. 
T T 

cee ee 
i 


Truth table shows that conditional and contra positive are equivalent. So any 
Theorem may be proved by proving its contra positive. _ 
Converse and inverse are equivalent to each other. 


Prove that in any universal the empty set ¢ is subset of any set A. 


Let U is universal set. Then VxeU,xeOD—>xeA 

Here p (Hypothesis) = x € ©, is false and q (conclusion) = x € A. 

‘’ Conditional ( — q)is false only when p is true and q is false and p — q is true 
in all other cases. implies that Conditional x € Ais true > @ c A (any set) 


EWiceltesam Faisalabad 2009, Sargodha 2011 2 
A statement which is true for all possible values of variable involved in it is called a 


Tautology. 


‘@Wolsiggcisiiadielame)m@-Vetiiieelia'm Faisalabad 2009 


A statement which is always false is called contradiction. Or absurdity. 


Contingency: 


A statement which can be true or false depending upon the truth values of variable 
in it is called contingency. 


The word or symbol, which convey the idea of quantity or numbers called 
quantifier. 

in fnathematics two types of quantifier are generally used. 

i. Symbol “'V “mean for all is called UNIVERSAL QUANTIFIRE. 

ii. Symbol “3”mean there exist is called EXISTENTIAL QUANTIFIRE. 
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1. Truth table: of converse, inverse and contra positive of given conditional 


ae ee Contra positive 
cre RS Lak 


eS <g> BP pte ep eae 


q->p 
(Multan 2009) 


~pr-q ae ee see waa 
(Sgd 2008,09) 
i>? 


2. Construct truth table for the following statement: 
i. (p>~ p)v(P> 9) 
Sol. 


ii, (pA~ p)>q Multan 2009 
Sol. Truth table of (pA ~ g) > q 


ill. ~(p>q)<(Pa~q) 
Sol. Truth table of ~ (p > q)<>(PA~q) 
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3. Show that each of the following statements is a tautology: B..3 


i. (PAq)—> P Multan 2008, Faisalabad 2008, 
Sol. Truth table 


iti. 
Sol. 


~(P>9)>P 


es + 
t 


Since all the values of ~ g A(p > q) >~ pare true. So ~ g A(p > Yq) >> pisa 
tautology. 
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4. Determine whether each of the following is a tautology, a contingency or an 
absurdity: 

i. pA~ Pp Multan 2008, 

Sol. 


all value of pA ~ pare false. So it is absurdity. 


ii, p—(q-> Pp) 


5. Prove that pv(~ pA~q)Vv(pAq)= pv (~ pA~q) Sargodha 2008 
Sol. Truth table 


Since last two columns are same. 
“pV (~ PA~ P)v(PAQq)= Pv (~ pa ~ g) proved. 
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Examples: _ Give logical proofs of following theorems: 
i. (AUB) =A'OB' 
Sol. _ Its logical form is ~ (pv q) =~ pA~q 
‘no. of variable = 2 
‘ no. of rows of truth table = 2” = 


Wa Se bee | 
F T T ; z F F 
Saeeses ssa ; 
*, last two columns are same 


=~ (pv q)=~ pa~q 
=> (AUB) = A’ B' proved. 


Sol. AN(BUC)=(ANB)U(ANC) 


PA(GVr)=(PAQ)V(PAP) 
*- no. of variable = 3 
“no. of rows = 2°=8 


Perce tet wt 
entave) tenavipnry 


Mie SS SS e a 


‘’ last two columns are same 


a AMN(BUC)=(ANB)U(ANC) proved. 
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Convert the following theorems to logical form and prove them by constructing 
truth tables: 


1. (ANB) = A'UB Faisalabad 2008 


Sol. _Its logical form is ~ (p Ag) =~ pv ~q 
' ‘2’ variable, so rows = 27=4 


.. last two columns are same 
’. ~(DAQ) =~ pv ~q 
=> (AN B) = A’ UB' proved. 


2, (AUB)UC=AU(BUC) 

Sol. its logical form is (pv q)vr=pv(qvr) 
* no. of variables = 3 
‘ no. of rows of truth tables 2? = 8 


Pv(qvr) 


qvr 
T T T 
arp 
r 
: 
T 


‘last two columns are same 
> (pvag)vr=pvi(qvn) 
=> (AV B)UC=AU(BUC) proved. 
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3. (ANB)NC=A (BNC) cineral 
Sol. Its logical form is (pAg)Ar=PA(GAr) 

* no. of variables = 3 

* no. of rows of truth tables 2? = 8 


PAQ)AT | PAGAT) 
T 


T 


* Jast two columns are same 
=> (pagqgar=Ppaqar) 
=> (AN B)AC =AA(BOC) proved. 


4. AU(BOC)=(AUB)N(AUC) Faisalabad 2007 
Sol. Its logical formis pv (qAr)=(pvq)A(pvr) 
*: no. of variables = 3 
* no. of rows = 27=8 


* last two columns are same 


=> pv (qar)=(PAQa(Pyr) 
=> AU(BONC)=(AV B) (AUC) proved. 


Sargodha 2009 


Let A and B be two non empty sets. Then any subset of Cartesian product A x 3B is 
called Binary relation or simply Relation from A to B. 
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Let 4 = {1,2} and B={a,b}; Then 
Ax B= {(1,a),(1,b),(2,a),(2,5)}, Then. 
= {(1,a),(2,6)}, is called Relation from A to B. 


Set of 1° element of ordered pairs in R is called Domain R. 


Range R: 


Set of 2™ elements of ordered pairs in R is called Range R. 


ieee Rawalpindi 2009 


Let A and B be two non empty sets. 

if 

F is relation from A to Bi.e F is a subset of Ax B 

DomainF=A 

No two ordered pairs of F have same 1* elements. 

Then F is called a function from A to B and is written as F: 4 —» B denoted y = TS): 


Let A= {a,b,c}; B = {1,2,3} 


then let F is a relation A to B, such that 
Ax B= {(a,1), (a,2),(a,3), (6,1), (b, 2), (6,3), (¢,1), (e,2),(¢,3)}; 


Now since f = {(a,1);(b,2),(c,2)}; 


A tf 8 
i. J is subset of Ax B ee, 
scanty Se ORE 
ii. | No two ordered pairs of / have same 1* element. Bete. eye hk 


= 'f'is a function from A to B. 


Onto function: Lahore 2009 


(Subjective function) a function f# : A — B is said to be onto function if Range f =8. 


i.e Every element of Set B is the image of some elements of set A, as shown in fig.2 


f 


A B 
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Into function: Multan 2008, 2009 


Afunction 7 : A — Bis said to be into function if Rang # Bor Range f C Bas 
shown in fig.1 


Multan 2008 : 


Afunction / : A — B iscalled( 1-1) function if different elements of A has 
different images in B as shown in fig.3. 


Bijective function: Multan 2009 


(Range f = Band 1-1) A function / which is both one-one and onto is called 
Bijective function. 


injective function: 


(Range f # B and1—1)A function f which is both one-one and into is called 
Injective function. 


Linear function: 


The function f {(x. yy = mx+ c} is called linear function. Where y = mx +c is 


straight line. 
Quadratic function: 


The function f {x | = ax’? +bx+ c} is called quadratic function. 
Inverse of a function: 

(i). If function is given in tabular form. Then its inverse function is obtained by 
interchanging the components of each ordered pairs. e.g. of f = {(1,2), (3,4)} , then 


f ={(2,1),(4,3)} 


Identity function: 


The function f = {(x, |» = x} is called identity function. 


Square root function: 


The function defined by the y = Vx3x = Ois square root function. 
erticalline test: 
if a vertical line cut the graph of a relation at a single point. Then such relation is 
called function. 
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EXERCISE 2.6 


1, For A= { La 4} . find the following relation in A. State the domain and range of 
each relation. Aiso draw the graph of each. 
ib {a y=} 
Sol. R= {(x, yy = x} 
A={1,2,3,4} 
SACHS {(, 1), (1, 2), 1, 3), (1, 4), (2, 1), (2, 2), (2, 3). (2,4), 
(3,1), 3, 2), (3,3), (3, 4), (4, D, (4, 24, 3), (4. 4)} 


According to the condition 
R={(1,1),(2,2),3,3),(4,4)} 


Dom. R={1,2,3,4} =A 
Range R= {1,2, 3, 4} =A 


Multan 2009 


ii, R={(x,y)y+x=5} 
sol. -. A={1,2,3,4} 
AxA= {(L 1), (1, 2), (1, 3), (1, 4), (2, 1), (2, 2), (2, 3),(2,.4), 
(3,1),3,2).(3,3),(3,4),(4.,(4,24,3)4(4,4)} 


According to the condition 


R={(1,4),(2,3),(3,2),(4,D} 
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Dom. R= {1,2,3,4} y 
Range R={1,2,3,4} 


{(x, y)|x+y <5} 
-.A={1,2,3,4} 

(1,1), (1,2), (1,3), (64), (2, D, (2, 2), (2,3). (2, HI 
re be 1), (3,2), (3,3), (3,4), (4, 1), (4.24, 3),(4,4) 
According to the condition 


R={(11),(,2),(1,3),(2,0,(2,2),8,D} 


{(x,y)|xt+y> 5} 

2Ae {1,2,3, 4} 

Sas (3 1), (1, 2), (1,3), (1,4), (2,1), (2, 2), (2,3), (2, ‘4 
v (3,1), (3, 2), (3,3). (3.4), (4, ).(4,24,3), (4,9) 

According to the condition 

R= {(2, 4), (3,3), (4, 4), (3,4), (4,2), (4, 3)} 

Range R= {2,3,4} 

Domain R={2,3,4} 
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A Repeat Q.1 When A= R, the set of real numbers. Which of the real lines are 
functions. 
Ls {Cx yy = x} 


Sol. AxA=RxR={(x,y)|y,x€ R} 


r={(x,y)|¥=y} 
Or reetanoa s(~1=1), (0,0), (1,1), (..--ss0ss04} 


Here Domain = R & Range =R 
This relation is function, because any vertical line cut only at one point. 


y 
x x 
-3 -2 - 0 2 3 
y 
ii. {(x,y)|xty = 5} 
Sol. AxA=RxR={(x,y)|x,yeR} : 
r={(x,y)|x+y=5} 
1 = { ssssesssey(—1,6),(O, 5), (1, 4), (2,3), eeesereeee a 


= Domain Range = R 
This relation is function, because any vertical y 
line will cut it only at one point as shown in fig. 
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Sol. 
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{(x, y)|x+ y > 5} 

So AxA=RxR= {(x,y)|x,ye R} 
r={(x,y)|x+y<5} 5) RReG 

="t is the plane lying below the line x + y = 5 D>, 
{dL 1), (1, 2), (1, 3), (2, D, (2, 2),(2, 3) Rf 2 | near 


It is not a function Since any vertical line meets its 
Graph more than one point. 


{(x,y)[x+y < 5} 


r= {(x,y)[xy >3;%, YE R} 
=rIlt is the plane lying below the line x+y =5 


{nec(1,5)s (2, S)qeeeeee63, 3), (3, 4)p evened 


It is not a function Since any vertical line meets its 
Graph more than one point. 


Which of the following diagrams represent functions and of which type? 
NR 


R= {(1,a),(1,5),(2,¢),(3, d)} not a function. Since there are two ordered pairs 


that have same 1” eiciient. 
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Sol. 


Sol. 


Sol. 


=>R= {(a. 1), (8, 3), (c, 5)} 


*." both condition are satisfied. So is a function. 
*.”R is one —one and onto so R is bijective function also. 


A B 
Poa cya 
aie 


{(1,a),(2,8).3,0)} 


=>R 


i 


..{i) different element has different images so is one-one. 
(ii) Range R = B so is onto =-function( 1-1) & ontoie. bijective function. 


A B 


=> R = {(i,x),(m,x),(n, 2)} 


."(i) No two ordered pairs of R have same 1” element. 
(ii) DomainR=A 
—>'R'is a function from A to B. 


Find the inverse of each of the following relations. Tell whether each relation and its 
inverse is a function or not: 


1(2, 1),(3,2),(4,3),(5,4).(6.5)} Multan 2008, 2010, Sargodha 2011 
R={(2,1),(3,2),(4.3),(5,4),(6,5)} 
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= R" ={(1,2),(2,3),(3,4),(4,5),6,6)} 


Since no first element is repeated in any pair of R and R*. So both R and R ™ are 
functions. 


ii. {(1,3),(2,5),(3,7),(4,9),(5,1 D} Sargodha 2010 
sol. R={(1,3),(2,5),(3,7),(4,9),(5.1)} 
=> Rt ={(3,1),(5,2).(7,3).(9.4).(11.5)} 


Since no first element is repeated in any pair of Rand R 'So both Rand R “are 


functions. 


iti. {(x,y)|y =2x+3;xe Ri Multan 2008, Faisalabad 2009 


Sol. R= {(x, yyy =2x+3xe R} It is a function. 
—3 i 
Rk ={inyly= = sxe Rp It is also a function. 
iv. — {(x,y)]y? = 4ax;x 2 0} Faisalabad 2008, Sargodha 2009 
Sol. R= {Oxny)| y’ =4ax;x> 0} It is not a function because for each x > 0 there 


are two different rules of y. 


: ae! 
= i ae — + 
R ={ony)s sa el #20) es Racin, 


v. {(x,y)]x? + y? = 9, |x} < 3,|y|s 3} 
Sol. R ={(x,»)|x? +" =9,|x]<3,|y|<3} 


R'= {y? +x =9,|x|<3,|y|< 3} 
both R and R” represent same circular disc. As any vertical line will cut it more than 
one point. So R and Rare not function. 
Unary operation: 
A mathematical procedure that changes one number into an other. OR It is an 
operation.which when applied on a single number to give an other number. 


e.g. /4 =2,Here if ti Unary operation. 


Binary operation: 


It is an operation which when applied on two numbers give 3” number. Generally 
we use symbol (Star) for a binary operation. 


omen 


ig. '+','x', '~', and ‘+' are used as Binary operation in different sets of numbers. 


, 
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EXERCISE 2,7 


1. Complete the table indicating by a tick mark those properties which are satisfied by 
the specified set of numbers. 


Sol: 
Property Set of , | Integers | Rational | RealR | 
number yay” -¥ eg “Q’ 
AES ie eS a ee 
Closure v v v 
v ¥v A 
bes ESTO) posal) | 
Associative y ] v hb 1% 
v | Y —- 
_ Identity Knit ailiwnitl Linn | 
¥ be = ni 
~ Inverse % v i me: ov =] 
x a x x x x | 
: : s SS Ee = 
Commutative + v ¥ v ae aS 
| v v } ¥ } ¥ v 
aoe ee eterna ee > 
2. What are the field axioms? In what respect does the field of real numbers differ 
from that of compiex numbers? 
Sol Anon empty set F is called field if 


i. It is abelian group under ‘+’ 
ii. Non zero elements of F from abelian group under ‘x’ 
iii. Distributive Laws held i.e. 


alh+cey=abt ac 
& (b+c).c =ace+ be 
Also set of real no’s is subfield of Set of complex numbers. 
3. Show that the adjoining table is that of ‘ X’ of elements of the set of residue 
classes of modulo 5. _ 


* 1 
0 
1 
2 
3 
4 b| | 0 4 a ES EN te 
Sol The zero’s in C; and R; are obtained by multiplication of 1,2,3,4 with ‘0’ 


=> itis a multiplication table. 
- every element is less than 5. So the table is a multiplication table of the set of 
elements residue classes modulo 5. 
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4. Prepare a table of addition of the elements of the set of residue tlasses modulo 4. 


Sol Clearly {0,1.2,3}is the set of residues classes modulo. 


We add the pair of elements as in ordinary ‘ + ‘ if answer is equal or greater 
then 4 then we subtract 4. 
5. Which of the following binary operations shown in tables (I) and (I!) is commutative: 
(i) (ii) 


Sol In table —1 ‘-a*b=c 


=atbhebra 

=> B.O, ‘*' is not commutative 

in Table — 1! 
a*b=b*a=c 
a*c=c#a=bd 
at*d=d*a=d 
b*c=c*b=b 
b*ed=d*b=a 
c#d=d%*c=c 


6. Supply the missing elements of 3“ row of the give tables, so that the B.O'*' may be associative. 
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Sol. We want to find ¢* a,c *b,c*c,c*d from table 

c=d*b 

c*a=(d*b)*a c*c=(d*bh)*c 
=d*(b*a) ‘: Associative =d*(b*c) 
=d*b=c =d*c=¢ 

Again 

c=d+*hb Again c=d*b 

c*b=(d*b)*b c*d=(d*b)*d 
=d*(b*b) -: Associative =d*(b*d) 
=dta=d =d*d=b 


le#h = dl lewd =5] 


So third row will be ae leted as 3° row. 


7. What operation is represented by adjoining table? Name the identity elements of the 
relevant set, if it exits. Is the operation associative? Find the inverse of 0,1,2,3, if they 
exit. 


Sol. (i) The operation used the set of residue class mod 4 is ‘ +‘ 

(ii) The identity element is zero. 

°0+0=0,04+1=1,0+2=2,0+3=3 
(iii) The operation is associative 

e.g. (1 + 2) +3=1 +(2 + 3) 

3+3=1+1 => 252 

Similarly it can be verified for any other choice of elements. 

(iv) °14+3=341=0 1 and 3 are inverse of each other. 


2+2=0 also 0+0=0 


A non empty set which is closed under given Binary Operation '*' is called groupoid 
it is denoted as (S'*') 
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The | E.Ohis closed under addition, since 

E+E =E *¥idy O+F=0 

E+0-0 : O.O=E 
{E, O} is groupoid 


emi group: Multan 2008, Faisalabad 2008, Sargodha 2010 


Anon empty set is called Semi group if 
i. It is closed under given Binary Operation 
ii. The Binary Operation is associative. 


The set of Natural nos ‘N’ under Binary Operation ‘+ ‘is semi group. 
i. =Le€B.0'+' is defined in N. 
ii. for any three elements a.h.c.< N 


(a+6)+c=a+(b+a0) 
i.e. associative Law holds. 
Monoid: 
A non empty set is called Monoid. 
i. it is closed w.r.t given Binary Operation '*' 
ii, Binary Operation '*' is associative - 
iii, The set has identity element w.r.t Binary Operation '*' 


ie aes he Free ener ; 


i. Z' is closed wrt'+' 

ii. Binary Operation ‘ +‘ is associative. 

ili. ‘O' is identity element w.r.t to Binary Operation ‘+ “ 
_ Given set is Monoid. 


Anon empty set G is called a group w.r.t Binary Operation '*' 

i. It is closed under Binary Operation ‘*' if 
ie. V a,b,eG: a*beG 

ii. Binary Operation is associative 
Va,b,ceG (ath)*c=a*(b*c) 

iii. Ghas Identity elements w.r.t 
Binary Operation 
"ieYaeG JeeG state=era = a then ‘e’ is identity 
element w.r.t Binary Operation. ‘bregiee" 

iv. Every element of G has an inverse in G .W.r.t Binary Operation. i.e. 
a*a’=a’ *3-, 
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é where a’ ¢G is called inverse of @ ¢ G w.r.t Binary Ope 
Ableian group: 
A group G under Binary Operation ‘* is called Abelian group if Binary Operation is 
commutative i.e. Ya, beG: a*b=bh*a 


Finite Infinite group 

A group G is said to be finite if it contains finite no. of elements. Otrerwise G is an 
infinite group. 
Reversal Law of Inverse: 

Theorem. If a,b, are elements of G then show that (ab) =6"'g4 


Sol. = abb-'a ' = a(bb~')a™ Associative Law Faisalabad 2007, 08 Sargodha 2008,11 
=aea ‘(Inverse Law) 
= aa! (Identity Law) 
=e 
b'a ab=b '(a'a)b 
Also =b 'eb 


= ab and b-'a ‘are inverse of each other. 

Thus inverse of ah is b-'q7! 

ie (aby'=b"'q"! 
Federal 

If (G.*j)is a group. Then there is a unique inverse fo- each element of G. 
Sol. Let (G,*)be a group and. V a € G Let a and a"are the inverse of gq. 

Then a'*q=e l if a’ is inverse of a. 

Alsoa"*a=e I if a" isinverse ofa 


By Association Law in G. 
(a'* a) *a" =a'*(a*q") 


= (e)*a" = a’ *(e) use (1, H) 

a’ =a’ (‘. ¢ is identity) 

Hence a‘,q” are same inverse of each element of ain G. 
Theorem: If (G,*)is a group with e its identity then e is unique. 
Proof. Suppose e and e’ are two identities. 

Then e’*e=e%e'=e' > / (e is identity) 
e'*e=er*e’=e> Il (e' is identity) 
Compare (1) & (I!) 4 e = e’ 
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; 1. Operation © performed on the two member set G = {0, 1} is shown in the adjoining 


table. Answer the questions. 


+ 
0 
1 
i. Name the identity element if it exists? 
Sol. ‘O’ is identity element. 
ii. What is the inverse of 1? 
Sol. *+14+1=O0(ie identity element) 


= Inverse of 1is 1. 
ili. Is the set G, under the given operation a group? 


Sol. 
i. Since all the elements of table € G so B.O “ + “ is closed. 
ii. Clearly B.O is associative. 
iii. Identity element w.r.t ‘+‘is‘O‘EG. 
iv. Additive inverse of each element of G belongs to G. 
= (G, +) is a group. 
iv. Ablelian or non-Abelian 
Sol. 
V1l0EG 
—* 1+0=0+1 => t=] 
= G is commutative w.r,t ‘+’ 
=> Group G is abelian (i.e commutative) w.r.t. ‘+’ 


2. The Operation © as performed on the set {0, 1,2; 3} is shown in the adjoining table 
show that set is an Abelian group? (Multan 2010, Faisalabad 2008, Sargodha 2009) 


Sol. 
i. Since all the element of table belongs to the set {0, 1, 2,3} . So Sis closed w.r.t ‘+’ 


ji. “Itis clear the set is associative w.r.t ‘+’ 
iii. ‘O’ is the additive identity. 


/ 
/ 
/ 
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iv. Each element has inverse because 1+ 3 =3+1=0 and0+0=0Oand2+2-0 
v. V 1,0e€G={0,1,2,3},1+0=0+1=1 
= G is abelian. 


3. For each of the following sets, determine, whether or not the set forms a group with 
respect to the indicated operation. 


Set Operation 
i. The set of rational numbers x 
ii. The set of rational numbers + 
iii. The set of positive rational numbers x 
iv. The set of integers. + 
v. The set of integers x 
Sol. i. 
Q = Set of rational no’s. 
is not a group w.r.t “x” 
Since inverse of 0 w.r.t ‘x’ does not exit 
ii. 
Sol ~ (Q,+)is a group. 
iii. Set of +ve rational nos. x 
Sol. itis a group w.r.t. ‘x’ 
iv. The set of integers + 
Sol. , itis a group w.r.t. ‘+’ 
Vv. The set of integers x 
Sol. If is not a group. Since multiplicative inverse of zero does not exist. 
4. Show that the adjoining table represent the sum of the elements of the set {E,O} 
lee Skee ve BRE 
RPE PR tees As RA RR 
PRT ek Te Bae RSS 
What is the identity element of this set? Show that this set is an abelian group. 
Sol. 
Answer I E+E=E (even) 


E +O=0 (odd); 

0 +0 =E (even) 

Here ‘E’ is the identity element. 

Answer II i, Table shows that set satisfies the closure law w.r.t. ‘+’. Because all 

elements of table € { F,O} 

ii. The set is associative under ‘+’ ‘E’ (O+E)+O=0+(O0+E) 
=> 0+0=0+0 => E=E 
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iii.  Eisidentitye {F,O} 
iv. Each element has inverse (O+E=E+O=O and E+E=O0 and O+0=0) 
Vv. Commutative Law holds. (O+E=E+0) 


So set {E, O} is abelian group. 
5. Show that the set S= {1, w, a when @° = lis an Abelian group w.r.t. ordinary 


multiplication. Multan 2009, Faisalabad 2008, Lahore 2009, Sargodha 2007,08 
Sol. From multiplication table. 


Sol. i. Table shows that set shows closure law w.r.t “x” 
ii. low eS 
(1.w).e’ =1.(@.0") 
v0 =1e 
o =a 
1=1 
associative law of ‘x’ is satisfied. 
iii. ‘1’ is identity element w.r.t. ‘x’ 
iv. Multiplicative inverse of 1 is 1 
0@ =v w=) 
= wand w’ are inverse of each other. 
Vv. Commutative law holds in the given set. (1x@=@x 1) 


S is an abelian group w.r.t “x” 


6. IfGisagroupunder *and a,b e€ G, find the solution of the equations: 
(ij) a*x=b (ii) x*a=b Faisalabad 2009 


Sol. (i) atx=b ——(/) 
-°aeG, so a'eG premultiply (i) by a' 
a'*(a*x)=a'*b 


(a'*a)*x=a'*b ( Associative) 
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e#x=aq'*h 
x=a'*b 
os ess i) Multan 2009, 10 
Sol. Post Multiplying by a 
(x*a)*a!=b*q'! 


x¥(axa')=beq" (Associative) 
x*e=beq! 
x=beq' 
Show that the set consisting of elements of the form a+ v3b (a,b, being 


rational) Is an abelian group w.r.t addition. 
Sol. Let S in a set which contains the elements of the form q+ 3 b where a, b are 
rational. 


i. For a+ V3b,c+v3 dé€S a,b.c.d are rational 
(a i¥3d)+(c+V3 d)=(a+b)+(b+dW3 €S so closed 


ii. Association Law of ‘+’ for 
a+ 3b c+ 3d, e+V3fe § SAta,b,c,d,e,f eQ 
then: 


Sol. LHS =[(a+V3b)+(e+V3d) |+(e+y3/) 
= | a e+ V3(b+d)]+(e+V3F ) 
=(at+c+e)+V3(b+d+/) (7) 
R.H.S 
= (a+ 3b)4 | (c+ V3d-+e+V3f) |= (a+ V36)4{(e+e)+/3(a f)| 
=(a+c+e)+V3(b+d+f) (I) 
/ =I Hence Addition is Associative 
iii. Vat V3b eS 3 (0+ V3(0)) as identity element w.r.t “+” 


wv. Foreach (@+V3b) €S3(-a-3b) eS 
Sd (a+ V/36)4 (-a- 3b) = a+(-a)4 V3(b-6) =0+30 
So inverse of each element of S is in S: 

v. Foreach a+ V3b,c4-V3d eS . 
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Sol. 


Sol. 


Now 


10. 


Sol. 


a+ J/3b+0+ 3d =(a+e)+J3(d +b) > (UW) 
=(c+a)+V3(d+b)=(ct+V3d)+(a+V30) 

=> (a+ 3b)+ (c+ 3d) = (c+ V3d)+(a+3) 
Hence S is Abelian group under addition. 
Determine whether (P(S),*), where *stands for intersection is a semi group, a 
monoid or neither. If it is a monoid, specify its identity. 
Let P(S) power set of Si.e. consisting of all subsets of s and *=( then for 

A, Be P(s) 
Since 4*B = AM Be P(s) => P(s)isclose under - 
Since > is always associative. 

AeS AAS =Aso every set is identity element it self in P(s) UNDER * P(S) is 
monoid. 
Complete the following table to obtain a semi-group under * 


We want to find c*a, and c *b. 
a*a=c —>(i) 


c*a=(a*a)*a 
=a*(a*a) *: Associative 
=a*c 

c*a=b 

c*b=(a*a)*b 
=a*(a*b) ‘: Associative 
=a*a 

c*b=c 


Prove that all 2x2non singular matrices over the real field form a non abelian 
group under multiplication. 


Let S be the set of all 2x2Non singular matrices over R. so let 
AB is also matrices of same order so € S 

Multiplication is closed in S. 

Since Matrix multiplication is Association. 

** (A.B).C = A(B.C)V A,B,CeES 
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, ieee 10 
iii. The unit Matrix / = 01 ES Jis the identity element is S. 


iv. The inverse of each element of S exists in S. 
" _|@a 6b 
Sol. oY A= h 2 
d Bd 
EAN Alea 
|| ad —be 


All four condition are satisfied. Hence S is a group under the multiplication 
since AB + BA 
' Sis not abelian group under multiplication. 
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TEST YOUR SKILLS Marks: 50 


Q#1. Select the Correct Option (10) 
i. The statement written as p iff qis denoted by 
a) b) p<q 
c) q7>p d) PA 
ii. The Tabular form of the set { x|x EPAK< 12} is: 
a) {3,5,7,1]} b) 1,2,3,5,.2,11} 
c) toi. 05 154 1} d) forse 95 I} 
iii, Let p —» q be given conditional then ~ q >~ pis called 
a) Converse b) Inverse 
c) Reverse d) None of these 
iv. A and B disjoint set then AO B& is equal to 
a) A b) B 
c) P d) U 
v. if a.b are elements of a group G then (ab)' is equal to 
1 
-1p-1 
ab b) —— 
a) ab 
c) ab d) ba’ 
vi. if A’ is the complement of the set A then (4 4’) equala 
a) A b) A 
c) U d) ” 
vi. The Set {(a,5)} is called: 
a) Infinite Set b) Singleton Set 
c) Set withtwo elements d)  - Empty Set 
viii. The numbers of all subsets of a set having three elements is : 
a) 4 b) 6 
c) 8 d) 10 
ix. if dc Bthen A- Bis: 
a) A b) B 
c) Q d) A 
x, if A and Bare two sets then AN(AU B) = 
a) A b) B 
c) Q d) AUB 
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Q #2. Short Questions: (2 X 20 = 40) 


Convert De Morgan’s Laws to logical form: 

For S'= {1, —1, i,—i} write its multiplication table: 

Define Semi Group: 

Show AB by Venn Diagram where A and B are over lapping: 


What is Proposition 
If (G,*)is a group with e its identity then show that e is unique: 


Construct truth table of (pa ~ p) > q: 
What is Tautology? 
Find the inverse of relation vy = DE (357), (4,9), (5,1 1)} 


Write power set of {+, —) Xx, +} 


Q#3. (a) Convert (4 B)' = A'U B' into logical and prove by constructing the truth 


table: 
(b) If a,b are elements of a group G then show that (ab)! = bq"! 


Q#4, (a) Provethat pv(~ pa ~ q)v (PAq)= pv(~ pa ~q) 


(b) Prove logically AU(BOC)= (AUB)N(AUC) 
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Matrices and Determinants 


An arrangement of different elements in the form of rows and columns, within 
square brackets is called Matrix, It is always denoted by capital Alphabets. 


oe Aa F 
eg A=|_-_|, B= 
Bae 16 8 


Order: 
Order of Matrix tells us about no of rows and no of columns. 
Order of Matrix = no of rows x no of columns. 


] 1 3 
f A=| [mes order of A=2x3 


2} 7 


A matrix having single row is called row matrix. 
eg A4=[1 3 7], B=[1 6 3] 


Column Matrix: 


A matrix having single column is called Column Matrix. 


5 
eg A=} 1 
4 


‘A matrix in which no of rows equal to the no of columns is called square matrix. 


} to 
2 3 
eg A= ~ Barts! 
; | : 
74 6 


Rectangular Matrix: 
The matrix in which no of rows is not equal to the no of columns is called 
Rectangular Matrix. 


; P09 
oaks Sak ce 
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Weeeurimuieiene Multan 2008 


A Square matrix having each of its elements equal to zero except at least one 
element in its diagonal is called diagonal matrix. 


j ae 6 a, 

3 0 0 0 . 
eg A= _|, B= ; C=) 20) 5°20 
0-5 09 ee 


calar Matrix: 


A diagonal matrix having same elements in its diagonal is called a Scalar matrix. 


3 0 0 
5 0 
eg A= yo B=| 0 3 0 
05 
00 3 


Identity Matrix: 


A scalar matrix having 1 as its elements in the diagonal is called an identity matrix. 


1 0 0 
1.0 
egd=| |, B=| 0-1 0 
(01 
001 


A matrix in which all elements are equal to zero is called Null matrix or zero matrix. 


00 0 “ 
(0 0 
eg A=| , B=| 0 0 0 
10 0 
= | 0 0 0 


Equal Matrixes: 


Two matrixes are said to be equal if they are of same order with the same 

correspondence elements. 
ab 3 i: 

e.g A= ee. If A-B then a=3, b=1,c=4,d=7 
4 7 
Tear elutes Multan 2008, 2009 

if all elements below the main diagonal of a square matrix are zero then it is called 
upper triangular matrix. 


IS 1G 107 
e.g 04 3 03.2°3 
00 1 00 4 


This book was uploaded by www.educatedzone.com 


COLLEGE MATHEMATICS-| MATRIX 


MOE ELE eane Multan 2009 


\f all elements above the main diagonal of a square matrix are zero then it is called 
Lower triangular matrix. 


v=0 
eg 2 &~ 
eG 


Triangular Matrix: 


A matrix which is either upper triangular or lower triangular is called a triangular matrix. 
Symmetric Matrix: 

Let “A” be a square matrix if A’ = A then “A” is called symmetric matrix. 
Skew Symmetric Matrix: 

Let “A” be a square matrix if A’ = —A then “A” is called skew symmetric matrix or 
Anti symmetric matrix, 
Sargodha 2008, 2009, Multan 2010 


Let “A” be a square matrix if (A)' = Athen “A” is called Hermitian Matrix. 


Sea lgulirhmriae Multan 2009 


Let “A” be a square matrix if (Ay =—A then “A” is called Skew Hermitian Matrix or 
Anti Hermitian Matrix. 

The first non zero entry in any non zero row of an matrix is called leading entry. 
Multan 2008 
(i) First non zero element of each row should be 1. 


(ii) All elements under this 1 should be zero 
ey ee ] 0 bs. 6 "2 adh baa 5 
e.g S O- } 64; ee P 01 0 6}, 01 Qi, 
00 Os 4 0 QO 00 0 1 00 1 


Reduce Echelon Form: 
First two conditions are same of echelon form 
All elements above leading entry (1) should be zero. 


lr $8. 6 010 6 IF 0:08 -2 
One et 4, CO) Hest 01 0 Olete 
O° 0\-36" =] 0-0". 0 6 00 1 3 


Federal, Faisalabad 2008. 
Number of non zero rows (not all elements zero) in the echelon form of a matrix is 
called Rank of the matrix, 
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Example: 


Sol. 


adjA 


Sol. 


Solve the following system of linear equations. 
3x%,-%2=1  paisatabad 2008 
X, +X, =3 


The matrix form of system is 


ae 


= ~ J - 
* | on | 4 x =1 
=> = = = 
¥2 8/4 ¥ 2 y,=2 
EXERCISE: 3.1 


Rue i Sipe 
lf A= _jand B= , then show that 
| 5 6 4 


4A-3A=A 


o 3 a 
LHS=4A-3A=4 33 
Era a 
[8 12] [6 9) [8-6 12-9 
“ha 90) 3 181° 14-3 ~.20%5 


ee 
= =A=RHS, 
ES 


3B-3A=3(B-A) 
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2-3 
1 


5 
_{ 3. 21] [6 9] [3-6 21-9] [3 12 
“Ate 4225 13" 15) Vie=3 ** tosasl is. Ss 
] 
ais. =3(B- 4) =3[ AG 4] 
6 Atta Ss 
te ee s 4 5 a 
621 4-5 5 -1 16:<3 


i 0 
if A -|; ] stow that A* = 1, Note / read as iota j=J-] oF = 
—t 


] 
Sol. Uiis=38-34=3| A 
6 4 


Multan 2008, 2009, Sargodha 2009, Faisalabad 2008, Lahore 2009 
: i olf 0] [?+0 0-0] 3 = 6 
Sol. A =AxA= : = fr 
l —i |} 1 ~i| lini 0+7° 0 -i 
-1 OO; /-1 O 
eves Mt 
0 .=1 
_{1+0 0+0 
~10+0 0+1 
1 
“l0 =I, Hence proved 
3. Find x and y if. 


x+3 1 2 1 
i. = Sargodha 2011 
-—3 3y- jl - 2 


St... - = x+3=2 S2=2-3 => |[x=~l 

and 3y-4=2 =—3y=2+4=6 => 
be 1 5 1 : 
ii. = Sargodha 2008 

=3 3y-4 —3. 2x . 

Sol, =p x+3=y ——$f 

3y-4=2x 

=> 2x-3y+4=0—Y3 I 

Put | in 


2x —3(x+3)+4=0 = 2x-3x-94+4=0 >-x-5=0 >[x=-5] 
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Put value of x in |. 
x43=y>-54+3=y => -2=y=>]} y=-2| 


| SS 0 sy 
4. lf A= and B= 12 » find the following matrixes. 


1 , ee: 
i. 4A-3B Multan 2007 


tA-3B=4| ‘ Hl ; ] 
ee oe eS 
_[-4 8 12] fo 9 6] f-4-0 8-9 12-6 
-| a op ets =3 s|-| 4-3° 043 8-6 
Si Le 
| 3 | 
ii. A+3(B-A) 


za a 0 5. <2) -fe-3 sR B. 
A+3(B-A)= +3 # 
ie 3 ee Bee 1 0 2| 
Bc ae ee . 3 3. -3)_ f-1+3 2+3 
a PS HSE oss 0! | 140 0+3 
2 


es 
Aer) 2 Os a a eS. 3 4-2 3 
| PE a 0 2-1 & 6:1 
2 --f % age 29 4 -2 3 
Or + = 
l y 3) |0 4 -2 F634 


2+2 O+2x x+2y) [4 -2 3 
he “pedo 928 Pee 
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Or 


Sol 


LHS=A(WA)=A\ Mla, ay a 


Sol 


4 2% 
x yt+4 


x+2y| 14 -2- 
3-2 


1 


=> 2x=-2=>[r=-1]& y+ 4=6> y=6-4>[y=2| 


A= [ a, Ae Show that: 
A(HA) = (AM)A 


Let A=|4,, @y Gy 


Gy, Gy 43 


Ha, HA, Hays Aya, Ama, Apa, 
=Al ua, Ma, fa,,|=|Apa, Apa, Auda, 
Has, Ha, Hey Aua, Auda, Aya; 

a, Gp” Gy 


=(Ap)) a, ay 4; 
G3, G3 Gy 
(A+ p)A=AA+ UA 


a 
LHS =(A+ p)A=(A+ A) 2 
1 [S53 
(A+pmja, (A+p)a, 
=|At wa, AtMay 
(A+pm)a,, (At May 
Aa, + Ha, Ad, + La, 
=|Aa,,+ Ha, Aay+ Ha, 
day + [t,, Ady+ Hay 


=(Ayw)A- RAS 


(A+ “)a,, 

(A + pay, 

(A+ “)a,, 
Aa,, + Ha,, 
Aay;+ Hay, 


Aa,,+ Hd, 
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Aa, Ad, AGs| | Ha, HA, Uh; 
=|Aa, Ady, Ady |+| Ha, May, Ma, 


Ady, Ads, Ads3 | | Hay, May a, 
4, 4 a, BH Ay Us 
=Ala, Gy Gy|+Mlay, QQ, ay |=AA+MA=RK.AS 
Gy Asn 33 Gy, Uy 33 
iii. AA-A=(A-I1)A 
Sol L.H.S=AA—A 
4, G4, a; 4 4 Gy 
=Alay 4p Gy |] 4) Ay yy 
a, Gy, a, 4, Gy 33 


Aa, 1 Aa, 2 Aa, 3 a, 1 a, 2 a, 3 
=|Aa, Ady, Ady;|-| a, Ay ay 
Aa, Aa, Ady, a, GQ, ay» 
Aa, -a,  Aa,-a, Aa,-4a,, 
=|Aad,-a, Aa,-a, Aa—a,, 
Ady Gy < AQ, =A, Ady =4,; 
(A-l)a,° (A-)Da, -GQ-Da. 
=|(A-NDa,, (A-la, (A-la,, 
(A-Na,,° (A-la,,- (A-Na,, 
4, A, a, 
=(A-I)lay a ay |=(A-DA=RHS 


G3, Gy 33 


7.  Asl[a,] and B=[b, | showthat A(A+B)=AA+AB. 


sol. tet A=[a,],, a B=[6,], 
Phe fe G2 | B= rf. by a 
a, M5, Ay; b,, by, bys 
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LHS= A(A+B)= ill 


Sol. 


Sol. 


10, 


a) a mle b, 
2 a, =a; by b, 
=4 a+b, a+b, a, +4; 
Gy, +b, ay, +b. ay +dy 
: Aa, +Ab, Aa, +Ab; 
Aa, +Ab, Ady tAb, 4a, + Ady; 
4 a2 * |eal by 
a3, a2 a, b,, b., by, 


Ady, Ady Ady; 


5 
ZI 
>< 


Ab, Aby Ab,; 


Aa,, + Ab, ie Aa; se Ab, Ab, 


=AA+AB=RAS 


5 ae PE 0 
KA= and 4° = find the values of a and b. 
a b 0 0 


2 0 0 
A= & £e —- | 
ab 0 0 
} Ab 4 Sh 
=AxA= = 
: a bila b at+ab 
1+2a oar 0 


(Compare Iand II) Z 
atah 2a+b° 0 0 


=>14+2a=0 & 2+2b=0 
=la=-1/2) =2b=-2=[b=-1] 


Faisalabad 2007, Lahore 2009 


24+2b 
,| —ll 
2a+h- 


| 


i se ee 
lf A= and A’ = find the values of a and b. 
a b 0 1 


a= a @ ae 4 pea 
a b 0 1 


> | ae | 1 -l l-a - 
A =AxA= x = 

a b a b at+ab —- 

l-a -l-b 1 0 

(Compare land II) ,|= 

at+ab -—at+b 0 1 


=>l-a=1>|a=0| & -1-b=0> 


1 -1 2 BS 0 
lf A= and B= 
G3 124 12 -1l 


Multan 2008 
1-4 
a+b? 


> /] 


|e show that (A + B)' = A‘ +B’ 
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1-1 2 2 30+9 : 
Sol. A=} B= Multan 2010, Sargodha 2008 
0-43) 4 2 -1 


Dk (ers a 
wscacay-(fi 72 9 


_fl+2  -14+3 2407 [3 2 27 _|; : 
1041 S400 AR a 


ties | eee Oat’ Ae are ames | 
R.H.S= A+B = + 
ee ows 5 Ws | ake ae 


Pe tee A 142- O41} 13, 1 
=|-1 3{+)/3 2)=|/-l+3 342/=|2 S|=LHS = RHS 


| 0 -il 2+0 1-1 2 eae 
1 1 3 
11. Find A fA=| § 2 16 
—2 -i1 -3 
1 1 3 
Sol A=} -§ 2 6 
—2 -1 -3 


—2 -1 -3}}-2 -1 -3 
1+5-6 1+2-3 3+6-9 0 0 
=| 5+10-12 5+4-6 15+12-18/= a 
—2-5+6 -2-2+3 -6-6+9 -| -1 -3 
8 - OI 3 
A=A xA=| 3 3 OI $2 -6 
-]-1 -3 ||-2-1 -3 


1 1 3 |} 1 1 3 

Al's AxA=| 5 2 6|| 5 2 6 
0 
3 
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0+0+0 0+0+0 0+0+0 00 0 
=| 3+15-18 346-9 9+18-27 {=| 0 0 0/=0, 
-1+5+6 -1-2+3 -3-6+9 00 0 
12. Find the matrix X if; 


5 2 -1 § 
i. = = Multan 2008 
ie 4 * | | 7 


Sol. X A=B 

=> X = BA' —>I 
5.2 
—2 1 


. | =2 i -2 
adj A= rue 
2255 4 9[2 5 


-1 § 1 -2 
(J become )=X = BA7' = 2 
12 3 {922-5 


yal{-+0 2+ 25] 1[9 27] fl 3 
~ 91 1246 ~24+15] 91/18 -9] |2 -1 


% = ae -|5 | 


Sol. A X= 8 


Now 4-| =5—(-4)=5+4=9#0 


|| aie. Ss 
Pr =2 2 SI 
(/ become) =x=3] | 
9} 2 ef | ies oe EE) 


yai[2-10 1-20 ]_1f-8 -19]_[-8/9  -19/9 
914425 2450] 9129 52] 1290/9 52/9 
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13. 


Sol. 


Find the matrix A if; 
5 -l 3 -7 


0 O}A= 0 
3 1 7 2 
Suppose A= then 
eg 


5 —] 
Sal 
0 


3 
2 
7 
spay ie Mie 
Ss 
7 
7 


ate: 


3at+ce 3b+d 
=>Sa—-—c=3 & Sb-d=- 
=>3a+ce=7 & 3b+d=2 
Soive above equations 


S42 f Sy Pa 5b-A=7 lll 
3a+f =] > Il 3b+ A =2 > IV 
8a =10 85 =-5 
lb=-5/8) 
eee age 
Ti hacen (=)- d=-7 edt a ae ee 
8 8 8 
5/4 -5/8 
Hence A = 
ie ee 
2 -!1 0-3 8 
A= 
—1 2 3032-7 
BARE Sta FC - Se 
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eS 7 
a\=|_, prey Ce =399 


aj B|) ee 4 
2 


12 |B} 341 
2 1/0 -3. 8 
(1 become) A= B'C i 
' Sh. BB SS 


—1f0+3  -6+3 16-7] 1[3 -3 9] [1 -1 3 
=e -3+6 nial "Se 3 lis 1 : 
rcos@é 0 -sing||cos¢ 0 sing 
14, Show that] 0 r 0 0 1 0 
rsing 0 cos¢ ||-rsing0 rcos¢ 

reos@ QO -sing||cosd 0 sing 


=rl, Faisalabad 2008 


Sol.  1L:HS=| 0 a 0 0 1 0 
rsing 0 cos¢ || -rsing 0 rcosd¢d 
rcos ¢+0+rsin’ ¢ 0+0+0 rcosg¢sing+0-rcos¢sing 
=| 0+0+0 0+r+0 0+0+0 
rsingcosd+O0-rsingcosd 0+0+0  rsin?¢+04+rcos’¢ 
r(cos’ ¢+rsin’ ¢) 0 0 
= 0 - 0 
0 0 r(sin? ¢+rcos’ ¢) 
er Di... 9 1g: 8 
Oo » Ol=rl0 f Ol=rz, 
0 U r 0 0 1 
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5 if A= [a i= »then show that (i) 1,4=A (ii) Al,=A 


Gyo “Bg |, ag 10 0 
Sol. then A=|a,, a, a, a@,|/&1,/01 0 
yp Oy Gy Oy 00 1 
i I,A=A 
10 Ol a, — a> 4, A, 
Sol. LHS =1,A=|0 1 Offa, a, a, By 
0/0 212.5), Pita, ay, 


4,+0+0 4,+0+0 @,+0+0 a@,+0+0 
=|0+a,+0 O+4,4+0 0+4,,+0 0+a,,+0 
L[O+0+a, O4+0+a, 040+a,, 0+0+4,, 


ay a> A, Ay 
=| a), Gs; @,, a, |= A HenceProved |I,A=A 
a; Gry A, Ay 
ii. AI,=A 
a a a a, Sesgliie ty 
Sol. Al, = se i. = e pia & 
: s ; “10 0 1 +0 
3 Gy Hy 0001 
a,+0+0+0 0+a,+0+0 0+0+a,;+0+0 0+0+0+a, 
=|a,+0+0+0 0+a,,+0+0 0+0+a,, +0 0+0+0+a,, 
4,,+0+0+0 O+a,,+0+0 0+0+a,,+0 0+0+0+a,, 
a, a a, thy 
=! a, Ay, dh; GQii=A Hence Al, =A 
ay, as Gs; Oy, ; 
2. Find the inverse of the following matrices: 
3 we 
; 1 Multan 2010 
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Sol. 


Sol. 


2 1 


+E: POC atl Ss, cvs 
adj A= a = 
—2 3 |4) S}-2..93} [=2/5 0375 


af) tte lap “2 =342=500 


e 
41 _ 19 -(-12) =10+12=240 
a a 


2-3 
Let A= then |A| = 
a ee 
o 2-3 5 43 5f2 43/2 
sistas = 
7 [A a 2[ 4 $2 2 et 
2i | 
3 ; Multan 2009 
rf Beat! | 
2i =F 2i j > y 
Let a-[) tn 4 |p-2P F-38293 
en | | 
alt Hol OE en Pe Se 
i 2k |4, 3[-i 2%] [-i/3 2/3 


Solve the following system of linear equations. 


2x, -3x, =5 Sete | 5 
X =A'B=— 
5x, +x, =4 17|-5.  2]/4 
In matrix form y= 1). 5432) 4) 17 
3 Mo ~17|-25+8| 17|-17 
5 1 || x, 4 = l 1° 1 
AX -B=> X = A"B-——I ia re ia a as 
4-[ A => x=1& x, =-1 
5 


1 
=2-(-15)=2+15=1740 


3 
a als 


a. Lae I 3 
|4 17|-5 2 
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4x, +3x, =5 

li. 
3x, —X, ST 

Sol. — In matrix form 


Sake lta 


MATRIX 
abhi 
~ x, =2,x, =—1 
zs =| 
3x-Sy=1 
—2x+y =-3 


A X=B=>X=4'R Sol. in matrix form 
= a TPR 
ld-f _[-4-9=-1e0 2 - ity] {3 
e ] A X=B=>X=A'B 
adj A= . 5 
Ss 14 =P, [3-10-70 
oat a 
A Sighs a aaj a=|! 4 
Now X¥ =4'B 2 
2g lait eee | 
cela iq ala 3 
4hs231 | become 
“Bl teas 6 ate 
rot] x 1 |-14 x 2 
13] 13 PR = bal 
He Pla eh 
xf] x=2 & y=l 
1-1 2 oe ee 3 
4 fA=| 3 2 $|,B=| 1 3 4landC=|-1 2 0 |thenfind 
-1 0 4 -l 2 1 3 4-1 
A-B 
en eae 2 1:1 
So. A-Ba| 3 -2 $i-} 1°34 
SO Bt ape y 
1-2 -l-1 2+] -1 -2 3 
=| 3-1 2-3 $-4|=| 2 -1 1 
—1+1 0-2 4-1 0 -2 3 
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ii. B-A . 
Sealift yo -eZ 
sol. BAR} 3 4S 325 
=) 2-1 -1 0 4 
2-1 1+1 -1-2 }.2-=3 
=pgoggug 46$}=|-2 1 -1 
Lai 3-0 1411 O- 2-3 
ii,  (A-B)-C 
Th. 2 21 -1 1 
sol. (aC eT hel? Sa 1-3 ape es 
Sb 00 det el 3 
{+20 Sh-1 241 phig te3 
; at $21 Jad: “Sees fet 2 | 
Sat bd 4) 1S ae 
Fe SAE As Sk 
ofo2. 4; 1 {+|49 2 8 
O23) | 3-4) #1 
a1 [et-3° 340) 1-2 = -3..25 
=|.24+1 -1-2 I- 5 ae at 
0-35-42-4 341] [-3 --6 4 
iv. A-(B-C) 
t=] - 2 21-1 1 
sol ee Cy) 3) si 3 Sit 
we a ees Ee oS ea? a | 3 
1 =b 27-f Be 1-3 5-142 
= et eee See) | i+1 3-2 4-0 
-1 0 4] |-1-3 .2-4 °° 1+l 
See Pre A oe ae 
si-3 2e, Site ae 
{0}, 41) 1-4, 4-2). 2 
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1-1] -1+2 2- 
=| 3-2 2-1 § 
-1+4 0+2 4-2 a>o 232 


i 2i -i 1 ail 
5. If A= »B= and C= then find 
1 -i te ee -i i 


i. (AB)C = A(BC) Multan 2007 


| a We = 
Sol. LHS =(48)C = ee re 2 eee 
1 -i|}/2i i -j. i 
| -P +4? i427 2 
tobe ae < fae oe ey 
f--)+4-) i+2-) 28 -1)_f-3 9 i-2]f2i -1 
ee 8 ee ee es re eee a Be Ses Dee ce ce: 
“eres seg BOM AA) ere 


27? +4i-27 7-242; | |=2(-D+4i-27 3=2 


i-4i 22 
ae i 
mies = (ae) =| AB ae | 
1 -i|\{2i if} i 
fi 2-are-i itt | fi 2ilf[-2en-i 
=e Ape ee eel i we ey 
i 2i 2i-7 -6i = 27 —47° -2i 
t ales jan 
-i-(-1)) -27° -2i 1~4i ~2(-1)-2i 
=e ene J=2 


2-i+3i 2i+27 +i 


_fi-4i 2-2 
Ae te 


ii. (A+ B)C = AC+BC 
, (li 2e| fe 1)\fae 1 
Sol LHS =(A+B)C= + : Res 
1 -i 2i i|ji-i i 
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_fimt Qed ae Tf O)-2 142i 1 
“|l+2i -itil[-i i} [142i 0 Si. i 
_| 0-i-27 BU tod ee 


| 2i+477-0 -1-2i+0 | [2i+4(-l) . -1-2i 
(2-8) a 


[23-4 -1-27 
i =2iif2i -1) f-i fai -1 
R.H.S = AC+BC = eee Athen 8. Ss 3 
LP ie PE ER ember. 4 
_far-2?  -i+27 -2?-i iti 
| 2i+i? -1-i? | |4?-? -2i+? 
[0 —i+2(=1) i -2(-1)-i 2i 
“| 2i-1 0-141 4(-1)-(-1l)  -27+(-1) 


f oO 2-3) 2-i 9 2i 042-i  -i-—24+2i 

| 21-1 0 | [-3  -2i-1) [2/-1-3  0-2i-1 

(2-i i-2 

= Hence L.H.S = R.H.S 

L2i—4 -1-2/ 

If A and B are square matrices of the same order, then explain why in general; 
(A+ BY #A°+2AB+B° Faisalabad 2007 


LHS =(A+ BY =(A+ BY A+B) 

= A? +AB+BA+B 
Since AB # BAin general so AB + BA #2AB 
Hence(A+ By 4 A? -2AB+B 
(A-B) #A’?-2AB+B* 
L.H.S =(A-BY =(A- B)A- B)= A’ — AB- BA+ B’ 
Since AB # BAin general so— AB- BA#-2AB 
Hence(A—BY + A? -2AB+B* 
(A+ B)(A— B)# A’ — B’ Rawalpindi 2009 
L.H.S =(A+B)(A-B) =A’ -AB-BA+B’ 
Since AB # BAin general so 
(A+ BY A-B)# 4 -B 
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a-—i 3 6 
7. tale 8.4 38 then find AA‘ and A' A. 
—3 5 2 -!1 
2 1 -3 
¢ Dane a | 
=] Sf) 5 
Sol. A=| | 0 4 -2 A' = 
3 4 2 
= es aad 
F 0 -2 -] 
2 1-3 
2 =f5 3° 16 
; = | 0 5 
AA =|) 0 ..4.—2 
pe 3 4 Zz 
35 2 -!1 
Q “=-2 -1 
4+14+9+0 2-0+12-0 -6-5+6-0 14 
=|2-0+12-0 1+0+16+4 -3+04+842 |=/14 
‘|-6-5+6-0 -34+0+8+2 9+25+4+41 -5 
2 1 -3 
; 0 F 2 =F 3 0 
Now d4'A= 1 §  4f =2 
3 4 2 
30 FS DS] 
0 -2 —] 
4+14+9 -2+0-15 6+4-6 0-243 14 -17 
4 =2e8-18 1+0+25 -3+04+10 0+0-5 gral = 26 
“1 6+4-6 340410 9+16+4 0-8-2} | 4 7 
0-2+3 0-0-5 0-8-2 0+4+1 1] .-5 
8. Solve the following matrix equations for X: 
’ 2 -2 2 «3-1 
i, 3X-2A=B if A= and B= 
AS 5. 4 ~ 
Sol. 3X -24=B° 3X =2A+B 
| ee ee a eee ee 
X =—(24A+B)=—| 2 + ‘ 
3 1 ic ee ee 5 4 -] 
| Sh aed ee ee Oe 1[44+2) 6=+3 +441 
tK=— + — 
aNi=e 2.40 Sh) Ahh 3} -24+5 244 10-1 
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“1s 3 -3 


Ww 
ON 
‘© 
en 
I 
—_— 
— w 
No — 
wo 
eee 


2X -3A=B => 2K =344 B= X ==(G4+8) 
] Fi =t--2 3 -1 O 
=—|3 ~ 
2) :e2-_4 35 se ae | 
a 3 =3 6 ‘i + .<} 0 
a es > ee a eee 
28 3+3 -3-1 6+0 i 6 -4 6 
” S eege 3242 1549) Diem 14. 16 
« 3 -=2..° 3 
=o PS 
9, Solve the following matrix equations for A: 
4 3 203 -1. -4 
i. A- — 
2,2 -1 -2 3 6 
4 3 2° 3 -| -4 
Sol. A= + 
a ats gets ae 
4 °3 [ 2-1 3-4 4 3 i airs 
eS = A= 
: 4 ee aa 2 |; " 


=> A=B'C 


| 
tro|— 
gre cn 
tb t 
re | 
wd 
bo 
eos 
No 
| 
FSS oe, 
| 
S 
& 
= 
lI 
SE. | 
i) 
pS 
Gs 
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ae ot. 2 Ba 
Sol. A = +b 
y 2  S =f™'s 
Sw = 142 240 Te es a 
A = =>: —_ 
4 2 3-1 345 Se REM: 


nN W 
| RS | 


1 
Now co |-6-4=240 => A=sCB' 
Pree Fane: Se sagt Oe AL 
4.3 |B} 2|-4 3 
A=CB" 


_fl 2]1f2 -1]_ 1[2-8 -1+6 
“12 6|2|-4 3] 2/4-24 -2418 


wer —6 5 any bee “3 5/2 
21-20 - 16 -10. § 


Example: Find the cofactors A,,,A4,,, & A,, if 
Py s2 3 
A=|-2 — 3 1 Jalso find |4 
4 -3 2 
ae ‘ 
Sol. A, =(-1) 4 : =(-1? [-4-4] =-1(-8) =[8] Ans 


Pa 
A, =(-ly" ¥ i = (-1)* [2-12] =1(-10) =[-10] Ans 
3 
—2 / 
and |A| = Uy) Ay, + yy Ay + Ay Ay, 


= (—2)(8) + (3)(-10) + (-3)(-7) 
=~—16—30+21=-25 Ans 


Ay = (-1)" =(-1)* [1+6] =(-1)(7) = [£7] Ans 
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important Question: Write any two properties of determinants. 


Sol. Property 1. If a square matrix A has two identical rows or two identical columns 
then |.4| =0 
Property 2: If all the entries of a row (or a column) of a square matrix. A are zero, then 
|4|=0 
Proof 2: Prove that If all entries of any row (column) of a square matrix are zero; 
then value of determinants is zero. 
0 0 0 
Sol. Let A=| ay, as, Ay; 
as, as» as; 
0 <A 0 
Gy Mp3) 14, G33) 1421 S22 
| A| =|, ay a,3| = 
Gs, As; ay, As3 Cs; Us. 
a3, a3, a3; 
=0-04+0=0 
Proof 1: Prove that If any two rows (column) of a determinant are identical then 
value of determinant is zero. Multan 2009, Lahore 2009 
a (Oe € 


Sol. Let A=\a be 
aye 


a0 ¢€ 
C la c 

-b +¢ 
z| |a 


ab 
ay 


|Al=|a b cl=a 
y Zz 
ay2z 
= a(bz — ye) —b(az —ac)+ c(ay —ab) 


= abz -—acy —abz + abe + acy — abe 


- [0] proved. 
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1. 


Sol. 


Sol. 


Sol. 


EXERCISE: 3.3 


Evaluate the following determinants. 


§ =2 <4 


3 -1 -3 
—2 1 2 
l 3 3 eS 3. -]1 
wi ie dig) ee fa oe 
=5(—2 +3) +2(6-6)-4(3-2) 
= 5(1)+2(0) -4(1) =5-0-4=]1 
5 2 -3 
3 -l 1 Faisalabad 2009 
—2 1 -2 
_l-l l| 3 ] 3 -] 
aS |? +(-—3) 
lL =2 2 = —2 ] 
= (2-1) -—2(-6+2)-—3(3-—2) 
= 5(1) —2(-4) —3(1) = 5 +8-—3 =10 
1 2 -3 
—1 3 4 Multan 2008 
= ee aoe 
3 4 —| - 3 
=] —2 +(—3) ) 
are —2 6 - 5 
= (18-20) —-2(-6+ 8) —-3(-5 + 6) 
=-—2-4-3=-9 
a+l a-l a 
at+l a-I 
a atl a-l=(a+l) —(a-1) 
a+l 


a-I a atl 


MATRIX 


a a-l a atl 


1 
a-la+l a-l a 


=(a+ | (a+ly -a(a-1)|-(a-D| ala +1) —(a-l |+al a’ —(a—l)(a- 1) 


=(a+)[ a” +1? +2al-—a’ +al |-(a-f a’ +al-a’ -P +2al | ; ala’ ~q° +P | 


=(a+l)(l’ +3al)-—(a-JBal-I?)+al’ 


= al? +3a71+P +3al? —3a71 + al? +3al-7P +al* 


=9al* 


This book was uploaded by www.educatedzone.com 


COLLEGE MATHEMATICS-1 114 MATRIX 


¢ Hees 
< ot hs 
ee ee 
Cee a ame Peer 
: =] =—2 +(-2 
si ak a : 


= l(-1+12)-2(1+6)-2(-4 -2) 
= ](11)-—2(7) -2(-6) =11-14+12 =9 


la a a 
vi. 8. 26. oD 
C. \@. Te 
2p 8 b b b 2b 
Sol. =2a - +a 
é Geto te 2c Cc € 


= 2a(4be — be) — a(2be — bc) + a(be -2bc) 
= 2a(3be) — a(be) + a(—be) 
= 6abe -— abe - abe = 4ube 


2. Without expansion show that. 
678 
i. L.H.S =|3 4 5)=0 Sargodha 2011, Faisalabad 2007 
2-34 
Sol. C,-C, and C, -C, 
6 et 
=|3 1 1]=0=R.HS (Because C,and C; are identical) 
24) 
2 3-1 
ii 1 1. O=0 Sargodha 2009, 2010 Faisalabad 2008, Multan 2009 
2-3 § 


z. 3 
Sol LHS=|l 1 OlAdd C, inc, 
2-3 
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0 ae. aes 
=1 1 1)=0=RH.S (Because C,and C, are identical) 
2-3 2 
ae Ss 
iii, LHS =/4 5 6=0 Sargodha 2006, Multan 2010 
ie YF 
Sol, <C,=Cyend Go-C, 
ee Sa 
=|4 1 l=0 (Because C’, and C; are identical) 
7 eel 


3. Show that 
4, @, AUyFQy (Ay 4. 43) A, 42 By 
i. @,, Gy, 4,, FQ, =/4,, 4, Gy3/F/4,, Ay A; 
M3, Ay Gy, +; Bas: Aaa Bas M,, Ay sy 
a, A 4,7; 


Sol. LH.S=/d,, 4, G,;+@,,)opening from C, 


ay, as, els; aK a; 
Gy, Gy), a) | a, Ay 
= (a; +@);) — (dy, +@,) +(d,, + @,;) 
3, 39 G3, ay) a, Ay, 
4, Ar My, Agy 4, mH, Ap a, a, Ay 
= th; +a, ~ as, — A, +h; +; 
a3; thy M3, Gs. a3, Ch, 3, As, Gy, Ay, ay, Uy 
Gy, ly» G;, Ap 4, Ap 4, Ax a, Ay a a 
=Q;| dy, +, +Q, ~Q; +Qs; 
a3, Us, Cy Gs, Gy, yy a3, hy ay, Ay G3, As» 


Ay Ay ys} |, Ayo Ay 
Fly, Uyy Ug3/ Ft, Gx. Aa3 


U3, Axx 33] fs, yy G3 | 8 
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2 3 6 2 0 
ii. 3 9, 6=91 1 2 Multan 2007, Lahore 2009, Faisalabad 2008 
228-1 23.4 
2:3. 78 
Sol LHS=|3- 9 6 
2 4194 
2a 3 
=3|1 3 2} Take 3 common from R, 
i | 
2 AD 2 be 
=3.3]1 1 2) (Take 3Common fromC,)=9/1 1 2)=R.H.S 
28 4 zea} 
t+ @&- @ 
iii. a atl a |= (atl) Multan 2010, Faisalabad 2008 
a a atl 
a+l aia 
Sol LHS=| a at/ a |Add R,, R, in R, 
ict a atl 


3a+/ Bat! 3atl) . 


=| a atl a 
a a atl 
I 1 ] 
=(3at/)la atl a (Take Common from (3a +/)) 
a a atl 
C=C.C/=0 
l 0 0 
=(3a+/)la / 0 -e0-0} f j]-020|=ae+)= Ri 
a 0 l 
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‘set ie toe ee 
iv. x y 2|=|x y z Faisalabad 2009 
Jz xy |x? y? 2? 
ie ae 
Sol EHTS OO te 
ye mx xy 
x cae 
= YF : Sie 
xyz 
yz NZ x 
SO. ee 
= x ys Take common x)z from R, 
Sa Od 
xo Foz 
cae (nae me Interchange R, and R, 
x? y Zz 
Be = 
=(—M-)|x yz Again Interchange R, and R, 
ee ee 
i ae 
=|X Y Zz I=RHS 
xr y z 
b+c aa 
v. 6b ct+a_ b |=4abe 
C3 28 
b+c aoa 
Sol LHS=| 5 ct+a b| Expand by R, 
c ec atb 
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vi. 


Sol. 


vii. 


Sol. 


viii. 


=(b+c) 


=(b+c) 


b cta 


c+a b 
c c c 


b - 
a +a 
Taam # 


[(c +ayatb)— be] - a{b(a +b) —be] - al be -—e(e+ a)| 


a+b 


=(b+c\ac+bc+a +ab)—alab+b’ -bce)+a(be-¢ —ac) 
=abe+b’o+ab+ab’ +ac +be +a°c+abe-a'b-ab’ +abe+abe-ac’ -—a'e 
= 4abc =R.H.S 


6b -1 
a 6b 
i.'@ 


a 
oj=ae+h? 


6 -l a 
LHS=|@ 5 Oo Expand by R, 


| 


b Q 
4 i ; ae, 


= b(b ast 


a b 

a QO 
ae 
0)+l(ab-0)+a(a" —b) 


a b 


| ie 


+a 


=b+ab+d-ab=a' +b =RHS 


reos¢ 
0 
rsing 


rcos@ 1 —sin 


L.H.S = 


rsing w cos@ 


1 -sin 
1 0 |=r 
0 cos¢ 


rcos@ —sing 


0 1 O |=-O+l) , 
rsing cos@ 


—O Expand by R, 


=rcos’ ¢+rsin’ ¢ 
=r(cos* ¢+sin’ ¢)=r(l) =r R.H.S 


a b+e 
b ct+a 
c atb 


a+b 
b+c\=a? +b +c’ —3abe Faisalabad 2008 
cta 
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a b+c a+b 
Sol. LHS=|0 c+a b+c| Add C in ©, 
c a+b cta ‘ 
a+b+ce b+e a+b 
=la+b+ce c+a b+e 
a+b+e a+b cta 
1 b+e a+b 
— =(atb+o)ll ct+a bte Take(a+h+c) common from C, 
1 a+b c+a 
1 b+e atb 
=(a+b+c)\0 a-b c-a Nes 
0 a-c c-b ee 


a-b c-a 


=(a+b+e)[I +0] 


a-c c-b 
=(a+b+c)[((a-b)(e-b)-(a-c)(c-a))] 
=(a+b+c\ac—ab-bc+b’ —ac+a’ +c’ —ac) 
=(at+b+c)(a° +b +c —ab-—be-ca) 

=a +h+c*'-3abe =RHS 


at+A bb ¢ 
xi. a b+dA c¢ |=’ (at+b+c+A) 
ab ct+a 
ata b o¢ 


Sol. LHS=| 4 b+A ¢ 
a b cta 
atb+ct+A 6b Cc 
=|at+hb+e+A b+A ce | Add C,, C,in C, 
at+b+c+A b ct+a 
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| b ¢ 
=(atoro+ An b+aA ¢ Take Common (a+6+¢+A) from C, 
l b et+A 
ee 
=(at+b+c+A)0 A O R,-R,R,-R, 
0: 8.2 


A 
m(a+bverA) ; -040] Expand byC, 


=(a+b+e+A)[ #’-0-0+0] 
=A’ (at+b+c+A)=RHS 


|e Het |e 
x. a b ¢}=(a-b\(b-c)(c-a) 
a Be? 
es a 
Sol UPES Sl “be 
a Bb ¢? 
1 0 0 


=la b-a e¢-a C, -€,,C,=¢, 
a bi -@ Cw 


(Take common b—a from C,, ¢—afrom C,) 


] 0 0 I 0 0) 
le b-a c—a =(b-a)(e—a)\a 1 1 
a (h-a\b+a) (c-a\(e+a) a b+a cta 


] 
b+a ct+a 
= (b-a)(c-a)c+a—b-a) 
=(b-a\ce—a)(c-5b) 
=[-(a-6)](c-a)[-(-e)] 
=(a-—b\b+chc-—a) = RHS 


=(b-a\(c—a)f1 


~0+0] 
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b+e aad 
xi. cta 5b b’\=(a+b+c\a—b)\(b—-c)(c—a) Sargodha 2009 
jatb ce? 
b+e aa 


Sol. LHS =lcta bb 


atb cc 


atb+c aad 
=lat+b+e 6 b'| addC,inC, 
atb+ce ¢¢ 
a2 
=(at+b+c)ll b Bb Take Common (a+b + ¢) from C, 


lee 


7 


| a a 
=(a+b+c)\0 b-a b’-a"|R,-R, R,-R 


0 a <8 


=(a+b+o)fI ~0+0] 


g 


b-a b -@ 
c- a 


Expand by C, 5 
b-a_ (b-a\b+a) 
c-a (c-—a\c+a) 
b+a 


=(a+b+c) 


| 
=(a+b+e)(b-a\(c-a) 
ea 


=(a+b+ce)(b-—alc-a\(e+a—b-a) 
=(a+b+ce)(b—a)\(c—a)c¢—b) 
=(a+b+c)[-(a—b)](c-a)[-(b-¢)] 
=(a+b+e)a~h)\(b-c)(c—a)=R.HS 


Take Common(b~— a), (¢-a) from R,, R, 
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1 Po 5 § -2 5 
4, WfA=| 0 -2 Oljand B=| 3 -1 4|, then find; 
—2 -2 1 -2 1 -2 
i. Aj31A4q3sAy, and |A| Faisalabad 2007,08,09 Sargodha 2007,08, Multan 2007 
1 2 -3 | 
s ded? Gel® Wal Os? 
Sol. |Al=| 0 -2 fe ted Mice ee 
eee 
=1(~2+0)-2(0-0)-3(0-4) 
=-—2-0+12=10 
sto. 
A, =(-1)' . ‘ =-(0+0)=0 
1 -3 
A,, =(-1)"? = (1-6) =-5 
2 =(-1) 4 ‘ (1-6) 
] -3 
1,, =(-1)" =(-1)(0-0) =0 
A,, =(-1) 0 A (—1)(0-0) | 
ii B,,,B,,,B,, and |B! Lahore 2009, Gujranwala 2009 
5 =—2 5 
Sol. B=} 3 =) 4 
—2 ] -2 
§ “ez. § 
Reet ne? ie, Oe tie ei 
ficial i gs oe Gade ee fae ee 
—2 1 -2 


= 5(2—4)+2(-6+8) + 5-2) 


=-10+4+4+5=-] 
241 2.5 = 
pas a Ae =—(4-5)=1 
oe) i ee 
BE Ls oie beers 
So Mee et 
By ae, eG es 
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s Without Expansion verify that: 
a Bry 1 
i. B ryt+a V=0 Sargodha 2009, Multan 2010, Fsd 2008, Gujranwala 2009 
y at+Pp l 
a Bry 1 
Sol. LHS=|B y+a 1 
y a+B li 
a+pry Bry 1 
=la+Bt+y yta 1||Add C, inc, 
at+B+y at+Bp i . 
P  ipsy. 4 


=(a+B+y)|l yt+ea 1 Take (@+ B+y)Common from C;, 
a+p 1 
=(a+f+y7)(0)=90 (Because C, and C, are identical) 
2 Se 
ii. 2 3 6x|/=0 Multan 200%; 2008, 2009 
3 5 9x} : 
1-2-3 
Sol. LHS? = 3 6x : 
> 5 Oy > 
124 
=3x|2 3 2| Take Common 3x from C, 
oi S03 
=3x(0) = 0 (Because Cand C’, are identical) 
1a a/lbe 
iii. 1 Bb’ b/bc\=0 
1c’ clab 
1 a’ a/be 
Sol. LHS ={1 6° b/hc 
1 ¢ clab 
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Multiplying C, by abc and + outside 


1 a (abe)a/be 
1 Bb’ (abc)b/be 


act 
abc 


© (abe)e/ ab 
} a’? 
= Pe 
abe ae 
Ce 


26 ——(0) = 0 (Because C, and C, are identical) 
* 


a-b b-c c-a 
Iv. b-c¢ c-a a-b=0 Federal 
c-a a@-b h-ce 
a-b b-c¢ c-a 


Sol. LHS=|b-c c-a a-b 
c-a a-b b-¢ 
AddC,, C, in C, 


a-b+hb-e+e-a b-c c-al |0 b-c e-a 
=lb-c+c-at+a-b c-a a-bl/=|0 c-a a-b 
c-—ata-b+b-c a-b b-c| 10 a-b b-e 


= 0 (Because C, is zero) 


be ca ab 


m= i Atay sfonde pe 
a b c 
a b c 
bc ca ab 
Sot: “egos =F 
a b c 
a h Cc 


Multiplying R, by abe and divide outside 
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be . ca ab iat ee 
1 labe abe abe 1 
i ee 2 ae 
abe| a 5 c abe 
Fr aa: Ua 
a b c 
] 
=——(0)=0 Because Rand X, are identical. 
abe ‘ 
me OP oe ee 
vi. Ini om owl=|1 mt om 
Im n owl it wf 
mn ol P 
Sol. LHS=|/n mm 
im on nr 
Im 7 p 
=—|Inn—som’ | 1 x Rmx R,,nx R, 
mn : : 
Imm ow n 
BAY: seed 5 
lm 5 Se: ; 
= 1 «ar m'|= Taking common from C, 
mn ; : 
ON n 
] Pr fr 
=|] mm mPl=RHS 
een ae 
2a 2b 2c 
vii. a+b 2b b+c\=0 
a+e b+e 2e 
2a 2h 2e 
Sol. LHS=|a+b 26 bt+e 


ate h+e 2¢ 
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a a 
=2la+b 2b bt+e Take 2 common from R, 
e+e Bte  2e 


> & 


c 
b R,-R,,R,-2, 


=2bc]] 1 1 Take common b from R,,c from R, 


= 2bc(0) = 0 Because R,, and R, are identical 


pees thas 1. 229, AY = ey 
viii. 6 3: F=|6 3  S4}/6- 3 -3 
—3 824 =3. Sa isso 5 
fica ae | oe et See es 
Sol. REHS=fP6- 3 Sis1-4 3-3 
3: 5. =3] 1-3 5 *4 
Add C, of Both. 
7 2931 tines aes 
=|6 3 5-3=|6 3 2/=LHS 
-3 5 -3+4 |3 5 1 
et One 
ix. 0 a-b Rawalpindi 2009 
b-c 0 
-—ab 0 be 
So!. pita 0 ac —bc\,R,xb,R, xc, R,xa 
abe 
ab -ac 0 
-abt+ab ac-ac  be-be 
Pees Bec ae ~be |Add R,, R, in R 
abe 
a —ac 0 
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0 0 0 
=—|0 ac —be 


ab -ac 0 


= = 0 (Because R, is zero) 
abe 


6. Find values of x if 

SA 
i. -1 3 4/=-30 Sargodha 2008, Multan 2009 

x Sys 
Sol, 

3 4 1 -] 3 

3 -] +x = —30 
| eee | x 0 x] 


3(0—4)-1(0- 4x) +x(—1-3x) = -30 
—-12+4x-x-3x* =-30 

—3x° +3x-124+30=0 

~3x° +3x+18=0 

+by -3 

x’ —x-6=0=> x7 -3x+2x-6=0 
x(x—-3)+2(x-3)=0 
x(x-—3)+2(x-3)=0 

x-3=0 or x+2=0 


x=3 or x=-2 
1 x-1 3 
ii. =}. <ee Bint “Federal 
2 2 
pet 2 nee 2 st! x+] 
seals Sy ) 2 I. | are, 


\(x° +x +4)—(x-1)(-x-4)+3(2—2x-2)=0 
x’ +x+44+x7 +4x-x-4-6r=0 
2x°-2x=0 => 2x(x-l)=0 

2x=0 or. x=1=0 

x=0 -or x=] 
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Sol. 


Sol. 


: oe 

2 ‘x 2/=0 Faisalabad 2009 
3 6 . 

ve 


2 
-2 2 a = 
6 «x Ss aoa.” 


(x? -12)-2(2x-6)+1(12-3x) =0 
x’ -12-—4x+12+12-3x=0 
x*-7x+12=0 

x -3x-4x4+12=0 
x(x-3)-4(x-3)=0 
(x-3)x-4)=0 

x-3=0 or x-4=0 
e=3 or A= 


l 


Evaluate the following determinants: 


3427 
14 653 

:-as te 

41-2 6 

3.4 29 

2s <@-3 

eee ae. 

Ty ees oe 

j--j7 3 

2.5253 

ee ae 

4 Say 

Re eo eae 

6A F 8 oe 

= 35 Re BR RAR 
0 5-10 -10 
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Sol. 


Sol. 


tas 
ss -5 1 |-0+0—0 Expand by C, 
5 -10 -10 
-5 l Bae t 3. -5 
“1140 “- “at, ia 
= 7(50 +10) +4(-30-5)-—5(-—30 +25) 
= 420-—140+ 25 
= 305 
2-3: 4-3 
40 2 1 
5 2-1 6 
3-7 = 2 
2 Ey a 
=. . : oR, +R, Ry +6R, R, -2R 
=] =i @ 0 
6 a3 
=-(-I)17 20 5/+0—0+0Expand from C, 
~1 -13 0 
6 £m 
=it -"“260 s}-3 aH cart yt? Expand by C, 
-] =13° 0 


= 3[(-221-(-20)] - 5[(-78 - (-3)]+0 
= 3(-201) - 5(-75) 

= -603 +375 =-228 

3 9 171 

‘23 

9 7-1 1 

2.0 1-1 
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vo one Ags Sa 
Sin Os 3 
a R,+R,, R,+R,,R,-R, 
6 16 0 2} * 
Lo <9- 2 
<3. 12 3 ' 
=!|6 16 2/-0+0-0 Expand from C’; 
| = +2 
@ 6-2 2 16. A 
sah ec ios eae 
AG eZ i -2 ft -9 


= —3(-32 + 18) -12(-12 - 2) +3(-54—-16) 
= —-3(—14) —12(—14) + 3(-70) 
= 42+168-210=0 


Sms Upeee awe | 
Le ie? A ‘; d 
8. Show that t 4 ' =(x+3)(x-1) Sgd 2008, Fsd 2007, Lahore 2009 
x = ; 
£1 -x 
Eo ay 
loax8-1 4 
Sol LES= 
| RR tae Oe 
: Sei ee ig 
5 os eee EN Sa 
v+ 3) x0 thsk 
= Ada C3. 6 WE 
Re har nae ce baa 
CES eS ny yn 
NO A PA | 
| Oe | 
= (e+3), ; Take (x +3) Common from c 
x 
1 


R, -R,,R,-R,.R,-R, 
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i i} 
Ox-l 0 O 
=(x+3) 
0 0 x-1 0 
0 0 0 x-!l 
x-1 0 0 
=(x+3))1}0 x-1 O |—0+0-—O0 |Expand from C, 
0 0 x-l 
x-1 0. 0 
=(x+3)0 x-1 0 
0 0 x=1 
10 0 
=(x+3)(x-1)'|}0 1 0} Take (x-1)Common from R,,R,,R, - 
oO 0 f 


-6+34-0/[f ‘|-0+9] 


=(x+3)(x-1)'(1-0) 
=(x+3\(x-1)' 
9. Find |44'| and |4‘4|if: 


9 <1 
a 
ee ; 


3 2 =! 
Sol A= 
ee 


S aes 
Fe ea a ta 
-]1 3 
er 8 y= 2 
—| 
AA' = ni 
24 3 
—| =3 


_[9+4+1 642-3] fl4 5 
“1642-3 salad) PS 4 
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3 
A'A=| 2 


9+4 

‘=| 6+2 
—3+6 
13.3 


a 


A'Al= $55 


14 
2 
3 2 -1 
a ; 
He | 
-1 3 
—3+6 


-2+3|= 
1+9 


6+2 
4+1 
-2+3 
3 

1} =13 


i 
10 


1 
1 10 


jaa=[ afr 196-2517 


8 


-*, 


] 


1 


= 13(50—1)—8(80-3) +3(8 -15) 
= 637-616-21=0 


3 64 
ye | 
il A= 
ee 
oa 
3 4 
a4 2. 3 
Sol == then A’ = ; 
ecg 4 2-5-3 
oe 
3 a] 
po Aaa 2 a2 
AA = % 
1 194 11.3 
2 3] 
9+16 6+4 344 6412 
| 6+4 441 241 443 
“fp See c8el tat 243 
6+12 443 243 449 


5 


13"e ~3 


1 10 


25 
10 
7 

18 


MN WwW NY 


13 
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Cc 


Sol. 


AT ICS-l | 433 | 


25 10.7 - 18 
10 o ow 
|44'|= 7 2 5 
18 § “tS 
25. 10: Tt ag 
R, —(R, + 8) = : : : 
1 -l 0 ] 
O S357 bet, 
R -25R,,R,-10R,,R, -7R, =| Res Se 
3 0:. 10" 2 =2 
1 | 0) 1 
<> nnd een | 
=0-0+0-I/15 3 -—3| Expand from C, 
12 -=2 - 
cbt Sas 
=(-Iy(-D|IS 3 3 Take —1Common fromC, 
12 | See? Met 


=(—1)(-1)(0) = 0 Because C, and C, are same. 


If A is a square matrix of roder 3, then show that |k4/ = k*| A]. 
4, A, a; 
Let A=|a,, a, ay, |then 


Gy, 432 yy 


MH Az As Ka, Ka, Ka, 
KA=k|a,, dy ay, |=|Ka,, Ka, Ka,, 
Sy ig, gs Ka,, Ka, Ka; 


Ka, Ka, Ka, 
KA|=|Ka,, Ka, Kay, 
Ka,, Ka, Ka, 
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11. 


Sol. 


M4, A, As 
Take k Common from R,,R,,R;=K.K.K |a,, a, ay, 
3, Ay - Ay 
= K*|A|=R.H.S 
Find the value of / if A and B are singular. 
ae ae Su FES LD 
A=|7 3 6}, B= rr se 
a ey + 2 30514 
| 2 A-l 3 
Given matrix is singular so 
4 A 3 
|Al=|7 3 6|=0 
© Bae Soe 
3 & 7 5G ee 
‘| 14h lel j[-0 40-18) -2¢7-12)+3021-6) <0 
-604+51+45=0- 
$A-15=0=>5A=15 A=3 
S429 
AS 2 Sa 
Tee ey 
2A-1 3 
Given matrix is singular so || = 0 
S28 
S23 ,29 
320 1° 
2A-1 3 
b SS 2d 
2B Sa4 : 
=0 ‘interchanged C, and C, 
4320-4 : 
A2-1 3 
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: ae 0 0 
oa 
opie a <0 C,-5C,C)-26 
2-7 -4 | 1 
A 2-5A-1-2A 3 
-2 ] 1 
4 ay 1]/=0 Expand from R, 
2-5A -1-24 3. 
-7 —4 

=>- = 

Sees ae 'b- SA 3" Mo 5A -1-2A 


—2(-12 +1424) —1(-21-2+5A)+(7 +144 +8204) = 0 
—2(-11+2A)—1(-23+5A)+1015-64) =0 
22—4A+23-5A+15-6A =0=> -154+60=0 

1SA = 60 

A=4 


12. Which of the following matrices are singular and which of them are non Singular? 
bk S253 


0 2 4 
Le 3 
st, ifdef — 
024 
+ 853 


I -1 i Se 
|4=|3 1-1 -! {ros : 
2 0 
02 4 
= (4+2)+3(6-—0)=64+18=24+0 
Non Singular 
jE ah ee 
ii. B=|1 1 0 
2-3 § 
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ee ae | 2.3 -] 
sol,» B=ll “1. Ol Belby led 
2 =3 5 2-=3:..4 


l 
=2 -3 +(-1 
Eph 


= 2(5—0)- 35-0) - l(-3-—2) =10-15+5=0 


Singular 
a ee ee 
&, ae es eee 
ve ? 924.2 
en ee ae 
r 2 °2 <1 322-1 
ee ee pa 8 
“et. “| 3-1 2/745 ae ee 
Tg =t 3. 4 se ae wie 
ae ar 
aie (eee Gee, 
“lo 1-3. gfe 7 Re -28,R, -3R 
sa-.3) 9 
Ses Re. 
=I} 1 -3 £4|-0+0-0 Expand by C, 
es ae 
Be ee 
=10 0 6/R,-R, R,+4R 
6. S154 
= | : 1-040 Expand by C 
ee ! 
=0+90=90 
No Singular 


This book was uploaded by www.educatedzone.com 


MATRIX 


COLLEGE MATHEMATICS.1 137 | ‘MATRIX 


2 s- /G 
13. A=|1 1 0} Find inverse and show that 471A = I, 
2-3 5 : 
Si 
|4/=1 1 0f=2| tt, 44, ‘ 
2 ‘ oe 


= 2(5-0)—1(5-0)+0=10-5=5 
es ie Soe Bes 
A, =(-]) 3 Je 0)=5 


zaib | 0 
4;=(-1), |=-45-0)=-5 


hyo 
A= (0), ro-a-s 


A,, =(-1)"' re 5-0) =-5 

=D"), J=45-0)=- 
242/2 0 = 3 lenis: 

Avy =(-1) P a0 0)=10 


2 
ies a 243 
oe 


|=-6-2)=8 


] 
A,, ao jy" 


As; “cf |-@-p- 


Cofactorof A=| 4, 4, A,|=|-5 10 8 
Age hy ANALOG aa 
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Cc MATHEMATICS44 MATRIX 
ee eres 
Ad A=|-5 10 0 
Mice. Go st 
ie 
Pee: oe ome | 
- |A 
4 m, eAaat ee 


aj ae ote ae ee 
10-540 ~~ 5-540 — 0-040] "" FSO: 0 
-)_10+10+0 -5+10-0 04+0+0|=+10 5 0 
M ie¢hed /~$e8= 35 5030s |) 160,25 


1 0 0 
=|0 1 O|=/, 
04 


14. ‘Verify that (4B) ' = B'A"' if: 
3 A= Ay: a 
-1 0 4-1 
Ps 23 ok —3+8 1-2 5 -l 
Sol. AB= = = 
-1 O} 4 -1 3+0 -1-0 3 -!l 


- adj( AB 
We know that (AB) ' _ adj(AB) 
[43 
5 =1 
[4B -; [-S-)=-549- 240 
-f—- 4 
adj AB = 
=% 5 
a(AB) i=l 2) [al2*-2 
TD = AB G i= =— — 
L.H.s = (AB) [4B| 43 ee so 
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Now for B”! 
3 261 
|B) -| J-3-4=-140 
4 -] 
© a 
l ; = ; ea 
adj B= pao 8 LL 3) 
-3 |B —| ae, 


|| = ; 4-0-2 =240 
|e] 0} an 


adj A — —2 


— 


—_ 


Now 
1 1 QO - 1 
RHS=B'A'= a 2 
4 3/2/1 2\4 311 
_1f0+1 -241 on “fi/2 -1/2 
al0+3.-843| 213° 451 13/2 5/2 
Hence proved that (4B)! = B'A' or LHS = RHS 
5° 4 4 3 
ii, A= p= 
tele 3] 
a eae 8 2042 1541 22 16 
Sol. AB= p< = 
y Teaeas | ie a 8+4 6+2 12° 8 


(1B = ah AB) =| : a 


|.4B) Nee s, 
22 (16 | : 
45\=| s|-(22x8)-(6xl2)=176-192-16 0 
Ste) ties, 
(apy! = 2G(ABY__1 | 8 -16)_| 16 -16 |} 2 
AB NOL Ie 29] | 19 a) gat 
-16 -16) 4 8 
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|B! ? Are mae"? She 
oe =4-6=-2, a — 
ie ea oe 
pi 9 B_ 1 : i 

|B} -2|-2> 4 
|=10-2=820 
2 

2 -1 4 A BONY RA 

A At =— 
ig e s} yi ii | 


ony ee Sgro Sh A46)-22 AS 


8-16 
| 2+6 —-—1-15 1 8 -16 16 16 
saree seal il |" =“). 2 
le. ~16 
ed ic] 
= : tl Hence proved that (AB) '=B'4"' 


4 8 
15. Verify that (AB)' = B' A’ if: 


1 -!l 2 
A= ,B 
0 314 
1 
head 
Sol. 48-| 3 
0 


0 a ~% 

1-3+0 1-2-2 —2 -3 
AB= = 

lays el c | 


dy ee? 
LHS =( =| | 


i 
=|3 2 Faisalabad 2009 
0-1 
1 
2 
-] 
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4.20 ae 

B = a. 
= } 2 mi : 
eo 


1 2 -] 


Fi 1—3+0 04+9+0 cs —2 9 
[1-2-2 OF6SE| Ls 
Hence Prove that (AB)' = B’ A’ 
LH.S = R.H.S 


i ao 
R.HS= BA -| “j°3 
2 Al 


2 -1 
16. if a|; i verify that (4 ')' =(4')' 


[2 2 
Sol. = 
. eG 


2 -] ees 3 
4) |-20-(-00)=243-5 


i 
and Adj a-| 5 4 


fi 3 

1 He re ered: aoe ae ae 
Thus A! =— Adj A=— =(4"'y = j 
4 aa a I | iro. 

C-'% 


gates fa 
= = = 
weateaes T yea Sy 


(ay! a ied (4) 
So|4' “| = 2(1)-3(-1) =2+3=5 
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Sol 


Sol 


ee eee: 
Adj(A)=| | 5 
] 


ne ee een 1 -3 
Thus (4 ) = ~— Adj. A 1] |- 


lA S102 moo 


tr] — rl — 
Miro wf 


From Equations (i) and ii => L.H.S = R.H.S 
if Aand B are non-singular matrices, then show that 


(AB)'=(B'A") — Federal, Multan 2008 
We know that 

(AB).( AB)! =I 

Pre-multiplying by 4” 

A" AB(ABY' = A" 

IB(AB)' = A" => B(ABY' = 4" 
Pre-multiplying by B' 

B' B(AB)' = B'A' => I(AB)’ = B' A’ = (ABY' =B'A" 
(A')'=A | 

We know that 4°'(4¢y' =/ 

Pre-multiplying by A 


AA\(A'y! = Al 
I(A'y'=A 
ee, 


Hence Proved. 
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1 -2 5 -3. 1° -2] 
1, if A=|-2 3-1 |and B=| 1 0 —1 |, thenshowthatA+Bis 
aes ee a et a 
symmetric: Multan 2008 
es ae -3 1. -2} 
Sol, A+ B=| 2 3=l}+/ ) 0 =1 | 
eS ee ee 2 | 
I-3.  -2+1 5-2 —2 -| 3 
=|—-2+1 3 +0 -l-1 {=| -] 3 -2 
5-2 -l-1 0+2 3 -2 2 
f-2 -l 3] 
Now (A+ By =| <1 3-2) 
[3 <2 2| 
(-2 -1 
eee 


Hence (A+ 8) is symmetric 


.- 2) 
2. ff A=| 3 2 —1 |, then show that: Multan 2009, Faisalabad 2008 
-l 3 2 
i. A+ A'is symmetric 
es eee 
Sol. then A =] 2, 2 3 
0-1 2 
os | 3 =] 
AdM ah 3-2 hae Br a8 
a) ee eee eo es ee 
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1+] 2+3 0-1 aE: ie: | 
=| 3+2:- 2 
-1+0 3-1 2+2 -l1 2 


> a ak | 
(A+A)Y =] 5 4 2 

aba Rt 

7 ane 
(A+4)'=| 5 4 2|=(A+4) 

Be 358 


Hence (4+ A’)'is symmetric 
ii. A-A’' is skew symmetric Sargodha 2010 
BS a a 2 
Sol. then A—A' =| 3 2 -1i-/2 -2 3 
-1 3 2| 10 -1 2 


1-1 2-3 0+1 0 -l ] 
=| 3-2 2-2 -1-3|/=| 1 0 -4 
-1-O0 341 2-2 -l 4.0 
ae Sa 0 1 -1 Bale Seek | 
(A-A'Y =| 1 0 -4|=|-1 0 4/=- 1 0 -4 
-1 4 0 1 -4 0 -| 4 0 
(4+A') =-(A+4') 
Hence skew symmetric. 
3, If Ais any square matrix of order 3, show that: 
i. A+A’‘is symmetric 
a, A, ay 
Sol A=la, ay, a, 
G3, G32 Ay; 
My, % a3 a, A» am 


t 
A+A =!@,, Ay Gy |+)@, Gy @ 


43, 45, 433 a, A, a5; 
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Sol. 


Sol. 


Sol. 


145 
a, A, a; GA, A, Ay Ay +a, A, Tay, 
F14, GQ. Gy |F/ 4, A, Ay |=(4,, +4. Gy t+, 
@, Gy. a3 4; a, a; G+; Ay, +a, 
A, Fa, A, +4, Ay, ta; 
(A+A'Y =|a,,4+4, 4,,+4,, a, +4, A+A 
Az+G;,; Az;+4,, a3; +4,, 
(A+ A’) =(A+ A’) Hence Symmetric. 
A- A’ is skew symmetric Rawalpindi 2009 
4, GA, Gs ry a, a, 
A—-A = M,, Gy, Gyg || Ay 4, Ay 
a, 1 a5 ay, a, 2 a, a, 
4, ~ A, Az—-Ay 3 7 4, 
=|4—-4%2 G-G@y Gy Gy 
&\— 3 G2 ~G, Gg ~ Gy 
0 4,—-4,, %3— a, 0 4x, -— 42 
A—A' =| a, - Gy, 0 Ay; — Az, |= —| Ay) — Ay, 0 
Gy —- A; 4 — Gy; 0 a); — G3, A; — As 


=+(A-A') >(A-A') S4(A-4) 
Hence A— A’ is skew symmetric 


MATRIX 


a, +, 
Ay, +45, 


G+, 


If the matrices A and B are symmetric and AB = BA, show that AB is symmetric. 


Now (AB) =BA Given A = A,B = B, AB= BA 
= BA by using B = B, A’ = A (given A,B are symmetric) 
=AB by using AB = BA (given) 

=> (AB) =AB 


Hence AB is symmetric 


Show that AA’ and A‘ A are symmetric for any matrix of order 2 x 3. 


AA 


a, ay, 
4, 4 G3 i 
Let A= »A =a, - Ay, 
Gy ig Fy; 


G3 
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A) Ay, + Ay) Gy, +4505, 
9 ? 
a5,+ en + a5; 
Ay 43) Fy 2Gyy + A), 


2 2 2 
a4,ta nt >, 


fe. — MATHEMATICS-| 
maoometee a, 
i 12 13 
At = a5) Ge 
@, Ay As; 
a; As; 
2 2 2 
iui Ay FA. +4 4; 
Ay Ay) + AyrAy_ FA) 34>; 
2 2 2 
(AA')! = Gy Tata), 
Ay) + Aj30y. + Ay ,4, 
(AA) = AA’ AA is symmetric. 
ii. AA 
TF 
i a, 4 4; 
So AA=|a, a, 
Gy, @, ay; 
4; ys; 
2 2 
a), +a), GQ). + )A,, 


Sol. 


2 2 
24) + Ay A, Bi2 FA a5 


3 4) +45, 4, Ay, Ay +A; Ay, 


2 2 
ay +a), G4) + 45,02, 


i 2 2 
(AA) =| a,,4,, +44), Anta 
3 4) +44; Ay, 4; Ay, +; A, 


=> (A'A) = A’ AHence A’ A is symmetric. 


i iti 


A+(A)' is hermitian 


i l+i 
Let A= 


(Federal ) 


7 oe -i 
gan r 


/ 


G4); +a,, A>, 
Gx G3 FE, Ay; 


ve 


2 2 
aj3;7@ 3, 
a), A, +45, a,, 
a), A; + Gs, Ay, 


2 2 
A347); 
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fist Faeel] [Or Bee 
[1+t-8 siti aire 0 


(4+(4y} =A+(A) 
So 4+(A)' is Hermitian 
ii. A —(A)! is skew-hermitain Multan 2007 


f a ~ Bi i, a *s ] 
int ifs _|>A= eh Fhe, 
| a poy Fiji 
gad fey ate El teee 1+i-] 
Sol. Now 4—(A) = 1 “ Peres ai Y-—I+i° —1-j 
al Seepage ec =(4-@y) | nF 
a ee 4 @ hag Seb atat” =i 


(4 —(AY ) = ~(A-(Ay ) Hence A -(A)' is skew hermitaian. 


7. If A is symmetric or skew-symmetric, show that A? is symmetric. Lahore 2009 
Sol. Given A = A ——+(/) or A =-A —— II) 

=(A’) =(AAY Now Also (4") = (A.A) 

= A'.A' or =A.A' 

=AA use | = =(—A)(-A)(use I) = 4 

=A ae So A® is symmetric 

=A’ is symmetric Hence In both cases 4° is symmetric 

1 


8. if A=|1+i |,find A(A)' 
i 


This book was uploaded by www.educatedzone.com 


MATRIX 


COLLEGE MATHEMATICS-| 
l l 


sol. A=/1+il, then 4 
t = 
(Ay =[1 1-1 -i] 
' 
A(A) =|1+i|[1 1-i -i] 


I 
— 
| 
~ 


l l-i —j as say 
MAY =l14%  1-? i=? |=] 147 GD | i-@y) 
i 7 ~j? fn tafe. ~-D 


A(AY =| 1+i 2 1l-i 
i l+i 1 


9. Find the inverse of the following matrices. Also find their inverse by using row and 
column operations. 


eke ee 
i. 6 +3 9 
~2 -2. 42 
bein «Ag 0 ieee, 
Sol. |d/=| 0 -2 0-1 4-343 35 5 
oo =? 
=l(-4-0)—(0-0)-3(0-4) = -4+12=8+0 
i+! ~2 0 
4-0") J-4+-0-4 
A=C0"| y -10-0/=0 
eee. 
A, =(-1)” : eo-9 = 
Le 29 
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| ee 
A, =(-1)") ))--4-5=2 
242 Bee ~K * 

A,, =(-l) 9 -0-9--4 

A ely? ee 9-2 
BP aise Os ¥ 

A, =(-1) Lo 0-9-6 

Ary = (-1)"" : “0-0-0 
= fate ] 2 OS Sees head 

A;, = (=I) 0 =< 2-0)= 


Co-factor of A = 


—4 2 -6| |-4/8 2/8 .-6/8|.|-1/2 1/4 -3/4 
0-4 Oj|=| 0/8 -4/8 0O/8/=| 0 -1/2 0 
4-2 -2| |-4/8 -2/8 -2/8] |-1/2 -1/4 -1/4 


Add 2X, in R, 
De ne re 
RIO =2 O00 
Q 2 et 22 
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Add R, in R, & R, 

ets RMR Wes i 
ae: Sar cece: ae Ga 
i SRA am a | 


R 


os Bee = A ae i > Se <=" Noes 


0 
1-0, 350 9/2 ~ 0|—R: 
0 


ge 2 be ge a 


R 0|—R, 
2 4 
0 0 oe eae 
24-8 
1 0 O: -1/2 1/4 -3/4] 
th 1 0+. O'=-1/2 ~ O1328,+28 
0 O 1; -1/2-1/4-1/4 
-] l 3 
: ae Gee 
_ Hence A =| 0 = 
2 
| 
Pign. mear S 
A 'Methed of Column Operation. 
1 2 -3 ae & 
0 -2.0 0 -2.°.0 
“gs ESO] 2, 9 ta 
MOF ccissctaG nasi = Sl ama a re Cy -2C,'& C430, 
BS ag | P+? 3 
Ca¥ 6 G2. 12) 
| ae | G67 33 
He. ae 
2 4 
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MATRIX 
= 850 0 a eee 
ae Dea 2 pie Benge 
—2 -1 -4 —2 -l ] 
gt Prana c one th ee et cag OY Ra HN 
] | 3 1 1-3/4 
0.-1/2 0 0-1/2 0 
0 0 l 0 O -1/4 
1 0 0 
0 l 0 
0 0 ] 
C sane isa ioan C,+C, &.C,+2C, 
21/4 =374 
0 --I1/2 0 
=1/2 -1/4 =1/4 
-1/2 .1/4 —3/4 
Hence A'=| Q -1/2 0 
-1/2 -1/4 -1/4 
1 2 -1 
ii. A=/0 -1 3 Multan 2009 
Era 
1 2 =1 1.2 -1 
sol. Let A=|0 -1 3'then |.4| =|0 -1 3 
PO! = 2 0 22 
-]1 3} _0 3 Q -1 
\4| -| -2 +(-I) J 
it dees eae |) Na: 1 


= I(-2—0) - 2(0—3) - (0+ 1) =-2+6-1=340 
A; A, Ay 
adj A=|4, Ay Ay 
Ayy A, A;, 
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(-2-0)=-2 


Se 
bh Ww 
Il 


Now 4, =(— of 


lo 
A, =f J- +(0-3)=3 


I (0+1)=1 
2+! 2 
A, =(-l)" 


0 2 


A,= (-) : 


warn 
A, =(-l)" 1 


A,, = 1)" 


Suet 
Ay, =(-1)"' 


f-6-v=s 


] 
fem 3+2 
A, =(-1) : 


j-e+0=-3 


] 
A ale aif 3+3 
L, =(-1) 0 


= 1—0)=-] 
|=Gl-o=- 


=e 
Adj A= 3 3 -3 then A” ar 
ees ert | 
-2/3 -4/3 5/3 


os A'=| 1 1 a 

1/3 2/3 -1/3 
For Row Operation 
l ANE 8 Mees SEAL) Mi ] Ye ie 
| 3:0 1 O;=>R/0 -1 fe 
l 0 ais Oe 0-2 3 


AOS 
3°33 
ee 

0 0 

1 Olay R,-R, 

0 1 
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R,-2R,,R, +2R, 
12 hos POR Gg mB ise] 2 
R}\O 1 -3: 0 -1 Olby(-l) Rk, => R/O 1 -3: 0 -1 
0152 -)34,-1-0..4 0 0 -3:-1 -2 
a: Meee Te ee 2 0 
RVG. “he 34 10. (=I 0 [by (-1/3)R, 
GO. bas aS 1k3 
| © 0: -2/3 -—4/3 5/3 
=>R|O 1 0: 1 1  -1 |by R,-5R,, R,+3R, 
Co -e Peas ZI =if3 
-2/3 -4/3 5/3 
Hence a 1 l 1 
1/3 -.2/3 -1/3 
1 2 -1 Pos 
0-1 3 0-1 3 
For Column Operation oe ae Sane by C,-2C,,C,+C 
et es cate ee ees 
ee 0 1 0 
0 Oxyd 0 1 
io 58 
Ota 
Tae Sa 
SCT acon by(-1) C, 
253 
0-1 0 
0 1 
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c 


Sol. 


L 


E MATHEMATICS4 | 154 | 
-Ox 0 es 8 
0 lb O 0 a. @ 
1 2-3 Ce: ee 
“Oa Me by C36, =e Ch tc sha by (-=)C, 
1] 2-5 12. SU3 
i 0-1 -l 
0 01 0 0-1/3 
[1 0 0 
0 1 0 
0 0 1 
gy eee an by C,-G,,.C, -2C, 
2/3 -4/3 5/3}. 
£2 
1/3. 2/3 =173} 
-2/3 -4/3 5/3] 
Hence 4| = 1 ! te 
| 1/3 sui 
1 -3 2 
A=|2 1 0 Sargodha 2007 
Oe PE 
bad O : 
ep bee th 
0-1 °*1 
= 1(1—0)+3(2-0)+ 2(-2-0)=1+6-4=3%0 
A, =(-1)"! f-e-0=1 
-1 1 
12{2 
4a=C1) 0 |--2-0--2 
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A; fe (—1)" 


- V2 0)=-2 
Or =1l." { 


A, = (-1)"! 


3 2 

sf [342-1 
agi 2 

A =(-1Y"|, |-a-0=1 


A,, xt fo ny 


bas Ne Es 
0 -]|_ : 


no SZ 
A, =(-1)"" Se a aa aa 


Ay, =(-1)"° 


A payee 
aa og . 


A; a (-1)” 


dee 
ee 


4, A; Ay ee 
Co-factorof A=| 4, A, A; |/=| 1 ] l 


=—2 L3. 2/3. =273 
4{=|-2/3 1/3 4/3 


7 2/3 1/3 7/3 
Method of Row Operation 


3th OE a 8s ee 6 Ke 
2.1 @2-0 1 Ol RO 7 -4,. 242 1 Ol RoR 
0 PA 2 8 Oech hi TORS On 
R, +6R, R,+3R, & R,+R, 
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2 -3 2 BBD I 0. 82-57 3 18 
R\ 0 1 <2 Jb 64H 8 Ts 2 ae og 
ls =] Bees O. 6-.- 2 25 F 
R,/3 R, +2R,,R, -—8R, 
l 0 8 : -5 a de Ai Oe Ota LS 2. 173 243 
R\0 l ae come 1 6 |j>|0 +t O°:-2/3 1/3 4/3 
em bs -2/3° V3 -T/3 @. Oo }4e-273. 1/39. 773 
R24 2 
bk ee 
Hence Av = ~5 ; ; 
a 7 
ag 


Method of Column Operation 
=x 2 | iA, 


a aes 39) sccineaes (OHIGE. CSIC 
i ee ee oe ae 
0 Oye) lo 18 
ae iaea a ast ee 
at C,-2C,,C, +4C, 
1 0 0 ‘eater 
ae ee ee Dee 
0-1/7 1 Te 3 
BES geen ae POL srseresuahtrdcenneaestees 
1 3/7 -2| [a7 377 -2/7 
0.7 “ol |-217 7 4/7 
oe eee G25 
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ee 2 
70 Cea 2d 
7 ~ 7 
‘et. 0 0 fea 0 0 , 
0 I 0 0 l 0 
2/7 -1/7 1 0 0 ] 
Chae casei Bier sae A RE RR RO es Se 
1/7 37 —273 Lf “493 S213 
-2/7 BCT >-43 —2/3 1/3 4/3 
0 Q. “473 l-273 1/3- 7/3 
sae eae 
aaa 3 
Hence 4! = * y 4 
as 3 3 
ae ae! 
a3 3! 
10. — Find the rank of the following matrices: 
| a ok ee 
i. 25 RS SS _ (Federal ) 
So eds =3 
] = ek 1" -1 2 l 
by K,-2 
Sol. RiO -—4 .f -! R = =>R\0 1 -174 1/4 jby (-1/4) 
ee Sot: eee por & 
] Go Fie S04) S32 1 0 T/4 5/4 
by R,+R, -] 
Ri 0 ] -1/4 1/4 - => RIO 1 -I/4 1/4 [by —R, 
R, —8R, 8 
0 0 0 —8 % EN 3) OI 
Neo 5 matt 2 Sone 7 | 
R\ 0 1 -1/4  .0|by R-S/AR, RoR 
0 0 oO 1 


Hence Rank = 3 
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1. ase 
2-5 1 i 
il. 1-2 3 Faisalabad 2007 
+7 & 
{aay ‘oe 
ee cpg his eas ae Z 
aed le Bie - 2 
3-+7 4 65=.$) "1-3 es 
or ee oe 
See We. ener Pe Gah i a 
by -R => _2R. 
“16 S401" 32 — “les 6 e = 
0. 4.38 o-oo fe wtig 
ot SS Os 
1S Ee oe 
en ae cy ee ee 
2. 625 «332 
Flores ee = ee eee 
ie a © ae ee i. oe Ss 
by R-R 
2. 3a 2. Sl Al2 3 a gg A® 
ae oe oe Pgh ug g 
ae ue oe 
b ae 
ee Seger ta ME are te 
R R,—2R, 
| a oe ee. ay 
ee See aM i ic 
fhe eee 
0 1 0-1/6 2/3 
=>R b /6 
6 4b eo Ee 
‘fe ee ee 
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pg Seis SEH 
0 | 0 1/6 2/3 tas ema 
R ia R,-11R, 
“10-0. 6 47/6 29/3 ii 
0B: Ne teat 
lL @ind 8/3. 1073 . 
ee eae) cee ee 
b tee 
Roo 61 47/36 29/8 \ 6 
00 0 19/6 19/3 
10 0 49/36 31/18 
6.1 0 =< 2/3 
R 
“0: 0-48 atie - ojslr 8S 
00 0. 19/6 19/3 
10 0 49/36 31/18 
6 1. ® +6 21. 4s 
R 6 
0 00 «1 47/6 =~ 29/81” 19° 
00 0 1 2 
10001 
010011. 49 1 47 
R = Roth. he 
Bl 0 1 oni] 36h et GR B35 
00012 
Rank =4 
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MATRIX 


EXERCISE: 3:5 


4. Solve the following systems of linear equations by Cramer’s rule. 


2x+2yp+z =3 
i. 3x-2y-2z=1 


5x+y—3z =2 
l 
-—2 

—3} 


7 es 


l 


2 
=) 


Sargodha 2009,2010, Multan 2009, Lahore 2009 


> 


apie 
tae Ty 


“ge 


5 -3 


2 


= 2(6+2)—2(-9+10)+1+10) 


0) 


; 3(6+2)—2(-3 +4) +11 +4) 


27 


=3| _ 2(-3+4)-3(-9 +10) + (6-5) 


27 


2(—4 -1) - 2(6-5)+3(3 +10) 


=16-2+13=27% 
aoe 
29529 
a Bee ss, 
y= 
27 
Bs 27 
yo ape te ae 
[2 | 
tee es 
5.7 9 
Me gg Se 
5 eee 
2 2.-3 
Rew aeet 
a IS oe ae 
L= -= 
27 
<= F239 
Pg eae 
27 
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2x, — %; 4%; =3S 


ii. 4x, +2x,+3x,=8 Multan 2007 
3x, -4x,-x, =3 
Sol. Here 
2-! 1 
ye I a a 
3-4 -l 
o <1 --4 
=> |4j=|4 2 3 
3-4 -1 
2 3 4 2 Pa | Seamae - 
=2 —(-]) +1 
4 bod eb 4 


= 2(-2 +12)+1(-4-9) +1(-16-6) 
= 2(10) + 1(-13) +1(-22) = 20-13-22 =-15 #0 
es 


a ae 
ye BA cH 5-2 +12) +1-8- 9) +1(-32-6) 
: -15 =15 
_ 5(10)+1(-17) +1(-38) _ 50-17-38 -5 
3 45 Se ee | 
= 
3 
20 69 
Ser Se: 
x P35 HH 2-8-9) - 5-4-9) +102 - 24) 
: <15 =15 
x, = 2AD=SH13) +12) _ -34+65-12 _ -19 
: es.) =i5 15 
O ayes 
8 
3-4 3] 2(64+32)+102—24) +5(-16-6) 
o> Se -15 
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Sol. 


_ 2(38)+1(-12)+5(-22) _76-12-110 
Os a ime alin 
x, 74646 
=19. 15 
2x, —*x,+x, =8 
xX, +2x, +2x, =6 Sargodha 2006, Multan 2010 
xX, ~2x,—x, =1 
Here 
2.=t 4 
A= io 2 2 
1-2 -l 
Zz <1 1 
=|d=|1 2 2 
1-2 -1 
=| 3 Eo 2 il i 
—2 -1 Lo =i i +2 
= 2(-2+4)+1(-1-2)+1(-2-2) 
= 2(2)+1(-3)+1(-4) = 4-3-4=-340 


+1 


= 8(-2 +4) +1(-6 -2) + 1(-12 -2) 


3 
x, = S2)+1(-8)+ (14) _16-8-14_ ~6 is 
. “3 93 ~3 


_ 2(-6 - 2)-8(-1-2)+1(1-6) 


x, 3 
x, < 2(-8)- 8-3) + (5) _ -16 + 24-5 _ ee 
a3 =3 ws 
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Sol. 


aes aes 
r 4cs 
1-2 1] 2(2+12)+10-6)+8(-2-2) 
oe ee 
_ (14) +1(-5)+8(—4) _ 28-5-32_ -9 


Use matrices to solve the following systems: 
x-2y+z =-1 
3x+y-2z7=4 Multan 2009 
y-z =1 
In matrix form: 
1-2 1 


0 1 -l l 

Where 
ae | x -l 

A= Y -2),X =| yi,B=| 4 
0 1-1 z ] 
1-2 1 


|4/=|3 1 -2 =l(-1+2)-(-2)(-3 +0) +1(3 -0) 
ee oe 

=1-6+3=-2+#0 

Now 


+1 l = 
A, =(-1)' nae 


secieae. 


3 
A -=(— I+2 
eh ae 


=9 
~--3+00=3 


3 
A =(-))'* 
os a 


|76-0)=3 


sa |-2 
Ay = _[p-e-p=41 
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A, =(-1)"” |ons 
m 0 -1 
A,, =(-1)” ‘ e-0-9=-1 
coo 1 
A,, =(-1) i f-e-=3 
A,, =(-1)"" =—-(-2-3)=5 
3. =2 
A,, =(-1)" |-a+6 =7 
[4 Aa As 
Co-factorof A=|A,, A, A, 
“ A, A,; 
P33 
=|-1-1 -1 
i Moers see 
eho 
adj A= (Co-factorofA)'=|3 -1 5 
3-17 
bt. 33 
1 _adqjA _1 3-1 5 
4 Abo 4 
X=A"B 
1-1 3)f-1 -1-443 
X=—|3=1 $5} 4/=—|3e4e5 
3-1 7 l —3-—4+7 
—2| |1 
pen bs 3 
1 of fo 
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Sol. 


x 1 
=>lyl=|ll|>xehy=hz=0 
Zz 0 


2x, + x, +3x,= 3 
X,+x,-2x,= 0 
-3x,-X,+2x,=—-4 
In matrix form: 
Se ota 3 IF =3 
1 1 =2/}x, {=| 0 
=3- >) 2 eT A 


Where 
i eee x, —3 

A=| bk 1.-2);X/}x,|,B=| 0 
—3 -] 2 x; —4 
PhS 

|4=| 1 1 -2)=2(2-2)-1(2-6)+3(-143) 
3-3 2 

= 2(0) —1(—4) + 3(2) 

=0+4+6=1040 

Now 


1 -2 
4aene| | 2-2-0 


| 1 -2 
A), =(-1)'"" 3 j--2-0-4 
PD) -o8 
A; =(-1)” 3 _Fera=2 
: 5 
Ay =(-DF"| i -243)=-5 


9 2 3 
4 =(-1"| 5 J-4+9 <1 
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Nie eee 
dy =D" | 5 ears 
A=] j-e-=-s 
A, =D f je) =7 
A,, =(-1)” |J-@-=1 
A, A, Ay 
Co-factorof A=|4, A, Ay 
A; Ay Ay 
O28 3% 
=|-5 13 -1 
oc ee a 
0 -5 -5 
adj A=(Co-factorofA)'=|4 13 7 
a=Y, 4 
a 
a 
|Al 10 eer 
X=A'B : 
0 -5 -5||-3 
X=—|4 13 7] 0 
2-1 1-4 
0-0+20 20 2 
X =—|-12+0-28 ee —40 |=|-4 
Se Ma Sita eo) Ga 
x; 2 
x, |=|-4 So x, =2, x, =-4, x, =-1 
x; -1 
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X+y=2 
iii. 2x-z=1 
2y—-3z=-1 
Sol. = In matrix form: 
i EO 2 
=>!2 0 -li/yf=| 1 
0 2 -3]/z -1 


Eot0 x 2 
A=| 2.0 -1],X=ly},Bs| 1 
0 2 -3 z a 
i to 
Aj=|2 0 -1/=1(0+2)-1(-6+0)+0(4-0) 
0 243 
=2+6+0=8=0 © 


A, =(-1)™ : JJ-0=2 
Ay =(-1)! : H--6+0)=6 


143 |2 0 a te: 
4,=Cl) i -¢ 0)=4 


Ay =(-9"f J--3-03 
A =cof _|=3-0=-3 
4,=CD) |=-2-0)=-2 
Ay, =(-1)™" s {-e-9=-1 
A,, =(-1)? cro 
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Sol. 


1 
A, a aa | 343 
33 ( ) 2 0 


A, Ay Ay ae 


Ay. Ay Ag =f 1 =2 
0 Se 
adj A = (Co-factor of A)'=|6 -3 1 
4 2g 
2. 3 =1 
pu 6 a5 4 
|4| 8 alee ee 
Meta baa i ERs 4+3+1 8 l 
¥ae Belle <3. 4) Vet -34 =; g |=! 
4 -2 -2}|-l §—2+2 8 l 
x l 
yl=1 Hence x=1, y=1, z=1 
Zz ] 


Solve the following systems by reducing their augmented matrices to the echelon 
form and the reduced echelon forms: 


X\- 2%, 2x; =-1 
2x, +3x, +x, =1 

5x, —4x, —3x, =1 
The augmented matrix is: 


ie? aoe treats © | 
2 3 | ater | | 
5 -4 -3: 1 
1-2 -—2 ] 
R, —2R, 
Rio: 7 ES 
R,-5R, 
6-6 
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1-2 -2:-1 
BOF =2 331k 
056 Pre 
1-2 --2°: +! 
BLO! T3231 R oR 
0 0 19:24 
1=2 <2: <1 
Ri0 1 -2:-31 I 
0 0 ee 
19 


is squired Echelon from where 
xX, —2x,-2x,=-1 ——>(i) 
x,-2x,=-3 —3(i) | 


—57+48 -9 ~9 
= =—=> 


“Ad 


3% — 
5 19 19 wes 
Putin x, & x, in (i) 


—48+19 
5 05-0), = 
19 19 19 


For Reduced Echelon form continue (I) 
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1-2 -2;=-1 
ROD: 2-3-3 | 
0 0 1 : 24/19 
1 0 -6:-7 
R}0 1 =-2 :=+3 fae 
0 Os ch 24/9 
1: 02°08 vn 
R,+6R, 
R}0 1 0 :-9/19 
i R,+2R, 
0.Q 1: 24/19 
so x, =11/19, x, =-9/19, x, =24/19 
x+2y+z =2 
2x+yp+2z=-1 Federal 
2x+3y-—z7=9 
The augmented matrix is: 
L StS 3 
Pie 2 :-1 
2° Bi. 8 
For Echelon form 
es 
R, —2R, 
R| 0 -3 
° ae : ~2K, 
| ee 
R}0 1 725 |&, —4R, 
0-1 
ee 1 
RIO bi 123-25 TA ek, 
0.0.9 :-20| — 
in? : ar fd 
Ri0 1 12: -25 te ——(A) 
0. OE 3 =20/9 ? 


Which is required echlon form 
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Sol. 


| 
ask 


x+2y+z=2 ——»(i) 
yt+l2z=-25 ——»(ii) 
z=-20/9 


Put in (ii) y+ 1) =+25 =y-= =—25 


ya-2545= RIN =5/3= y=5/3 


Put values of Z & y in (i) 


30-20-18 8 
ee Pee et 


For Reduced Echelon form continue (A) 
OE er? Caen 


RO 1 29h 235 
9.0. £ 20/9 
10) $23.8 

RO°1 42: 95 [Roe 
0 0 1 :-20/9 
1 0.8/9 

RIO 1 OO: i Asal 
0 0 1 :-20/9/%*23% 


so x =8/9, y=5/3, z=-20/9 
xX, +4x,+2x, =2 

2x, +X, —-2x, =9 

3x, +2x, -2x, =12 


ae S/R ia we 
The augmented matrixis|2 1-2 : 9 
Fig pene 42 
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| a 
R, -2R, 
R|0 -7 -6 
% R,-3R, 
0-10 -—8 
I ea 2 j 
RO OE GF 2-517 > 
o.=10 -=8 6 
me 2 ASA PRE 
RIO 1 6/7: -5/7|R,+10R, 
0 QO 4/7: -8/7 
ent 2 oe " 
RO 1 6/7 :-3/7|2  —¥A) 
@: 0 en ey 
x, +4x,+2x,=2 ——>(i) 


=5 


i any Fea. 2 — IE) 


7 


7 


xu 


Put (iii) in (ii) n4+5(-=-224, =— + — = — =] 


7 
Put x, and x, in (i) => x, +4(1)+2(-2) =2 


5 —5. 12 


7 re a 


x, +4-4=2> |x, =2] 


For Reduced Echenol form continue (A) 


1 0 
RO 1 
0 


R\0 
0 


—10/7 : 34/2 
6/7 :-5/7 |R,-4R, 
:-2 


2 
R,-6/7R, 
R, +10/7R, 
le 4 ie : 


so x, =2, x, =1, x, =-2 
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4. 


Sol. 


Sol. 


Solve the following system of homogeneous linear equations. 
x+2y—2z=0 
2x+y+5z=0 
5x+4y+8z=0 
x+2y-2z2=0—9/ 
2x+ y+5z=0 —O il 
5x+4y+8z =0 —> Ill 


i 2 -2 
Aat2 oS 
54-8 
1 2 -2 
[4l=|2 aS 
54:8 


= 1(8 — 20) —2(16—25)+(-—2)(8—5). 
=-12+18-6=18-18=0 

So system has non trivial solution 

2xJ-L 

2x+4y-—4z=0 

2x+y+5z=0 < 
3y—-92 =0>3y =92 

y=3z 

I -4x IT 

Sx+4y+82=0 

8x+4y4+ 202 =0 

—3x-127=0 

3x=-]2z2 

x=—42 

Take z=fthensolutionis x=—4/, y=3t, z= 
xX, t4x,+2x, =0 

2x, +x, —-3x, =0 

3x, +2x, —4x, =0 


x, +4x, +2x, =0— 1 
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Sol. 


2x, +x, -3x, =0:——> 
3x, + 2x, —4x, =0 —> Ill 


1 
A=|2 
3 


4 2 t Goes. Saat 


1 -3}=|A|/=|2 1 -3 
2-4 32-4 


= l(-4+ 6) —4(—8 + 9) + 2(4—3) 
=2-4+2=4-4=0 
So system has non trivial solution 


28 = I-21 => 
2x, +x, —3x, =0 3x, +2, -4x, =0 
2x, +8x, 4x, =0 4x, + 2x, F 6x, =0 
—7x, — 7x; =0 —X,+2x, =0 => x, =2x, 
=> 71x, =—1x; > x, =—%, 


Take x, =f then x, = 2, x, =—t, X, =1is solution. 


x, -—2x, -—x, =0 


X,+x,+5x, =0 


2x, -x,-x,=0 


x,-2x,-x, =0— 1 


%, + ¥, +5x,=0—> H 
2x, — x, +4x, =0 —> III 


l 
4d=}1 
2 
1 
|.4| =|1 
‘ 


—2° +] 

] 5 
at | 4 
2 xl 


1 5}=1((4 +5) —(-2)(4-10) + (-1(-1-2) = 9-12 +3 =0 
ay oe 


So system has non trivail satiation 


dad 


HT +11 
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x, +x, +5x, =0 2x, —x, +4x, =0 
x, -— 2x, —x, =0 x, +x, +5x,= 0 
—-+ + 
3x, +6x, =0 3x, + 9x, =0 
=> x, =-2x, 3x, = -9x, 
Take x, =/ then solution is =X = —3X, 


Sol. 


x, =—-3l, x,=-2t, x,=1 
Find the value of A for which the following systems have non-trivial solutions. 
Also solve the system for the value of 7. 
x+y+z=0 
2x+y—-Az=0 
x+2y—-2z=0 
1 ] ] 
A=|2 1 -A 
1 22 
Given system has non-trivial solution so |Al =0 
] 1 1 
|4/=|2 1 -Al=0 
t.--2 -=2 
=> l(-2+24)-1(-4 +4) +1(4-1) =0 
= -2+2A+4-A+3=0 
>A+5=0> 
System becomes 
x+y+z=0—>/ 
2x+y+5z=0— 1 
x¥+2y-—22=0—Jill 


H-2xI iT -2x II 

=>2x+ y+5z=0 - x¥+2y-2z2=0 
2x+2y+2z=0 ; 4x+2y+0z =0 
—y+3z=0 -—3x-12z=0 
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Sol. 


3x, + Jay —4x, =0 
4x, + Jal -6x,=0 
-- + 


When A = —2 then system is 
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y=3z => 3x=-12z 
x=-42z 
Take z =/ then solution x =—4/, y = 3/ 
2=¥ 
X,+4x,+Ax, =0 
2x, +X, —-3x, =0 
3x, +Ax, -4x, =0 
1 4 A 
Az=|2 1 -3 
3 A -4 
1 A 
System has non trivial solution so |4| =Oi.e. 2 -—3|=0 
3 -4 | 
= I(-4+3A) -4(-8 +9) + A(2A -3) =0 
=>-4+34-4422'-31=0 | 
>27°-8=0> 7 =4>5/4=0 
‘When A =2 then system 
x, +4x,+2x,=0—3] 
2x,+ x,-3x,=0— Il] 
3x, + 2x, -4x, =0— J/] 
lf -2xI 
DA + x, —3x, =0 
DK + 8x, +4x, =0 
~7x, -7x, =0=> x, =—x, 
II] -2x H When A = 2 then solution is if x, =1,X; =—t,x, = 21 
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. x, +4x,-2x, =0—> V 
2x; + %,=3x, =0—sV 


3x, —2x, —4x, =0— V1 


V-2xlV V+2xV 

PA + %—3x,=0 3x, —2.x, -4x, =0 
DK, +8x, -4x, =0 4x, +2x, -6x, =0 
-- + 

-7x, +x, =0 7x, —-10x, =0 

=> 7x, =x, 

] 
x, 9% 


When A =—2 & x;=/then x, =m =i 


6. Find the value of A for which the following systems does not possess a unique 
solution. Also solve the system for the value of A. 
x, +4x,+Ax, =2 


2x, +X, —-2x, =H Federal 
3x, +2x,-2x, =16 
. Sol. Augmented Matrix is: 

Ce aa ] 4 A ee 

2 Load: ARO Fe -=2- 2450 FR 2 Bz, —3R, 

8 2 a2 6 0 -—10 =2=-3/. : 10 
1 4 A 2 1 4 Er. 2 

Rie. ee yee es a2 : -1]R, +10R, —>A) 
0-10 -2-34 : 10 6-A 


0 0 -—: 0 


System does not possess unique solution for 


7 
=0>6-14=0>[/=6] 


Put value of Ain (A) 
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1 4 6 see 

lg pee: 
. 7 

6-6 

he an ee 
14, 6:2 

Rio 1 °2:-1 
Ov ee 0. 


x, + 4x, + 6x, =2——9 1 
Here x, +2x, =-1—— H 
f =>x x, =-2r, -I1— IIT 
Putiltinl ihe ae Fes 
x, +4(-2x, - ~1)+6x, = 2 Ratko es 
aheecsinananare io gakes tat gett 
‘ — qx, —-4= : S 2 Sky & ir te 
pra as 
RRS 5; 
‘2X, = 2+6 
X,=-2t-7- 
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TEST YOUR SKILLS Marks: 50 


Q#1. Select the Correct Option (10) 
i. A square matrix A= [ a, | with complex entries is skew hermetian if (Ay! 7 
a) BP Sh) -A c) |.4| d) | Al 
ii. The mate] Y j is: 
: 1-3 
a) Singular b) Non Singular c) Symmetric d) Skew symmetric 
iii, For trivial solution |A| is: 
a) 1 b) -1 c) Zero d) Not defined 
iv, (0,0,0) is solution of homogeneous system of linear equation is 
a) Trivial b) Non trivial c) unique d) Non 
1 -2 3 
v. If | —2 31 then A,, is equal to: 
4-3 2 | 
a) 10 b) —10 c) -18 d) -11 
3 aah Ih 
vi. k ile 
a) Diagonal matrix b) Zero matrix c) Scalar matrix d) Identity matrix 
vii, if i = 0 then value of xis 
x; A 
] l 
a)—-3 wr c) ae d) 3 
viii. IFA isa square matrix of order 2x2 then |KA| equals: 
: K|Al b) <4 c) 2K|A| d) K*|Al 
ix. If A= [a, | is a square matrix of order n if a, =O Vi jand 
a,=1 ,V i=/thendA is matrix 
a) Unit —_b) Null c) Symmetric d) Skew Symmetric 
x. lf A and B are confirmable for multiplication if (AB) =? 
a) AB b) BA) A'B d) BA 
Q#2. Short Questions: (2 X 20 = 40) 


; | x+3 ] y 1 
i, Find x and y if = 
—3 3y—4 —3 2x 
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OA 8 

ii, Without expansion show that |3 4 5/=0 
2 ome 


iii. If Ais square matrix of order 3 then show that A — A’ is skew symmetric : 
iv. Define Scalar Matrix 


a Bra | 


Vv. Without expansion prove that |f. y+a@ 1/=0 
a+ f° | 
l 2 <=-3 
vi, lf d=| 0 -2 0 |Find A,, & A,, 
eee sae ol 
vi, = If A= é : | show that 4° = J, 
0 -i 2 
viii. If =| * i}; : snow aa (A+B) =A'+B' 
0 a | 2-1 
3 ee: 
ix, Find x if |-1 3 4, =0 
ce ames Paka: 
x. Define Hermetain matrix: 


2x+2y+z= 3 
Q#3. (a) Solve by Cramer’s rule 3x-2y—2z7=1 


5x+ y-3z= 2 
b+e a @ 
(b) Showti. je+a b b*|=(a+b+c)(a-by(b-c)(c-a) 
lath c ¢ 
Re V4 
Q#4. (a) Show that ¥ ; =(x+3)(x-1)° 
Wes hy Ue 
bk =3> 2 
(b) Findtheinverseof}|2 1 QO 
0-1 1 
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Quadratic Equations 


Solve the following equations by factorization: 


1. 3x7 +4x+1=0 2. x? +7x+12=0 
Sol. 3x°+3x+x4+1=0 Sol x +3x+4x4+12=0 
3x (x+1)4+I(x+1)=0 x(x +3)+4(x+3)=0 
(x +1)(3x+1)=0 (x+3)(x+4)=0 
x+1l=00r 3x+1=0 x+3=00r x+4=0 
] x=-3 or x=-4 0 
x=-1 o7 ape SS {-3,-4} 
ss | 
ue | 4. x? —x=2 Multan 2008, Sargodha 2006 
“wits. Sol. x’ -x-2=0 


x -2x+x-2=0 
x(x -2)+1(x-2)=0 
(x-—2)(x+1)=0 
x-2=0 or x+1=0 
x=2 or x=-] 


3, 9x? -12x-5=0 
Sol. 9x? -15x+3x-5=0 
3x(3x —5)+1(3x-5)=0 


(3x —5)(3x +1) =0 S.S={-1,2} 
3 Sebo Iveted 5. x(*«+7)=(2x—-1)(x+4) Multan 2007 
5 sy Sol. =x + 7x =2x" +8x-—x-4 Faisalabado7,09 
ms ih Sear | or 2x°+7x-4-x?~7x=0 
rset or x°-4=0>(x-2)(x+2)=0 
S.S 3.4} x-2=Oo0r x+2=0 
x=2 or x=-2 
S.S ={2,-2} 
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1 
6 Sn ht doe soko 

x+1 x 2 

2 2 = 

ra x +(x+l)" _5 
x(x +1) 2 

ope +2x+1 -5 

xe +x 2 

2xt +2841 0S 
v4x 2 


=> 22x? +2x+1)=5(x? +x) 
4x? +4x4+2=5x? +5x 
5x’ +5x-—4x?-4x-2=0 
x +x-2=0 
= x? +2x-x-2=0 
x(x +2)-1(x+2)=0 
= (x+2)(x-1)=0 
x+2=0 or x-1=0 
x=-2 or x=1 
S.S ={1,-2} 
1 2 7 


if — + —— = —_ x ¥-],-2,-5 
xt+1l x+2 x+5 
Mx+2)+2(x+1) 7 

(x+1)(x+2) x+5 
REL ZE eZ OF 


“x 43x42 x45 

ax#4-. 7 

x +3x+2 x45 

=> (3x+4)(x+5)=7(x? +3x+2)) 
3x? +15x+4x+20= 7x? +21x+14 
7x’ +21x+14—3x?-—19x-20=0 
4x? +2x-6=0 
4x* +6x-4x-6=0 
2x(2x + 3)-—2(2x +3) =0 
(2x+3)(2x-2)=0 
2x+3=0 or 2x-2=0 


Sol. 
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x=— orx=1 
2 
ss={>.1} 
2 
8. : =at+b;x# ght 
ax-1 bx-1 a’b 
Sol, or a ——h+ -—a=0 
(ax -1) bx-1 , 
a-Hor=l) | b~atie =I) = 


{ax -1) bx-1 
a-—abx+b ,baabx+a 
(ax —1) bx-] 


(aabx-+6)| : + : J-° 


=0- 


ax—1 bx-1] 
—l+ax- |. 
(ax —1)(6x—-1) 
(a—abx+b)(ax +bx-2)=0 
a-abx+b=0 or ax+bx-2=0 
abx=a+b or x(a+b)=2 
_atb 2 


or x= 
ab a+b 


ss={? 2} 
ab a+b 


Solve the following equations by completing the square: 


(a-—abx +b 2 


9. x? -2x%-899=0 
Sol. x” —-2x-899=0 => x? -2x =899 
Adding (1)* both sides. 
x? -2x+(1)? =899+(1)? => (x-1)? =900 > J(x-1)? = +900 
x¥-1=430 > x=14+30> x =14+30 or x =1-—30 
x=31 or x=-29 
S.S = {-29,31} 
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10. x? +4x-1085=0 
Sol. x +4x=1085 
Adding (2) both sides. 
x’ +4x+ (2)? =1085+(2) 
(x +2)? =1089 > x+2 = +33 (By aking square root both side) 


x=-2+33 

x =-2+33 or x =-—2-33 
x=31 or x=-35 

S.S = {31,-35} 


11. x’ +6x-567=0 
Sol. x° +6x-567=0= x +6x = 567 
Adding (3) both sides 
x’ +6x+(3)’ =567+(3) 
(x +3)’ =576 => x+3=+424 (By taking square root both side) 
x=-3+24 
x =-3+24 or x =-3-24 
x=2] or x=-27 
S35 = {21,-27} 
12. x? —~3x- 648 =0 
Sol. x —3x=648 


3.3 
Adding en i both sides 


x 3x42) = 648 +2) 


259249 
4 


3,, 2601 

(x-—)' = => pat apo ay taking square rool both side) 
2 4 2 2 

3,3! See Ls 

Pe 2. a 
3° By 3S] 

x=—+— of x==—-— 
2S 202 
54 


x=— or apex einer or x =-24 => S.S = {+24,27} 
> .. 


a — 
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13, x -x-1806=0 
Sol. x°-x=1806 


Add both sides (5) we get 


2 2 
#-x+(3) =1806+{ 5) ‘ 
2 2 


(x5)? =1806 ++ 
Ly 
=] = 1806+ — 
2 - 4 


(xf) = 72th Ts 
[road 4 4 


Taking square root both sides 


(3) 


Pe 
2 * ae 
1+85 1+85 1-85 
siekali SE or x= 


x=43 or x=-42 => S.S ={-42,43} 
14. 2x? +12x-110=0 
Sol. = 2x" +12x-110 = 0(+4y2) 

x? +6x-55=0 

Adding both sides (3) we get 

x” +2(3)x+(3) =55+(3) 

(x+3) =554+9=64 


or V(x +3) = +/64 


x+3=+8 
x=-3+8 
x=-—348 


x=-3+8 or x=-3-8 
x=5 or x=-11 > S.S ={5,-1]} 
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Find roots of the following equations by using quadratic formula: 


15. 5x’?-13x+6=0 
Sol. -a=5, b=—13.¢=6 


ee -~btivb’ -4ac 


2a 
Re ~(—13)y(-13)° -4(5)(6) _ 13+ V169-120 
; 2(5) 10 
-_ 3249 _ 1347 
10 10 
1347 13-7 
x= i 
10 10 
20 6 
x=— or x=— 
16 16 
x=2 or oe 
5 
$5 =\2.2| 
5 
16. 4x?+7x-1=0 Multan 2008 


Sol. caso e=—!) 


oe -b+\Vb° -4ac 


2a 
_T# yy -44Cl) _ -72.V49+16 _ -74- V5 
2(4) 8 8 
eas faa V65 | 
8 
17, 15x’ + 2ax-a’> =0 Sargodha 2008 
Sol. a=15,b=2a, c=-a’ 
aie Vb? —4ac 
; 2a 
_ -2aty(2a)’-405)(-a°) _ -2atV4a’ + 60a" 
2(15) 30 
) 2G V64a° _ —2at8a 
30 30 
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—2a+8a —2a-8a 
= OF ie 
30 30 
6a -10a 
Y=— or x= 
30 30 
v=" or x= 4 =ss-{=.3} 
5 pe FS 


18. 16.x7 +8x+1=0 
Sol... @=Thb=856—1 


_ bt b* -4a0e | ~8+,/(8) —4(16)(1) 


t= 


2a 2(16) 
x _Stvi—-64 v 64-64 _ ~8+0 aor ee: =3SS= =a 
32 32 32 4 4 
19. (x -—a)(x-b)+(x¥-b)(x—c)+(x-c)(x-a)=0 
Sol. x° —ax—bx + ab +x? — bx — ex + be+ x? -—cx-—ax+ac=0 


3x° —2ax -2bx —2ex+ab+be+ca=0 

3x? —2(a +h +e)x+(ab+be+ca) =0 

A=3,B=-2(a+h+c),C =ab+be+ca 

-BtVB -4AC _ ~(-2(a+b+0)) + J(-2(a +b +0)’ —4G\(ab + be + ca) 
ee. 
p= thatb+e)t Ja? +b? ke + 2ah + 2bc + 2ca)—12(ab + be + ca) 
6 
me ath +e)+V4a° +467 +4e? +8ab + 8be + 8ca —12ab—12be—12ca 
6 
aud a+b+c)+ [4a +6h° +4 —4ab—4he—4ca) is Aarb+e)t\ Mea +b +¢° —ab—be~ca) 
6 6 


2 ? *\+ 2 2 S =. -he-c« 
Aat+b+e)+2 le +h te -ab-be-ca 2|(atb+e)s ath +e ab—bhe-ca 
UO EE fers Fee i ee ere, nt WR 


) 6, 
a (at+th+c)tVa’ +b? +e? -—ab-be-—ca 
3 


55 ~{ertreeve een ea 


3: 
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20. (a+b)x’? +(a+2b+c)x+b4+ce=0 
Sol. A=a+b,B=a+2b+c,C =b+e 


— ~B+tJB-4AC ms —-(a+2b+c))+ V(at+2b+ce/y —4(a+b\b+c) 


2A 2(a+b) 
ee at 2b te)tva" +4b' +0° +b + 4b + 200-446 - 4ac—4be —4b° 
a+b) 
mit : 2 es: es 5 : Tad 2 
me (a+2b+c)tva +¢ Zac _ (a+2b+c)ty(a ¢) 
2(a+b) 2(a+b) 
_ -a@-2b-c+(a-c) 
2(a+6) 
_-a@-2b-¢+(a-¢) a yard 2b ¢-(a-c) _ -a~2h-e-ate 
2(a+h) 2(a+h) ae 2(a+h) 
—2(b+¢) -—2a-2b -2at 
x = ————.._ or x= ——= => x=-1 
2(ua +6) 2(a+b) a+b) 
S8={-1 a 
a+b 


Exponential Equation: 


Equations in which variable occur in exponents. 
Reciprocal Equations: 


An equation which remains unchanged when x is replaced by I 
* 
Example3:  2?* —3.2*7 +32=0 
Sol. 2** =3.2**? +32=0 
2?* — 3.27.2" +32 =0 
2°* —3.4.2° +32 =0= 2 -12.2" +32=0 
Put 2 =y> 2 = => y?-12y4+32=0 


| 2008 —1!i Sargodha Just Covert to quadratic | 
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Example5: Solve x'-3x'+4x*?-3x+1=0 


Sargodha 2009, 11 
Sol. x" -3x'° + 4x? -3x41=0 Faisalabad 2008 
et hy x? 
2 3 l 2 BY. l 
=> x -3x+4-—4+—=0 3] x? +— =3| x= +4=() / 
2 a ya) ‘ x 
1 ive : 
Put x+-—=y=>x+—-+2=y 
x x 
or x°+—=y"-2 
Pe 
(/ become) y’-2-3y+4=0> y?-3y4+2=0 


y’-y-2y+2=0> p(y-l)-2Ay-l=0 
(y-I(y-2)=0>(y-1)=0 or (y-2)=0 


y=1 or y=2 
When y=1 ORR Pee Me eee SPR a 
x 
_-(-lIty(-)*-40)0) _ 14 Vi-4 14 V-3 
eo ee oe 


-_ 


? ] > ) 
When y=2 >x+—=2> x +l=2x> x? -2x4+1=0 
x 


a 


2 | 
eo 


Solve the following equations 
1. x*-6x° +8=0 
Sol. Put x = y=o>x'= y 


\2 eo), tev | 
(x-l) =0> (x-I(x-)=0>x=11 558.8 =21, 


or y —2y —4y+8=0 

or yW(y—2)—4(7-2)=0 

or (y-2\y-4)=0 : 
y-2=0 or y-4=0 

y=2 or y=4 
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when y=2 then x=2=yx=4v2 
when y=4 then x’ =4->x=12 
$.5 ={+2,+V2} 


2) x? -10=3x"'! Faisalabad 2008, Multan 2009 


> 3 
Sol. x°?-10=3x"' or Saban ei 
- 


RS: 
Multiplying both sides by x’ 


1-10x? =3x or 10x°+3x-1=0 


2 [fal 
° ya retve —4ac vb" —4ac a=10,6=3, c=-l 
2a 
Ss -3# /(3Y -4a0y-1 
s 2(10) 
oe RENT _SAE49 327 
20 20 20 
-3+7 37 
= or X= 
20 20 
4 ~10 
x=— or x=— 
20 20 
] ] 
Y=—- or x=— > s8={-3, 
5 
3 x°-9x°+8=0 
Sol. Put xea=yox=y 
y'-9y+8=0 


or = oy’ ~y-8y+8=0 : 
or ¥W(y-1)-8(y-1) = 0 > (v-D(y-8) =0 
=> (y-1)=0 or (y-8)=0 
y=l or y=8 
when y=lthen x’ =1>x°-1=0 
(x-1)(x? +x+1)=0 


x-1=0 or x? +x4+1=0 


- ae 
eel or xe enw =4om) 


2(1) 
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ee Pore x= 


when y=8 then x =8> x” =(2/ 
x —(2) =0> (x-2)(x? +2x+4)=0 


x-2=0 or x? +2x+4=0 
peas oh 
eed pete =O 
2(1) 
-2+/4-16 ~2agore 
se 8 pe 
2 2 
By A Be (= & 
pot _, A) Goa 
peat, Go ies 2 
=, 12/3} 
4. 8x° -19x’? -27=0 Multan 2008, 


Sol. © Put = yx’ = y* 
8y> -19y-27=0 
or 8y’+8y-—27y-27=0 
8y(y+1)-27(y +1) =0 
(y+1)(8y — 27) =0 
y+1=0 or 8y-27=0 
y=-l or yeas 
8 
when  y=-1thenx’ =-1 
x+1=0 or (x41)(x?-x+1)=0 
x+1=0 or x’?-x+1=0 


ee — 4-4 JE? 4000) 

See | or Pa a ee pak 

1+vV1-4 1+/-3 1+ /3i 
SSS PTS <3 


= 
2 


9 
= 


5 
when “y= . then x= 7 
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x= 


or 4x? +6x+9=0 ('x' by 4) 
2 6+) (6) ~4(4)(9)  -6+./-108 
; 2(4) 8 


6 t2V-27 _ £(-323V3) 
z og 


8 
ap 3(-14.V-3) _3(-1+ V3) 
: 4 4 
3 143i 3(-14 V3i) 
Set = hee, ee 
2°39 4 
5 x +aebe ef 
Sol. Put x" =p 3? = y’ 


(J become) y?+8=6y => yp -6y+8=0 
or y' —2y-4y+8=0 
» ¥O'—2)- 427-2) =0 
(y-2)(y-4) =0 
y-2=0 or y-4=0 
ye? or. pos 
when y=2thenx'*>=2 
ree DO ae pe BF 
when y=4 then x'> =4 
=>x=4 =1024 
SS. = {32,1024} 
6. (x +1)(¥+2)(%+ 3)(x + 4) = 24 
Sol. oor (x +1)(x+4)(x+2)(x +3) = 24 
(x° +5x+4)(x? +5x +6) 
Put x’ +5x=y 


Multan 2009 
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(v+4)(y +6) = 24 

y +10y+24=24 

y +10y+24-24 = y?+10y=0 

or y(y+10)=0 

y=0 or y+10=0 

y=0 or y=-10 

when  y=0 then x’ +5x=0 

x(x+5)=0 = x=0 or x+5=0>x=00r x=-5 
when yy =-10 then x’ +5x=-10 

x +5x+10=0 


2(1) 
ae -—5+ 25-40 Go -§+V/-15 
2 2 


s5= {0,588 V=13 }=fo,-s.=$2s054 


% (x —-1)(« + 5)(x + 8)(x + 2)- 880 =0 
Sol. -(x—1)(x+8)(x+5)(x+2)-880=0 
(x° +7x-8)(x° +7x+10)-880=0 
Put x°+7x=y 
(vy —8)(y +10) -—880=0 
y’ -8y+10y—80-880 =0=> yp’? +2y—960=0 
or y’ +32y-30y-960=0 
or y(y+32)-30(» +32) =0 
or (y +32)(y—30)=0 
y+32=0 or y-30=0 
y=-32 or y=30 
when y=-32 then x? +7x = -32 
x’ +7x+32=0 


a +J(77 — 4(1)(32) 
or x= 
2(1) 
-7+J49-128 a -7+J-79 
2 


2 
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when y=30> x? +7x =30 

or x +7x-30=0 

or x° 4+10x-3x-30=0 
x(¥+10)—3(x+10)=0 
(x+10)(x-3)=0 
x+10=0 or x-3=0 
x=-10 or x=3 


a] he cf Se i 
Ct et -{-103.- 


SS = fe -10, 


ae 
8. (x -—5)(x—7)(x + 6)(« + 4)-504=0 
Sol. = (x-5)(x+4)(x—7)(x +6) — 504 =0 
(x —x-20)(° — x-42)-504=0 
Put x°-x=y 
(y-—20)(y-42)—504 =0 
y — 20) — 42 y +840-504=0 
y’ -62+336=0 
y —6y—-56y+336=0 
vy — 6) -56(y- 6) =0 
(¥-6)(y— 56) =0 
y-6=0 or y-56=0 
y=6 or y=56 e 
when y =6 then x°-x=6 ° 
x’ -x-6=0 
x’ -3x+2x-6=0 
x(x-3)+2(x-3)=0 
(x-3)x+2)=0 = x-3=0 or x+2=0 => x=3 or x=~2 
when yy =56 then x?—~ x =56 
x’ -x-56=0 
x’ -8x+7x—56=0 
x(x -—8)+7(x -8) =0 
(x-8)(x+7)=0 
(x-8)=0 or (x+7)=0 


X=8 Or -3==7 
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9. (x-1)(x-2)(x-8)(x 45) +360=0 
Sol. = (x’ —3x+2)(x° —3x—40)+360=0 

Put x’ -3x=y then 

(vy +2)(y-40) +360 = 0 

y' +2y-40y -80+360=0 

y’ —38y 4+ 280=0 

y’ —-10y—28y + 280=0 

y(y-10)— 28(y -10) = 0 

(y-10)(y—28) =0 

y-10=0 or y-28=0 

y= 10) Fe y=2s 

when y=10 then x° —3x=10 > x° -3x-10=0 

= BAVC = 410) 

2(1) 
3+9+40 34/49 347 


= 


2 . 2 
3+7 3-7 . 
= n 
2 2 


x 


ee and <see 
> = 
when y=28 then x*-3x=28 
x’ -3x-28=0 
x’ —7x+4x-28=0 
x(x -7)+4(x-7)=0 
(x-7)(x+4)=0 
x-7=0 or x+4=0 
x=7 or x=-4 
S.S = {5,-2.7,-4} 
10. (+ 1)(2x + 3)(2x + 5)(x + 3) = 945 
Sol. (x +1)(x +3)(2"+3)(2x +5) = 945 
(x? +.x4+3x4+3)(4x* +10x + 6x4 15) =945 
(x° +4x+43)(4x? + 16x +15) = 945 


(x? +4x43)[ 4(x7 +4x)+15)]=945 
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11, 


Sol. 


Put x? +4x=y then 

(vy +3)(4y 415) =945 

4y? +15y+12y+45-945 =0 
4y? +27y-900=0 

4y’ +75y-48y-900=0 
y(4y+ 75)-12(4y + 75) =0 
(4y + 75)(y -12) =0 
4y+75=0 or y-12=0 


when y==2 then <° ey eae) 
or 4x7 +16x =-75 
4x? +16x+75 =0 


-16+,/(16)’ — 4(4)(75) 164 ¥256-1200 


= — 
7 


2(4) te mw 
a _ —16+i¥944 _ —16tiV16x59 
8 8 
x ena _A(-4tiv59) _ (4+ iv59) 
8 & 2 
when y=12 then x? +4x=12 
x? +4x-12=0 


x? +6x-2x-12=0 
x(¥ +6)—2(x + 6)=0 
(x+6)(x- =0 
x+6=0 or x-2=0 


(2x-7)(x? —9)(2x +5)-91=0 

(2x -—7)(x +3)(x -—3)(2x +5)-91=0 

(2x° +6x-—7x —21)(2x? +5x-6x-15)-91=0 
(2x? —x-—21)(2x’ —x-15)-91= 
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Put 2x°-x=y 
(y—21)(y-15)-91=0 

y’ —15y—2ly+315-91=0 
y? -36y+224=0 

y -8y-28y+224=0 
v(y -8)-28(y -8) =0 
(y¥—-8)(y - 28) =0 
y-8=0 or y-28=0 
y=8 or y=28 

when y=8 then2x*-x=8 
2x? -x-8=0 


_-(— — 2 — 
or xe DENCH = 42-8) 


2(2) 
_1tVi+64 _14+VJ65 
St Ea 
when y=28 then 2x?-x=28 


2x? -x-28=0 

2x? -8x+7x-28=0 
2x(x —4)+7(x-4)=0 
(x-4)(2x+7) =0 
x-4=0 or 2x+7=0 


s=45 oF 2S 


12.0 (x? +6x+8)(x? + 14x +48) = 105 

Sol. (x? +2x+ 4x+8)(x? +6x+8x +48) =105 
[x(x +2)+4(x +2)][x(x + 6) +8(x +6)] = 105 
(x +2)(x+4)(x + 6)(x +8) =105 
(x +2)(x +8)(x +4)(x +6) =105 
(x° + 10x +16)(x? +10x +24) =105 


Put x°+10x=y 
(y +16)(y +24) =105 
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y +16y+24y 4 384-105=0 

y +40y +279 =0 

y +9y4+31y+279 =0 

yy +9)4+31(y +9) =0 
(y+9)(y+31)=0 

y=-9 or y=-3) 

when y=-9 then x? +10x=-9 
or x’ +10x+9=0 

x +x+9x4+9=0 

x(x +1)+9(x +1) = 0 => (x +1)(x +9) =0 
x+1=0 or x+9=0 

x=-] or  x=-9 

when y=-31 then x*+10x=-31 
x +10x+31=0 


“ee -10+ y(10)* — 4(1)(31) 


: 2(1) 
=, -~10+V/100-124 2 -10+V-24 _-10+,/4(-6) 
2 2 2 
x _ ~10£2V-6 ~ ,-ZC5+Voi) =>x=-5+/6 
2 zZ 
SS ={-9,-1,-5+ V-6} 


13. (x7 + 6x-27)(x? —2x-—35) = 385 
Sol. or (x? +9x—3x—27)(x? -7x+5x-35) =385 
[x(x +9)—3(x +9)][ x(x —7) + S(x—7)] = 385 
or (x+9)(x-3)(x-7)(x+ 5) = 385 
or = (x—3)x+5)(0 +9)(x-7) = 385 
(x° +2x—15)(x? + 2x-63) = 385 
Put x° +2x=y then 
(y -—15)(’- 63) = 385 
y —ISy—63y +945-385-0 
y’ -T8y +560 =0 
y’ -8y—70y +560 =0 


This book was uploaded by www.educatedzone.com 


COLLE AT TICS-| z | 199 UATION 


y(y—8)—70(y —8) = 0 
(y-8)(y-70) =0 

y=8 or y=70 

when y=8 then x’ +2x=8 
x’ +2x-8=0 

x +4x-2x-8=0 
x(x+4)+2(x+4)=0 
(x+4)(x—2) =0 

x+4=0 -or x-2=0 
x=-4 ar ¥=2 

when  y=70 then x’ +2x=70 
x’ +2x-70=0 

__ 24/2" - 40970) 


2(1) 
i -2+/4+280 -2+ 284 -2+,/4(7) 


2 2 2 
ya EN a Vy=tnVA => SS ={2,-4,-14.V71} 


14. 4.27**'-9.2* +1=0 Gujranwala 2009, Multan 2007 (just convert to quadratic) 
Sol. 4.2.27" -9.2° +1=0 
8.27* =9.2° +1=0 
Pat 2 = ye Oy" 
8y -9y+1=0 
8)? -8y—yt1=0 
8y(y-1)-ly-)=0 
(y-D8y-1)=0 
y-1=0 or 8y-1=0 
y=! or 8y=1 


y=l or yo 


when y=1 then2" =|=> 2° =2? >x=0 


when y at then 2" = ie A 
8 ee 


or 2° =2° >x=-3=>SS ={0,-3} 
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15. 2° +2°*** -20=0 Sargodha 2010, 11 
Sol 2° +2°x2™*-20=0 
2 +64x—20=0 


- 


Put 2° =y then 
vt sat 20=0 
hd 


‘x' by y we get 

y +64-20y =0=> y’? -20y +64 =0 
y -4y-16y+64=0 

Wy- 4)-16(y-4) =0 

(y-4)(y -16) = 0 

y-4=0 or y-16=0 
y=4 or y=16 

when y=4 then 2* =4=7? 


= x=2 
when = y=16 then2*=16=2' => x=4 
S.S = {2,4} 


16. 4° -3.2*+128=0 
Sol. 27)" -3.2°.2" +128 =0 
2°* -3.8.2" +128 =0 
2** 24.2" +128 =0 
Put 2° =y=> 2" = y? then 
y’ —24y +128=0 
y’ -8y-16y +128 =0 
Y(y -8)-16(y -8) =0 
(vy -8)(y -16) = 0 
y-8=0 or y-1l6=0 
y=8 or y=16 
when y=8 then 2° =8=2'=> r=3 
when y=16 then 2° =16=2' > x=4 
S.S = {3,4} 
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17. 37*"' -12.3* +81=0 
Sol. or 3°*e3'—12.3'+81=0 


3” 123" +81=0 
3 


Put 3 =y>o3*=y? 

7 -12y+81=0 

Multiplying by 3 

y’ -36y+243=0 

y —9y-27y +243 =0 . 

y(y -9)-—27(7 -9) =0 

(y-9)(y-27) =0 

y-9=0° or. y-27=0 

y=9 or y=27 

when y=9 then3'°=9>3'=¥ >x=2 
when - y=27 then 3° =27=3 >x=3 


S.S = {2.3} 
1) I 
18, [x+4) -3{x+4}-4=0 Federal 
x < 
Sol. Put x res = y then 
x 
y’-3y-4=0 


y t+y-4y-4=0 
Wy +l-4(y +1) =0 
(y +1I)(y—4) = 0 
y=-l or. y=4 


when y= =] thes x+ I == 
x 


or x +l=-x or x°+x41=0 
_-ltvi-4 -14V-3 -143i 
2(1) 2 2 


when y=4 thenx+ bs =4 
x 
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or x°+l=4x or’ x ~4x4+1=0 
= Ae Cay 400 
: . 21) 
pa ftvl6=4 _4+Vi2 
aS. Pee. 


_44N3 _2Q2V3) 1, 5 
2 : Se 


19. eerie 
‘*ex 
Ps | 
Sol. or | x +— |+| x+—|-4=0 : I 
x x 
l ne | 2 
Put x+—=y then > x°+—=+2=y 
x x 
then eer 
Moe a 
(y? -2)+y-4=0 (1 become) 
or y'+y-6=0 
y +3y-2y-6=0 
Wy +3) -2(y +3) =0 . 
(v+3)(-2)=0 . 
y+3=0 or y-2=0 
y=-3 OF wey 


when y=-3 then x+ =-3 
= 


x+l=-3x = x? 43x4¢1<0 


_ 3+ ¥(3)?-4(1)(1) 


x 
2(1) 
ya ot N9-4 | -34V5 
2 2 
when y=2 then ee a 


x 
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or x +l=2x => x?-2x4+1=0 


(x-1?=0 3 x-1=0 = x=] = 55+}, ; 


#28 


2 
20. ( = ) + af. oo ) =0 Faisalabad 2008 
x a 


Sol. or (45-243 142 ]-0 vi 
x: x 


1 : Es 
Put X+—=yp ms ee: een ae 
x x 


yt =I j 
then x°+—=y" -2 
Ze 


y ~2-24+3y=0(/ become) 
=> y'+3y-4=0 

yi +4y-y-4=0 

Wy +4) -Iy+4)=0 

(y+ 4)(y-1)=0 

yt+4=0 or y-I=0 
y=-4 or ysl 


when y=-4 then x+ 2 =-4 
x 


or x°+1=-4x 9 or x’ +4x4+1=0 


pa ht VEY 40) _ -4+ Jie=4 


2(1) pi 2 
4+ J12 ~4+2 2-24 = 


when  — y=1 then sas! 
¥ 


x 4l=x or x’ -x+1=0 

~ bt Web? = 40a) 

, 2(1) 
+Vi-4 14V33 143; P35 | 
1tvi-4 yo oss 2 


x = ——— = 


2 2 2 
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24. 2x*-3x°-x’-3x+2=0 
ne 2 2 3-2 ee 3 
Sol. Divied by x’; 2x’ -3x-1-—+— =0 > 2x +> -3x-—-1=0 
ae; x" 


x 
or afar +4 |-3{ x+2}-1=0 I 
x x 


Put pee =y then 
x 


i+ sfay => gatay-2 
x? x 


2(y* —2)-3y—1=0 (J become) 
or 2y’-4-3y-1=0 

or 2y?-3y-5=0 
2y?+2y—-Sy-5=0 

2y¥(y +1)-S(y +1) =0 
(y+1(2Qy-5)=0 

y+1=0 or 2y-5=0 
y=-l or y=5/2 


when y=-1 then eee 
x 


or x +l=-x or x'+x4+1=0 
ee citv 40m 
2(1) 
pu wttvind | 18-3 
2 2 
2 
when y=5/2 jhe sole ae pa, 
¥2 me 2 
=> 2x74+2=5x or 2x?-Sx+2=0 
2x* -4x-x+2=0 
2x(x -2)-I(x-2)=0 
(x-2)(2x-1)=0 
x-2=0 or 2x-1=0 
x=2 0 or x=1/2 3 saa} 
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22,00 2xt+3x?-4x7?-3x+2=0 
Sol.  Divied by x’; 2x? +3x-4-24-420 
Ho 


or 2 ot +3 ee’ -~4=0 I 
x — 


x 


Put ona =x? +42 =y? 
x x 


then x? eae? 

x 
2(y? +2)+3y-—4=0 (J become) 
2y? +44+3y-4=0 
or 2y°+3y=0> y(2y +3) =0 
y=0 or 2y+3=0 
y=0 or y=-3/2 
when y=0 tien 8 

x 

or x -1=0 
(x-]T(x+1l=0 
x-1=0 or x+1=0 
x=1 or x=-l>xr=t]) 


when. y=-3/2 then rin 5 
x x 


or 2x’ -2=-3x 

or 2x°+3x-2=0o0r 2x7 +4x-x-2=0 
2x(x+2)—I(x+2)=0 or (x+2)(2x-l=0 
x+2=0 or 2x-1=0 

x=-2 or x=1/2 
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23. 


. Sol. 


6x7 — 35x? + 62x? -35x+6=0 
Divied by x’; 6x? = 3he athe ity 6 
5 Se 


or o{s'+}-35(x+4}x62=0 —-------~ 
x 


x 


1 ae J ] ° 
_ Pulxt+-a=y>ox+—5+2=y 
x eo. 


x4 so =y—2 then6(y? - 2)-—35y+62=0 U become) 
2 


or 6y -12—35y+62=0 

or 6y' -35y+50=0 

6y° -15y—20y +50=0 

or3y (2y—5S)-10(2y—5) =0 
(2y—5)(3y—-10) =0 
2y-3=0 or 3y-10=0 
y=sl2 — or y=10/3 


? 

wher. = y= 5/2 thenx+i=$/2=2 ee 
x x 2 
or 2x°+2=5x 
2x’ —5x+2=0 or 2x? -x-4x+2=0 
x(2x-1)—2(2x=1)=0 
(2x—-1)(x-2) = 2x-1=0 or x-2=0 
x=1/2 orx=2 : 
xl 1b .. 


when = y=10/3 then x44=1679 
x x 


3x7 +3=10x 

or 3x? -10x+3=0 

3x? -x-9x4+3=0 

x(3x -1)-3(3x-1)=0 
(3x-1)(x-3)=0 

3x-1=0 OF XS =0 
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QUADRATIC EQUATION 


olde 5 + 


Sol. Put x? += y 2 8442s y 


pa —2 
x 


then y’ -2-6y+10=0 (J become) 
y -2y—4y4+8=0 

— Yy-2)-4(y—-2) = 0 
(y-2)(y-4) =0 
y-2=0 or. y-4=0 
=z or y=4 


when oe 2 then x +52 


or x’ pee or x os +1=0 


(x?-17=0 or x’-1=0 
(x-1)(x+1I=0 

x-1=0 or x+1=0 
y=] or x=-l 


when ag 4 then x? te 4 


or x'+1=4x? 9 or x'-4x741=0 
Put x? =t then t? —4t+1=0 
—(-4) + y(-4)’ - ~C4A)t yA 400) 44 va 
2(1) 
4 + 
_ 4402) we 42NG aoe) ,, 5 


when 1=2+43 then x? =2+V3 
x=tV2+v3 
ss ={-1,1,2y24 5 | 
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Solve the following equations: 
1. 3x? +2x-— 3x? +2x-1=3 
Sol. 3x7 + 2eeN 3x" +2x-1 = 3 =--- + I 


putj3x’+2x-1 =y ---I] => 3x? +2x-l=y’ or 3x°+2x=y' +1 
(1 become) y’ +1-—y =3 = y’+1-—y-3=0 i 

or y’-y-2=0 or y?-2y+y-2=0 

y(y-2)+1(y-2)=0 

(y-—2)(y+1)=0 =>  y-2=0 of y+1=0 

y=2 or =~] 


when y=—I\then,/3x* +2x-1 =-1 (Use IT) 


os 3x* +2x~-l=lor 3x? +2x-1-1=0 
3x? +2x-2=0 
ah -2 + (2 -46)(-2) _-2+V4+24 _-24/28 
2(3) 6 6 
ew DoE N2x2x7 _ -242V7 
6 6 
eoeclea?y ~1+J7 
2x3 3 
when y=2thenV3x +2x—1=2 
=> 3x? +2x-1=4 = 3x? +2x-1-4=0 
3x? +2x-5=0 
3x? + 5x-—3x-5=0 
x(3x+5)—-13x+5)=0 
(x -1)(3x +5) =0o0rx-—1=0 or 3x+5=0 
Ba or x=-5/3 


CHECKING For x =1, I become 
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3(1)? +2(1) -— J3(1? + 2(1)-1 =3 
3+2-V3+2-1=3 

5-J4 > 5-233 

3=3 TRUE 

For x=-5/3 , Ibecome 


3(-5 / 3)? +2(-5/3) — J3(-5/ 3)? + 2(-5/3)-1=3 


(2 }-2- (2 ]-L-1-3 
9 3 9 3 


as fea 1=3 

9-3 48 

75-30: [7$=30-9 — 

9 9 

9 V9 9 

5-2=3 =>  3=3 TRUE 

forx oe I become 

2 2 

a(—!+v7) ,ofrlev7)_ f,(-l+v7) ,o(-l+v7)_1 23 
3 3 3 3 

3{ 1+7-2V7),-242V7 _ |, (147-27) -24+2V7 |, 
39 3 39 3 


1+7-2V7 | (-2)+2V7_ [, 8=2V7 | =2+2V7=1 ae 
, + > rs 3 3 
8-247 -24+ 247 | 8-247 -2+247 -1_, 
3 \ 3 


2-Vi =3=5143 FALSE 


-1-V7 
3 


~1+ 7 
3 


Similarly x= is FALSE = SS =\. ana Extraneous roots are 
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2. O-F-Tax-3 2x? -3x+2 
Sol. x -S-Jax-3 2a 33x40 ef 


Multiply by ey 

2x? —x-14 = 2x-6/2x? - 3x42 

2x? —x=-14 = 2x-6V 2x? — 3x42 =0 

2x? —3x-144 62x? -3x42 =0- il 

Put 2x? —3x +2 = y ——_-—____}]] 

ca ax! ~3x425 9? \ oF ~ 2x? Bea yp? 22 

(If become) y* -2-14+6y = 0. 
y'-2-1446y=0 =>  y?+6y-16=0 
y' +8y-2y-16=0 > y(y+8)-2y+8)=0 
(vy +8)(y-2)=0 


y+8=0 or y-2=0 
yv=+8 or yr2 
when y = -8 thenV2x* ~3x+2 =-8 : pate ee 


ty? wjySez= Sys =C)t ve ? — 4(2y(— 62) 


es 
349 es cures =. 


— x= 


Pty Ds a Bees fasts 1 2 => 2x’-3x+2-4=0 
2x’ =3x-2=0=> 2x?-4y4x-2=0 
2x(x~-2)=(x-2)=0 
(x —2)(2x +1) =0 


x-2=0 or 2x+1=0 
x=2 or x= = 
2 
Checking For x=2, Ibecome 


4 
(2)? pe es = 2-3,/2(2)? —3(2)+2 
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4-1-7=2-3V8-64+2 


~4=2-3V4 = ~4=2-3(2) 
-4=-4 TRUE 


For p= =, I become 


3+/505 


for gra a. I become 


Gee eee o SS) -9( 22 
4 4 2 4 4 


2 


9+505 +6505 {) 1 [Pessoa | 943/505 
ee 8 16 4 


-~7=-—-3]2 
16 2 


Je 


RSE Sire tee a 
514+ 6505 -6~2505 “Re na est) (Fens), 
2 8 4 


16 
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396+4V505 1 ;, [514+ 6505. - 18-6505 +16 
TRS 3S 8 

396 + 4/505 ee 
16 ee Se 


396 + 4V 505 Y508 1} 36 


16 
ee V505 _ -5-38) FALSE 


3— 505 


Similarly x= clas Si is FALSE 


3+/505 
4 


S.S= a. +} and Extraneous roots = 


03. V2x+84+Vx4+5=7 

sol. V2x+84+¥x4+5=7 I 
Squaring both sides 
2x4+84+x4+542V2x+8Vx4+5 =49 


3x +134+2./(2x+8)(x+5) = 49 


22x? +10x +8x +40) = 49-13-3x 
2V2x? +18x+40 =36-—3x 

Again Squaring. 

4(2x? +18x +40) = 1296 + 9x? —216x 
8x? + 72x +160 = 9x? —216x +1296 
9x? —216x+129%, 8x? —72x-160=0 
x —288x +1136=0 

x? —4x—284x+1136=0 
x(x-4)-—284(x-4) =0 

(x —4)(x - 284) =0 

x-4=0 or x-284=0 

x= 4° oF “x= 284 

CHECKING for x = 4, | become 


J/2(4)+8+V445 =7 


Vi6+V9=7 => 44+3=7 => 7=7 TRUE 
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For x=284 | become 


/2(284)+8 + V284+5 =7 
V/256+8 +/289 =7 
276 + /289 =7 
276 +/289 =7 
24+17 =7 FALSE 
S.S = {4} and Extraneous Root = 284 


04. V3x+4=2+V/2x-4 
Sol. V¥3x+4=2+V/2x-4 
Squaring both sides 
3x+4=44+2x-442(2)V2x-4 
3x+4-2x=4V2x-4 
x+4=4/2x—-4 
Again Squaring 
x° +8x+16 =16(2x-4) 
x? +8x +16 =32x-64 
x’ +8x+16-32x+64=0 
x* —-24x+80=0 
x? —4x-20x+80=0 
x(x -—4)-—20(x-4)=0 
(x-4)(x - 20) =0 
x-4=-0 or x-20=0 
x=4. or x=20 
Checking for x=4 | become 


V3(4) +4 =2+,/2(20)—4 


Vi6 =2+V4 
4=2+2=4 => 4=4 True 
For x=20 | become 


V3(20)+4 =2+ J2(4)-4 
V60+4 =2+/40-4 

64 = 24/36 => 8=2+6 
8 = 8 TRUE 

S.S = {4,20}. - 
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0s. s/xe? eves? = ex ald Faisalabad 2007, Sargodha 2008 
Sol. Vx+7 4x42 =V6x413 I 
Squaring both sides : 
x4+74x4+242/x4+7Vx42 = 6x+13 
2x+9+2/(x+7)(x+2) =6x413 


2Vx°+7x4+2x+14 =6x4+13-2x-9 
AN x? +9x414=4x+4= Z(2x+2) 
Vx°+9x4+14 =2x42 


Again Squaring 

x? +9x414 = 4x? +.448x 
4x? +8x+4-x’ —9x-14=0 
3x? -x-10=0 

3x° -6x+5x-10=0 
3x(x-—2)4+5(x-2)=0 

(x -—2)(3x+5)=0 

x-2=0 or 3x+5=0 
s= 7 or x=-5/3 
CHECKING forx = 2 | become 


V2+7 +V2+2 =./6(2)+13 
V9+V4 = 25 = 342=5 


5 = 5 TRUE 
For x =-5/3 | become 


S474 P+ 2s — 
3 . 

mec Brus 
i [ a 

— + Le _—_——_- 

3 3 3 

4: = 4 fe 5 
—=+-==,/- > = 3 FALSE 
V3: NGIUNS aR 
S.S={2} and Extraneous Root Smee 
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06. 


Sol. 


T 


Vx? +x4¢1-Vx?+x-1=1 

Vx +e4+1—Vx?+x-1=1 I 

Put x? +x=y then Il 

(y+i-Jy=t=1 

Squaring 

y+l+y-1-2/y4+lJy-1=1 
2y-2 7-141 


-2/y* -l=1-2y 
Squaring 
4(y? -1)=144y?-4y 
4y°-4=14+4y’? -4y 
43? —4y+1-43:74+4=0 


—-4y+5=0 = ee. ? 
4 
> 2 a) 
When er then x° iba Usell 


+ 5 
x 4+2-—= 
4 


x'by 4, 4x? +4x-5=0 
oA tVGY 445) 
2(4) 

ca vt tvi6+80 _ -4+ V96 
8 8 

2 4+ Vi6x6 _-424V6 
8 8 

~Aelt V6) _-14-V6 

8 2 
~1+ V6 


CHECKING for * = 5 | become 


8) (4). 


2 2 
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1+6~2V6 | -1+V6 fi+6-2V6 -1+V6 | _, 
4 2 4 2. 
1-2J6-24+2J6+44 [7-2J6-2+2V6-4 _, 
4 4 
f-fa LN er et 
4 V4 a 


eS eee 
2 


Similarly For x = 


ss-{| 
2 


07. Vx? +2x-3 +x? +7x-8 = [5(x? +3x-4) 
Sol. Vx? +2x-34Vx? + 71-8 = 5x? +3x-4) 
Vx? 4+3x-—x-34+Vx°+8x-—x-8 =./5(x? +4x—x-4) 
J x(x + 3) 1x +3) + x(x + 8) = 1 +8) = J5(x(e + 4) - 10+ 4)) 
VG +3)=1) + JG +8) =1) - 5+ 4-1) = 0 
Jenl| Vava + le8 — J FH] =0 
Vx-1=0 or Vx+3+Vx+8- 5(x+4) =0 
x-1=0 =>x=1 or Vx4+34Vx+8 = /5(x+4) 


Squaring both sides 
X+34+x4+842Vx4+3Vx48 = 5(x+4) 


2(x+3)(4 +8) =5x+20-2x-11 
2V x7 +3x+8x4+24 =3x4+9 
2Vx? +1lx+24 =3x+9 


Again Squaring both sides 

4(x? +1 1x +24) = 9x? +814+54x 
4x* +44x +96 =9x° +54x4+81 
9x? +54x+81—4x7 —44x-96 =0 
5x* +10x-15=0 

+by5 => x? +2x-3=0 

x’ +3x-x-3=0 
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x(x +3)-1(x+3)=0 

(x+3)(x-]l=0 => x+3=0 or x-1=0 
x¥=-3 of -x=1 

CHECKING for x=1, | become 


Ja)? +201) -3 +,/()? +70) =8 = /5((1? +3(1)-4) 
Vi+2-3+V1+7-8 = /5(1+3-4) 
J0+VJ0=V0. = 0=0 True 
For x=-3 
(-3)? +2(-3) -3 +/(-3) +7(-3)-8 = /5((-3)? + 3(—-3)—4) 
V9-6-3+/9-21-8 =,/5(9-9—4) 
0+-/-20 =V-20 True 
S.S = {1,-3} 
08.  V2x? -5x-3+3V2x4+1=V2x74+25x412_ 
sol. J2x? -5x—3 + 3V2x41 =V2x? 425x412 
V2x? — 6x +x—34+3V2x41—V2x? + 424x412 £0 
,/2x(x —3) + I(x —3) + 3V2x +1 - x(x +1) 4+ 12(2x4+1) =0 
V@—3Qx +1) + 3V2x41 - /Qx+1ix412) =0 
V2x+1[ vx-3 +3-Vx+12]=0 
V2x41 0 or = ¥x-343-Ve+12 =0 
2x+1=0 -x=-Sor Vx—-34+3=Vx412 


Squaring both sides 

x-34+94+6Vx-3 =x4+12 

x+6+6Vx-3 =x+12 

6V¥x-3 =x+12-x-6=6 
x-3=Ss1ox-3s1ox=4 

CHECKING forx=4 | become 

J2(4)? ~§(4)-3 +3,/2(4) +1 = J2(4) +25(4)+12 
V¥32-—20-3 +3V8+1 = V32+100+12 
J9+3V9=V144 => 34+3(3)=12 
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12=12 TRUE 


For 5 af > I become 


2{ =] -5{-5]-343 e{-s)+1= 2{ J +25 = jez 
2 2 2 
ie 
ot )43-a43c4 iS ea 
41-3 4) 2 
12 $4072 18 419 
V2 2 V2 2 
1+5-6 poe 
a et PO | at 
2 2 


0=0 TRUE =ss-{sLa} 


09. Jax? - Sx 42 46x" 1104. 50a/Se 39x 44-5 1 
Sol. 3x? -5x4+2+V6x? 11x45 =V5x? 9x44 
V3 pia sat oe iy oe He ae ae 
r /3x(x-1)—2(x—-1) +./6x(x-1)- S(x—1) = /5x(x-1)- 4(x-1) 
or or AGG + CEE (x—1)(5x-4) =0 
or vx=1[ ¥3x~2 + V6x=5 -V5x-4]= 
Vx-1=0 or V3x-2+Vox—-5-V5x-4=0 
x-1=0 or V¥3x—2+4 V6x—5 =V5x_4 


Squaring both sides 
x=1 or 3x-2+6x-54+2V3x-2V6x—5 =5x-4 
=> 2 ¥(3x-2)(6x—5) =5x-4-3x4+2-6x45 
2V18x? -15x-12x4+10 =-4x43 => 4(18x’ — 27x +10) =16x? -24x+9 


72x* -108x+140-16x" +24x-9=0 = 56x’ —84x+31=0 


(a= 56, b +84, ¢= 31) x= ENE Bae HEM) CEM M6) 


2(56) 
_ 844.7056 - 6944 Shus eg he _ 844V16x7 
112 aig ENS 
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112 Me 28 


CHECKING forx=1 (A) become 


V 31)? -5(1) +2 +61)" -1 11) + =/5(1)y -9(1) +4 => V3-54+24+V6-114+5 =V5-94+4 


0+0=0 =0=0 True 
_ 214+7 
28 


aerreadbere if ethan? 


For x 
2 x2 
,{ 2te¥?) _,( 2i+v7) 40 [e(2tev7) 9 [2i+Vv7). 
28 28 28 28 


s[ Hite) eats of eT | (257 +s 


784 33 784 


3 9 
z ( UTE | of 


< 784 28: 


(A) become 


‘ 


[1323+ 214126V7 -2940-140V7 +1568 
784 


2646 + 42+ 252/7 - 6468 — 308V7 +3920 
784 


_ [2205435 +210V7 - 5292-2527 +3136 
: 784 
-28-14V7 | fiai—sov7 _ [s4-42V7 site 
28 28 28 


Similarly 
oh 
x= a v7 not satisfied 
28 
21+V7 
So Extraneous roots are x = = 


&) SS= 1h 
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10.  (x+4)(x+1)= Vx" +2x-154+3x+31 (A) 
Sol. = (x + 4)(x+1)=Vx° +2x-154+3x431 
x? +5x+4= yx? +2x-1543x431 
or x° +5x+4-3x-31l=Vx° +2x-15 
x? 42x—27 =x? +2x-15 (1) 
Put Vx? +2x-15=y (2) 
=> x7 42x -1Se y? = x? 42x py’ +15 
(1) become y? +15-27=y > y?-y-12=0 => y’?-4y43y-12=0 
(y-4)+3)=0 => y-4=0 or y+3=0 
y=4 -or y=-3 
When y=4 then JJ x°+2x-15=4 By(2) 
=> x°4+2x-15=16 => x'+2x-31=0 
_-24 2) - 40-31) _ 2+ V44124 24 128 _ -2 + 2V32 
2 


1 a = x=-1+4/2 


When y=—3 then J x? +2x-15 =-3 By(2) 

=> x°4+2x-15=9 > x°4+2x-24=0 
x'+6x-4x-24=0 > x(x+6)—4(x+6)=0 
(x+6)(x—-4)=0 => x+6=0 or x-4=0 
x=-6 or x=4 

CHECKING Forx= —6 (A) become 


(~6 + 4)(-6 +1) =4/(-6)? + 2(-6) -15 +3(-6) +31 
or (-2)(-5) =¥36-12-15 -18+31 
10=V9+13 => 10=16 False 
For x=4 (A) become 


(44+4)(441) = (4)? +2(4)-15 +3(4) +31 
40=V16+8-15+12+31 = 40=V9+43 = 40=46 False 
For x=—1+4,/2- (A) become 


(14402 +4)(-14+4V2 +1) = f(-14+4V2)? +2(-1+ 4/2) -15 +3(-14+- 4/2) +31 
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(34+4V2)\(4V2) = V14+32-8V2 -24+ 8/2 ~15 -3+12V2 +31 
12/2 +32 = V16+28+12V2 

12/2 +32=44+28+12V2 = 32+12V2=32+12V2 True 
Similarly x =—1- 4/2is True 

Sa {-1 +4/2 } and Extraneous roots 4, —6 


11. V3.x7 =2"4+94V3x? -2x-4=13 
Sol. V3x? 2x49 +V3x? —2x-4=13 (1) 
Put V3x° -2x+9 =a and V3x°-2x-4=b 
(1)Become a+b=13 (2) 
Now a’? -b* =(3x’ —2x+9)—(x’ —2x—4) 


@ —b? =3x" =2x4+9-3x" +2x4+4=13° (3) 


(3) + dy (2) 

a —b" _\3 es (a@-iXe+%) _, => a—h=1 (4) 

a+b 13 (a+t) : 

Add (2) and (4) a+b=13 put value of a in (2) 

Add <2 ala=T 7+b=13 >[b=6] 
2d =I 


Put value of a@ => 3x? —2x+9=7 

3x7 -2x+9=49 = 3x’ -2x+9-49=0 
3x°-2x-40=0 = 3x’ -12x+10x-40=0 
3x(x-—4)+10(x-4) =0 = (x-4)3x4+10)=0 


x-4=0 or 3x+l0=0 = x= Aor neti 


> 


3 
CHECKING for x =4 (1) become 


V3(4)' = 2(4) +9 + /3(4)? -2(4)-4 =13 
V48-8+9+V48-8-4 =13 = J494V36=13 
7+6=13 <> 13=13 True 

-10 


For) x=— 
3 
2 2 
(=) wal = | 4 a=") -(=2)-4- 13 
3 3 3 3 
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5 
[3 (22) }+Beo 3 [ee )Baers 
300 +60+81 as =36 _ 
RMS Ris oe 


Ce Me 
ms =13 > aay 


hase Ss - Tsst3 True 


12. V5x7 + 7x42 -V4x7 +7x4+18 =x-4 
Sol. = V5x° +7x+2-V4x°4+7x4+18=x-4 (1) 
Take V5x°+7x+2 =a and V3x’ +7x4+18 =5 


(1) Become a-b= x-4 (2) 
Now a? —b? = 5x* +7x+2-4x'—7x-18 
a’ —b? =x? -16 (3) 
bt --S H16 


3) + by (2 t 
(3) + dy (2) we ge init cya 


ete eat nee a eo ae 


(2)+(4) we getat+b=x+4 pul a in (A) 


cat EGER et Oe EET 


=> 


2a=2x 
= 
Put value of a => V5x°+7x+2=x => 5x? +7x4+25x° 
or Sx? +7x+2-x?=0 = 4x°+7x+2=0 (a@=4, b=7, c=2) 
_ b+ Vb? -4ac _-74y (7) -4(4)(2) _ -7+ V49-32 
2a 2(4) 8 
_-7#Vi7 
8 
CHECKING Fae then (1) become 
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2 4 2 
seers See — (i 


8 8 
. 
8 
49+17-14V17 ) _ { -49+7V17 49417-1417 ) (-494+7N17 
S| gf ig SN ee dy 
64 64 64 64 
_-7+¥17-32 
8 
330-70V17 -392+56V17+128 264-5647 -392 + 56-47 +1152 
64 64 
Bash ils 
ea sgn ae [66-1417 a 39+VI7 
8 8 
~ Rca — 2.96 =—4.35 (Approximately) 


feat 
s=j 
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CUBE Root of unity 
Proof: x= (1)? => x =1> x°-(1)'=0 
(x-NGe +x4+1=0 
x-l=O00r x 4+x+1=0 
rats ~b+Vb?-4ae  -1+J (1-400) 1 
x= | or XxX =eaccr__—_—_—_——_—_—__- = >: ee 


2a 2(1) 2 


+ 
< 

| 
ie 


Hence Cube Root of unity are 


: =14+iv3 -1-i3 
ope on ae 

; a=] + j 3 ? —| —j 5B 

Where w= zitiv3 and @ = poe 
2 2 
Sum =l+o+a Faisalabad 2008, Multan 2009, Sargodha 2009 
=1+iv3  -1-iv3 
= 1+——=— +——— 
2 2 

_2-liv3-I-iv3 04 - 
2 2 


Product =1.@.a@° 


i eas |=] 


2 lo 2 


\ 


=, { CD =a3y? | 
4 
BP, pi Jpeg ae 
4 4 + 
a Find the three Cube roots of; 8,-8, 27, -27, 64 
(i) Find Cube root of 8. Multan 2008 
Sol. x=(8) 0 a =8 > x’ -OF = 0 


(x—2)(x7 +2x+4)=0 


x-2=0 or x +2x+4=0 
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oe : 
[r= 2] or x= PESO AMC a=, b=2, c=4) 
a : =a 
_-249(2)?- 404) _ -2+ V4-16 
2(1) 3 
_paeN-12 _,{ -12w-3 | 4( -127v3 
2 2 2 
2{ ESS ana -2( 28) 


x=2@ & x=" 
Hence Root are {2,20,2@7} 
(ii) x=(-8)'" => x’ =-8 > x'+8=0 
x +(2)'=0 = (x+2)(x’ -2x+4)=0 
x+2=0 or x?-2x+4=0 
ocdlor x= DEVE? 404) 
2(1) 
22 ie 2+ Su 


NE -3)(4) na 
UH), : ee 
2 
ease 2 a ae 
2 2 


Sol. 


x=-20 &x=-20’ 
So roots are { +3, -2 6, -2a°} 
(iii) Take x =(27)? => x =27 => x°-(3)? =0 
Sol (x—3)(x? +3x+9)=0 
x—-3=0 or x°4+3x4+9=0 | 
x=3 fen (Oy oe bee co) 


2(1) 
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Sol. 


Sol. 


. 


_-3+V9-36 _-3+V-27 3 -3+,/9(-3) _-3+3V-3 


2 2 2 2 
a V3) » i 


x=30 -& x=3a' 

Hence root are {3, 30. 30°} 

Take ¥x¥=(-27)'? => x =-27 = x’ +(3)' =0 Gujranwala 2009 
(x +1)(x? —3x +9) =0 

x+3=0 or x? —-3x+9=0 

ge ST SO AO) (gai, b= 3 c=9) 


3+V¥9—-36 34-27 
x = ———-— > XX = — 


2 2 
_343V-3 Z gag ge= 


2 


re a gage) 


x=-30° & x=-30 

Hence root are {-3,-30,-3«°} 

Take x=(64)'° => x =64 = x°-64=0 
x —(4)9 =0 => (x-4)(x? +4x4+16) =0 

x-4=0 or x? +4x+16=0 


— 2 
or xe ENG) ATS) VSS) SS ci bed. c=16) 


2(1) 
_~44vie-64  -44V-48 444-3 
2 2 ates 
rales) 


pag ecltv-3) & xa gclay3) 
2 et! 

x=40 & x=40 

Hence Root are {4, 40,40" } 
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2. Evaluate 


72,8 
(i)  Gtara’) Sargodha 2006 
Sol, (It+@+a’)® Note l+@t+a’? =0 
=(-w* -—w’)* > Use I > l+o=-w’ I 


= (-2w")* = (-2)'(w*)* = 2560" Lene 
= 256.0.0' = 256.0.(w°) 
= 256.0.(1)° = 2560 
(ii) a +o” +1 Sargodha 2010 
wo +0" 4+1=00" +0’ @” +1 
= 0.(@)’ +a (@*) +1 
= .(1)’+@° (1) +1 
= @+@ +1=0 (Usel+o+a’ =0) 
(ii) G+@-@°\1-@+0°) — greodha 2008 
Sol, = (I+ w-w* )(l+@° -@) 


Sol. 


=(-w' — 0’ )(-@-@) 
= (-2@’ (-2@) = 40° = 4(1) =4 


ele ore, 
(iv) mpi (hs heer a5 


~ 2 
Sol, = (@)' +(w*)’ = w’ +0" 
=0.0° +0 @” 
=0(@’) +a’ (w’)' soe 
=w.(1)’+@°(1)'=@+@?=-1 (Use 1) ee 
2 _-1- -3 
@W mre AS 
(vy =(-1+V-3)5 +(-1- V3)’ 
Sol. = (2@)° + (2)? 
- 320° as 320"° 
= 32(w° +a'’) 
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Note 


en 
= 


=32(0' o +a’) 


2 
= 32(w’*.1+a(w’ )) 90 = <}44)-3 
= 32(@? + o(1)) =32(a+@) -& 20? =-1-V-3 
= 32(-1)=-32 
3. Show that 
(i) x? — y? =(x— y)(x-@y\(x-o'y) Faisalabad 2008 


Sol: R.H.S. =(x— y)(x-—@y)(x- @'y) 
= (x- y)(x-@y)(x- oy) 
=(x-y)(x? -w@xy-@’xy+a'y’) 
=(x- yx? —xy(@+ aw’) + ay’) 
= (x= p(x? = xy(- +1. )=(r— ye? + ay ty") 
=x + Ph + gf — 99 - wf my 
=x -y =LAS , 
iy Ot te —Sxyza (xt yt D(xtoy+o'z\(xta'y+ @2z) Sargodha 2011 
Sol: = RWS. =(x+ y+z\(xt+@yt+@'z\(x+0' y+oz) 
=(x+ptz)\(x +@ xy+oxzt+oxytwy +a’ x+a'yz+@72") 
=(x+y+z)(x? +@°xy + oxz + oxy +ly’ +’ yz + @yz +1.2°) 
=(x+ y+z)(x° +xy(@ +0") +2x2(@+ 0") + y2(Wt+H")+y? +2") 
= (xt y4+z)(x° + xp(-1)4+x2(-1) + y2(-D) + +27) 
=(x+ytz)(x +y? +2? -—xy- yz-2x) 
=x+ yi +z°-3xyz 


ii) + @)(1+ @* (1+ @*)(1+ O° ).cecreeees 2n factor =1 | nore 2009 
Sol. LHS =(1+@)(14+ 07 )(1+@* (1+) -—--2n factor 
=(l+w)(1+@’)(1+@)(1+@°) ----2n factor  |Noe 


=(lt+o+@' +a@°\(l+a+@ +a) --n factor |o'=ad =al=w 


=(0+10+1)—=-=<++-7=--> n factor b=0.0 =. 1=0 
shih: ----=-~ n factor =\= R.H.S 
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4. If wis a root of x° +x+1=0, show that its other root is @’ and prove that «° =| 
Sot oY t+ ¥+1=0: I 

Given@ isroot so putx=@ 

w +@+1=0 I 

To check @ put x=@° in| 

(ow) +@4+1=0 => w'+o'+1=0 Ill 

or @'+2w*+1l-w =0 (+'&'-'@’) 

or (w@ +1) -—w =0 

=>(w +l+ow)\(w +1-w)=0 => 0=0 

(Ow +1-w)=0 => 0=0 

Hence w’ is other root. 


Now lf -I w' +a’ +1=0 
esol! 
o —-w=0 
=> w(@' -1)=0 but a#0>a@-1=0 >|’ =1 
l ; 2 AZ 
5. Prove that complex Cube roots of —1 are 143g’ V3 ana hence: 
9 Ne 
Prove that 1+ V-3 ~ V3 =-2. 
2 2 
Ls 
sot, *= (1)? 38 ==1l 2 +1=0 1 


x +(1)? =0=> (x4 1)(x? —x+1) =0 
x+l or xX -—x+1=0 
; C4 y¥-y’ -4@Mq 
nN Tr xe —_—e______ 
2(2) 
1+V1-4 1+/-3 
pee ae Same wee 


Hence Cube Roots are 


tee pos 


mS : 
2 2 


2 


meee y= 


Now we have to ro 
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Sol. 


(ii) 


Sol. 


(iii) 


Sol. 


zi 9 page 9 
LSI -| rV-3 ,{1-v3 
2-4 2 
=(-w)'+(-w PP Note 
1s 9 -] 2 Vv —3 
=-@ —-@M a= 3 
one 
=~(a")’ -(@')’ => -o= i 
=(1)° -(1y wo ree v-3 
2 
=-1-1=-2=R.HS > -a? = 2S 
If wis a cube root of unity, from an equation whose roots are 2mand 2w’ 
@=20, 8 =20° Faisalabad 2007 


S=a+B=20+20 =Aw+o’) 

=2-l) => S=-2 

P=(2@)(2’) = 4@° = 4(1) =4 

Required Equation is x* —Sx+P=0 

x? —(-2)x+4=0 => x?+2x4+4=0 

Find four roots of 16,81,625 

Take x =(16)"“ 

x’ =16 => x'+16=0 => © (x’)-(4) =0 
(x°-4)(27+4)=0 => (x-2)(x 4.29? +4)=0 
x-2=0,x+2=0,7°+4=0 

x=2.x=-2,2 -4 = xet/-4 =4+VGi=42/ 
Hence roots are 2,—-2, 27, —2j 

Takex=(81)* = x°=81 => x*-81=0 = (x’)'-(9)'=0 
(x°-9)(x74+9)=0 ==> (x-3)(x +3) +9) =0 
x-3=0,x+3=0, x°+9=0 

x=3, x=-3, x=+J-9 =+3; 

Hence roots are 3, — 3, 3i, —3/ 

x=(25)"" = x'=625 = x' -625=0 
(x*} -@S) 20. = (x* S25 yx' +25) 20 
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(x -—5)(x +5)(x? +25) =0 
x-5=0, x+5=0, x? +25=0 
x=5, x=-5, x7 =-25 => x=tV-25 


Roots are = 251 
S.S = {5, —5, Si, Si} 

8. Solve the following equations: 

(i) 2x*-32=0 

sol. ‘*'by2 => x*-16=0 


x'-(47 =0. => (x’)-(47 =0 
(x°-4)(x7+4)=0 => (x-2)(x+2)(x? +4)=0 
x-2=0, x+2=0, x°+4=0 


x=2,x5-2, x’ =-4 => x=t/j-4 > x=22i 


S.S ={+2, +23} 
(ii) 3y° -234y =0 
sol. ‘*' by3 > y’-8ly=0=> p(y -81)=0> y=0 or y*-81=0 


or (7-9) =0 => (y?-9)y? +9) =0 
(7 +9)(y-3V+3)=0, yt3=0 
y=tv-9,y=3,y=-3 
y= 23i,y =43> S.S = {0,+3, 43)} 
tii) x+x?4+x4+1=0 
sol. - ¥ (x +I) F(x +1) =0 
(x+1)O°+1I)=0 => x+1=00r x7 +1=0 
[x=—l] or x? =-1 
x=tV-1 =>x=+i => S.S ={-1, +i} 
(iv) Sx*°-5x=0 = 5x(x*-1)=0 — Sargodha 2009, Multan 2010 
Sol. 5x=0 oer x'-1=0 
[x= 0] or (x? -1)(x? +1) =0 
(x-1)(x +1)(x? +1) =0 
x-1=0, x+1=0, x? =-1 
x=lx=-L x=tV-l = x=4i > SS={0,41,4) 
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Remainder Theorem: Sargodha 2009, Faisalabad 2008, Multan 2009, 10 

If a Polynomial f(x) of degree n 21( nis non negative) is divided by (x—a) till no 
x term exits in the remainderthen / (a) is remainder. 
Factor Theorem: Faisalabad 2007, Multan 2010 

The polynomial (x-a) is a factor of the polynomial f(x) if and only if f(a)=0 


Use the Remainder Theorem to find the remainder when the first 
polynomial is divided by the second polynomial: 


ae : 
01. xo +3x+7,X+1 — Muitan 2008, 


Sol, Let f(x)=x?-3x-7 
Take x+1=0 =x=-1 
f(-1)=(-1)? +3(-)4+7 =5 
Remainder =5 
02,0 x - x +5xt4,x-2 Faisalabad 2007 
Sol. Let f(x)=x’ -x’ +5x+4 
Take x-2=0 >x=2 
f(2)=(2)' - (2)? +5(2)+4=18 
Remainder = 18 
03. 3x'+4x° + x-5, x+1 
Sol. Let f(x)=3x*+4x>+x-5 
Takex+1=0 => x=-l1 
f(-1) =3(-1)' +4(-1l)* +(-1)-5 
f(-1) =3+4-1)-1-5=-7 
Remainder = —7 
04, x? -2x7+3x+3 : x-3 
Sel, Let f(x) =x' -2x? +3x+3 
Take x-3=0 => x=3 
(3) = (3)' — 2(3)’ +3(3)+3 
= 27-18+9+3=21 *” 
Remainder = 21 
Use the factor theorem to determine if the first polynomial is a factor of the second 
polynomial, 
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05. 
Sol. 


06. 


Sol. 


07. 


Sol. 


08. 


Sol. 


09. 


Sol. 


10, 


Sol, 


x-l, x7 +4x-5 

Let f(x)=x’ +4x-5 

Take x-1=0 => x=1 

f(I) = (1) +401) -5=0 

Yes x—lis factor of x7 +4x-—5 

x-2, x°+x?-7x+4+1 Sargodha 2008 

Let f(x)=x? +x? =7x +1 

Take x-2=0 => x=2 

f(2)=(2)' +2) =7@2) +1 
=8+4-14+1=-140 

Hence x—2 is not factor of x’ +x’ -7Tx+1 

©+2, 2@°+@?-—4@+7 

Let f(@)=2@° +@* -—4@+7 

Take @+2=0 => w=-2 

Sf (-2) = 2(-2)° + (-2)? — 4(-2) +7 
= 2(-8)+44+84+7=3+0 

Hence w+2 is not of factor 

x-a, x" —a" when nisa positive integer Lahore 2009 


: Let f(x) = x” ee a’ 


Take x-a=0 then x-a=0 => x=a 
J(a)=a"-a" =0 

Yes x-a is factor of x" —a" 

X+a, x" +a" where n is a odd integer. 


Let f(x)=x" +a" Sargodha 2009,Faisalabad 2008,09, Lahore 2009 
Take x+a=0 => x=-a 
J (-a) =(-a)" +a” 
Because n is odd, 
=-a"+a"=0 ° 


Yes x+a is factor of x" +a" 
When x‘ +2x° +k? +3is divided by x-2, the remainder is 1. Find the value of k. 


Let f(x) =x'+2x* +kx? +3 Multan 2009 
x¥-2=0 = x=2 
Put x=2 
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F(2)= (2) +2(2) +k(2) +3 = 44435 
Given remainder is | so 
4k+35=1 => 4k=1-35=-34 
=> k=-34/4 => 
When the polynomial x’ + 2x? + ke +4 is divided by x-2, the remainder is 14. 
Find the value of k. 
Sol. Let f(x)=x° +2x? +h +4 Faisalabad 2008,09 
Take x-2=0 = x=2 
f(2) = (2) +2(2) +k(2)+k 
=8+8+2k+4=2k+20 
Given reminder is 14 then 
2k+20=14 => 2k=14-20 
1 ae — ones a k=-3 
Use synthetic division to show that x is the solution of the polynomial and use the 
result to factorize the polynomial completely. 


12. x? -7x4+6=0,x=2 
Sol. or x +0x?-7x+6=0 


11. 


Now 


Rem ainder is 0 so x =2 is solution 
Also x° ~7x+6=(x? +2x-3x)(x-2) 
= (x? +3x-—x-3\(x-2) 
= (x(x +3) -1(x +3))(x— 2) 
=(x—-1)(¥ +3)(x-2) 
13. x°~28x-48=0,x=-4 — Sargodha 2008 
Sol. or x° +0x° —28x-48=0 


1 0 -28 -48 
4 get A Sirs os Se hr Sep! AB to 
1 4 “12 | 0 


Remainder is 0 so x = —4 is solution 
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Also x*° ~28x-—48 =(x+4)(x? —4x-12) 
=(x+4)(x* -6x+2x-12) 
=(x+4)(x(x -—6)+2(x-6)) 
=(x+4)(x-6)(x +2) 
14. 2x14 7x? -—4x? —27x-18, x =2, x =-3 Sargodha 2006 
Sol. = x=2)x=-3 


Hence x = 2, x =—3 are solutions. 
Now 2x'+7x* —4x° -27x-18 
= (x-2)(x+3)(2x° +5x+3) 
= (x-2)(x+3)(2x° + 2x4 3x43) 
*=(x-2)(x+3)(2x(x+1)+3(x¥+1)) 
=(x-2)(x+3)(x+1)(2x+3) 


i. Use synthetic division to find the values of p and q if x+1and 
x-2 are the factors of the polynomial x’ + px? +qx+6. 


Sol. x + px’ +qx+6=0 Multan 2008, 09 
x4+T=0 = x=-1 
x-2=0 > x=2 


1 a p q 6 
= d -atp-1 
1 p-1 q-p+1 p-qt+5S . 
Since x +1is factor so p~q+5=0--—----- / 

2 1 p-1 q-p+1 
. 2 Bs A ee 

1 P+1 P+qt3 

p+q+3=Q(x-2 is factor)---—--- I] 
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I+] I-II 
p-¢t+5=0 P-g+5=0 
p+4¢+3=0 —~ptgt3=0 


2p+8=0 > cree? 
~2q=-2=> 


Find the values of a and b if —2 and 2 are roots of the polynomial 
Sol x -—4x° + ax+b. 


Let f(x)=x°-4x? +ax+b 

Put x =-2 

f(-2) =(-2)' - 4(-2)° +a(-2) +b 

J (-2) =-8-16-2a+b =-2a4+b-24 


16. 


2 is root so —2a+b-24=0 eee 
J (2)=(QY —4Q) +a(2)+5 
=8-16+2a+h 
=2a+b-8 pees 
2 is root so 2a+h-8=0 : 11 
I+i i=-f 
= 2G + $9456 —2a+ B -24=0 
Ga +#b-8=0 ~2a+ BT8=0 
2b-32=0 4a-16=0 
[b = 16] 
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Exercise 4.6 i" 
b 
Sum=a+B=-—  f 
a 
c 
Product = ap =— IT 
a 
Equation from roots is 
x’ —Sxt+p=0 Tit 
Proof 1 we know that 
_=bt Jb? —4ac 
+ 2a 


awh tNb —4ac Be -b- Vb? —4ac 


2a 2a 
Sum =a+f 


4 Vb* —4ac i -b- Vb’ -4ac “ -b+ Jb?—Fae —b— fb><Gac 
Se a ee et 


2a 2a 2a 
_ afb 
~ fla 
Proof II Product .-af = xf 


ae -4ac | -b— Vb? — 4a0 | 
ap = ; 


=s Cpeee me 
a 


2a 2a 
_ (-b)’ - yb? -4ac)’ 
4a° 2 
b -(b —4acy 2 bh? —h* +4ac 
4a° “4a” 
Ane : 
4a" a a 
Proof Il we know that 
ax’ +bx+c=0 
+ by a we get 
PH aed es Oe 
x +—x+—=0 
a ad 
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aril x -(-£)r+£=0 
a. a 
Use result | and II 
x +-Sx+ p=0 , 
1, If a,B are the roots of 3x’? -2x+4=0, find the values of 
ee 
BT dies 3 
(4) a? * B 
Sol. = Given 3x° -2x+4=0 
O . '={-2)> 2 
+ =<-— = = 
ane a 3 3 
c 64 
he 
Lt eae 
RELL Fy 2 
af ap 
_a@ +f +2aB-2af 
(apy 
_(@+ By -2afP (2/37 -2(4/3) 
(apy (4/3) 
_4/9-8/3_ 4-24. 9 
16/9 9 36 
wen ey 
16 
wy Sk Sargodha 2011 
pa 7 
Ba ap 
> a+p +2afp-2ap - (a+ py -~2ap 
ap ap 
_ 2/3) =24/3) _(4_8).3 
4/3 be ee 
4-24. 


=(- 
(iii) at+ pt 


Sol. a+ fi-(@ye(Py 


or S203 
— = (——-)(—) = -5/ 
geek 9 MD) 5/3 
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=(a°)) +(B?) +207 B? -2a? Bf? z 
=(a° +B) -2a’p’ _ 
=(a@°+ fB' +2aB-2aB) -2a’ p’ 
=[(a +f)’ -2ap] -2(apy 
o soe Oe 
= s y-2(= >| ares 


4-24 2 
-G -> -2.2)= Sy = 


32 _ 400 te 


_ 400-288 112 


Si 5 <a 
(iv) a +f Multan 2009 
Sol. a+ Pf =(a+ Ba’? -aB+B) 


[+ &-2af] = (a + B)(a’ +f? +2af -2af - af) 
=(a+ B)\((a+ BY’ -3af) 
= (2/3)[ (2/3) -3(4/3)] 


: 
= (G4) 
= = 
1 1 
(v) hg rm 
Sol. abaty odes a “+h 
ff ae 
_ (a+ Pia’ +f +2ap-2ap-ap 
(aBy’ 
Be ag One 4 
[a+ p[la+ py -3ap] ade “1 
* (apy (4/3 
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3)|9 2,,4-36, 27 
= )x 


A. one ge 


(i) @-£p- 
Sol. a°-f’=(a+ B\a-f) 


We know that 
(a-BY =a’ +f -2aB 
=a’ + B' +2aB-2aB -2ap 
=(a+f) -4aB 
=>'(a@ =f) = \la+ BY -4ap 
| become @’ — f° = (a+ B\(a— Bf) 
=(a+B)\(a+ py —4a8 


=(2/3)/(2/3 * _ 4(4/3) 


4x11 
3 


2. If a,B are the roots of x* — px—c=0, prove that 


TIC EQUATION 


(l+a)(1+B)=1-e Sargodha 2008,2009 Lahore 2009, Rawalpindi 2009 


Sol. Jhena+P= “2 =p 


and rs ~¢ 

LHS =(l+ay(1+ B) 
~l+a+B+ap 
=l+p-p-ce 
=1l-c=R.HS 
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3. Find condition that one root of x’ + px+q=0is Federal 
(i) Double the other 

Sol. x? + px+q=0 (a=1,b=p,c=q) 
According to the given condition x 
a=aand B=2a RY 


eaao syle etaeee 
a ] 
=s3¢=—-p- => a= 1 
e q 2 
dad Ge). 2 eae ee ee I 
a 


=> 2(-p/3y =q => 2¢p’/9) =¢ \2p* =9¢ 
(ii) Square of the other 
Sol. - According to the given condition 


a=a&fh=a’ then 

Ree exe aap 
a 1 

Also ap =~ =>. (a)(a*)=4 

ae=q > a=q" 


lbecome a+a@?=-p => q'?+(q'’y =-p 


qo +g =-p ----Il or (q +q¢°°y = py 
(gy +(q°° x Gt 3(q"* (gr iq + go j= -p 
q+q +3q"3*?3(—p) “a -p 


q+q° —3q'(p)+ p’ =0 


=> |pi+qtq’ =3pq 
(iii) Additive inverse of the other 


Sol. According to the given condition 


a=ak&P=-a 


PN => at+(-a)=~ 
a 1 


a-a@=-p >= O=-p = |[p=0| 
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(iv) Multiplicative inverse of the other Multan 2009 


Sol. 


Sol. 


Sol. 


According to the given condition 
] 

a=akBh=— so 
a 


apa = a2) =< => |l=q 
a a 


If the roots of the equation x’ - px+q=0 differ by unity, prove that 


p’ =4q+1. Sarg odha 2007 
x° — px+q=0 (a=1,b=—p,c =q) 
According to the given condition ‘ 


a@=a & B=a+l then 


seh wse => @t+a¢1e-—2 
2a+l=p => 2a@=p-l > a=— 


And ap == => alatlj= 
a 


eA 
| 
a’ +a=q(Put 1) 


et) p-!l p-2p+l p-l 
——— +—= = _ UH 
2 paki 4 Post 


x'by4 => p -2p+l+2p-2=4y 


aos a b 
Find the condition that oe =5 may have roots equal in magnitude 
X-a@ x- 
but opposite in signs. 
a_ Bis =5 
x-a x-b 


‘x' both sides bx —a)(x-b) 

ax -b)+b(x—a) =5(x-a)(x—b) 

ax —ab + bx — ab = 5(x* — ax — bx +ab) 
ax +bx —2ab = 5x? —Sax —Shx +5ab 
5x’ —Shx — Sax + 5ab - ax —bx +2ab =0 
5x" —6ax -6bx + 7ab = 0 

5x? -6(a+b)x+7ab =0 
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Sol. 


According to the given condition 
A=5,B=-6(a+b),C =Tab 
a=a&fPh=-a so 


eopee a+ (-)=%e+)) 
a 
eae a") 0= 6(a +b) 


= 


Lf the roots of px’ +qx+q=0 are a and B then prove that 


[e+ 2 =f [2 -0 Multan 2007, 2010 
fo Na \p i 


a+Bp=—t l&apat Il 


P P 
Jap = 2 ___ III Take squaré root of H 

P 
at _ =a po. 
—— = Divide I by III 
VepB q/p 
mee oe B _-4/p NOTE 

ap Jap Jq/p x=VxVx=(Jx)? =x 

Vava  VBVB _-Ja/pJa/p 
VaVp VaJ/B q/ p 


If a, B are the roots of the equation ax’ +bx+e¢=0, form the equation 
whose roots are | 


a’, B 
—b a 
a+B=— and ap=— 
a a 
are Given (For all parts) 
S=a?+P 
a’ +B’ +2aP-2aB 
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‘)-% 2c bh? —2ac 


2 . 2 


l 
~~, 
R 
+ 
» 
— 
l 
y 
Ren 
it 
rae. 
a | 
——, 
| 
nN 
1 a 


(i) 


Sok = 


cy’ + by+a=0 
1 1 
ar 


St S455 - 


(iii) 


—b a 
_@' +B +2aB-2aB _(a+ By -2aB Fics ee: a 
7 a 2 (apy ry 

a 
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a BR ap (apy (claP 
fama 
ba <¢ 
y’ -Sy+P=0 
2 b? ~2ae a 
'x' by ¢? 
cy? -(b° —-2ac)y +a? =0 
(iv) 2’, Bp 


Sol. = S=a°+B =(a+ Ba’ -af+ B*) 
=(a+ B)\(a’ +f? +2afB -2af-af) 
=(a+ B)| (a + By - 3a | 


Ala-ghee 


_ ~b' +3abe 
2 
393 Pg? 
me = a 3 
P=a B =(af) ( }=§ 
y —Sy+p=0 
2 (== a) we 
x" by a 
ay? +(b° ~3abe)y + =0 
4 
(v) Ware) Sere 
a B 
3 3 
Sol. - $e eee sf 
Qa a g 


This book was uploaded by www.educatedzone.com 


T cs- | 246 | ADRATIC EQUATI 


_ (a+ Ba" -af +B) 
(apy : 
_ (a+ Ba? + B? + 2ap -2af - ap) 
(apy 
_ (a+ BY(a+ BY’ -3a8)) 
(ap) 


(=) -¥} (28-2) 


ee ; 
) ee 


ad sa 
F -b? +3abe 
c 
{vost 1 1 a 
P=— — — : a RST, v2 
a (aBy (elay e¢ 
y -Sy+p=0 


> {-b'+3abe a 
file eer casameee Faron eal 
c c 


ey? —(-b) +3abe)y+a° =0 
(i) a+, pe * 
a 


a 
: l ] 
So. S=a+—+f+— 
a B 


Broo Vee 2 
a 


B 
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—be -—ab 
ac 


Bae Ne 
TE 


ap ap 
| a+ +2af-2eB 
ap 
=ap+—.4 (+h 208 + By -2ap 
ap ap 


_@ +e? ¥ (6° —2ac) 
“ac ue 
_@ +0 +b? -2ac 


ac 
y -Sy+P=0 
2 Be nd ate? +h? -2ac -0 
ac ac 
‘x' by ae 


= yrac +bh(c+ ay +a’ +b’ —2ac=0 
(vii) (@~-B)’,(a+ py 
Sol.  S= (a@—- B)’+(a+ By 
= (a* +f’ —2ap)+(a+ py 
= (a° + B* +208 -20B -2af)+(a+ py 
= (a+ B)'-4aB+(a+pBy 
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2 
=2(a +f) -4af = 2{=) -45 
a a 


2b? 4c 2b? -4ac 

a a a 
P=(a+f)(a+py 
=(a? +B? -2aB+ 2aB -2aB\(a+ By 
=((a +B)’ -4aB\a + BY 


(4-98) 
oe 


y —Sy+P=0 
? [> 7) (+ re) 
a a 
"\' by a 
ay’ —2a’(b —2ac)y +b* — abc =0 
AS 1 1 
v -—,-— 
(viii) wR 
a Bp ae 


_ 2a’-B' __(@*+ 6’) 

ap (apy 
_ (a+ Ba" + p* +2af -2af - af) 
° (apy 


eal -) i *| 
= St BMG +BY 308) A 


) 
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cy? =(b —3abc)y4a° =0 


If a, B are the roots of 5x* -x-2=0, form the equation whose roots 


3 


: 3 
Given roots are — and — 
a 


S224 2 ea jag?) 
a’ £ a B aB 

_ A) 35. 3 

21s 2 


r-(2)(3)-5-2, = 
EHR) 28 2/5 2a 


x' by 2 => 2y?+3y-45=0 


3 3 
are—and 2 é Federal, Faisalabad 2008, 09, Gujranwala 2009, Mul tan 2009 
a 
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If aand B are the roots of x? —-3x+5=0, from the equation 


l-a 
whose reots are 
l+a@ 


Sol. at fp=—=- 


Roots are a x Ee 
+a 1+f8 


_l+@ 1-f _(-a)l+h)+(-f)+a) 
l+a 1+f8 (i+a)(1+ Bf) 
_ l-a+P-aB+l-Bt+a-ap 
% l+a+f+af SAE 
2~2aB 2+2(5)_ 2-10 _ 8 


 1+(a+B)+ap 1s345.. 0. 9 
l-@a\il-B) 1-a-B+ep 

(32) 4)- l+a+fh+ap 

t= (a+ f)+ap _ 1-3+5 -3 

l+(a+B)+aB 1+3+5 9 


4 . > 3 

1 _ Sys aG ey yl pes 38 
yo —oyt p y (=)» 9 
x' by 9 9y? +8y+3=0 
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i. b’ —4ac <0 Roots are complex 


ii. b’-4ac =0 Roots are equal Faisalabad 2009 


iii. b’ —4ac >0 (Not Square) Irrational 
Real 


iv. b? —4ac >0 (Square) Rational 


01. 


Sol. 


Sol. 


Discuss the nature of the roots of the following equations: 
4x7 +6x+1=0 Faisalabad 2009 
4x°+6x+1=0 (a=4,6=5, c=)) 
Take x+1=0 =>x=-1 
b° —4ac = (6) - 4(4)(1) 
= 36-16 =20 Irrational and unequal 
x’ -5x+6=0 Multan 2010 
b* —4ac =(-5)? —4(1)(6) 
=25—24=1=(1)’ Rational & unequal 


2x* -5x+1=0 Multan 2009 
b* ~4ac = (-5)’ — 4(2)(1) = 25-8 =17 Irrational unequal 
25x? -30x+9=0 Multan 2009 


a=25, b-30,c=9 
b’ —4av = (-30)° —4(25)(9) = 900-900 = Equal 
Show that the roots of the following equations will be real: 


2 m2) x43=0 m+0 Rawalpindi 2009 
m 


ay 
a=l1, b=-2 [mst ),e=3 


m 


¥ sae =| 2{ ms 4) —4(1)(3) 
m 


aye +4 2)-12= 4m" +2534 8-12 
2 at 


\ m 


2 Bers 
m m 


; 
= 4m’ + : “8aaf me 1] 
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Sol. 


Sol. 


ii. 


Sol. 


= 4m fe 141) if eer A -2+1), 2 is 
m m 


-4{(m—2) sifsa Hence Real 
m 


(b—c)x? +(c-a)x +(a—b) =0; a,b,c,€ Q 
A=b-e, B=c-a,C=a-—b 
B? —4AC.=(e-a)y —4(b-c)(a-b) 
=¢’ +a’ —2ac—4ab+4b* + 4ac —4be 
=a’ +c? +2ac—4ab—4bc +467 
=(a+c-—2b)’ >0 Hence Real 
Show that the roots of the following equations will be rational: 
(p+q)x’ — px-q=0 Sud 2009, Lahore 2009, Mul tan 2010, Fsd 2007, 08 
a= p+q,b=—p,e=-q 
b* —4ac = (-py —4(p+q)\-q) 
=p? +4pq+4q° =(p+2q)’ Hence Rational 
px’? -(p-q)x-q=0 Sargodha 2009, Mul tan 2008 
a= p,b=(p—q),¢=—q 
b* ~4ac =[-(p-4)} -4(p\(-a) 
=p’ -2pq+q' +4pq 
=p +2pq+q =(pt+q) Hence Rational 
For what values of m will the roots of the following equations be equal? 
(m+1)x?+2(m+3)x+m+8=0 Sargodha2006 
a=m+l, b=2(m+3), Ca=m+8 
b? —4ac =[2(m+3)] —4(m +1) +8) 
= 4(m? +6m+9)—4(m? +m +8m +8) 
b? —4ac = 4m’ +24m+36- 4m —4m—-32m-32 =-12m+4 


Given roots are equal i.e b-—4ac=0 =-12m+4=0 
l2m=4 
m=4/12=>m= Vy, 
x? —2(14+3m)x + 7(3+ 2m) =0 Lahore 2009 


a=1,b=-2(1+3m), c=7(3+ 2m) 


This book was uploaded by www.educatedzone.com 


COLLEGE MATHEMATICS-| U, ATIC E TION 


b* —4ac =[-2(1+3m)] —4(1)(7(3 + 2m)) = 4(1 + 6m + 9m*)— 28(3-+ 2m) 
= 4+24m+36m’ —84-56m 
= 36m* —32m-80 
= 9m’ —8m—20('+'by4) 
= 9m? —18m+10m—-20 
= 9m(m — 2)+10(m — 2) = (mm —2)(9m +10) 
Given roots are equal so 
(m—2)(9m+10)=0 
m-2=0 or 9m+10=0 
= 2 OF m= -10/9 ; 
iii. (1+ m)x? —2(1+3m)x + (1+8m) = 0 Mul tan 2008 
Sol. a=l+m,b=-2(1+3m),c=14+8m 
Roots are equal if b’ -4ac =0 
=> [-2(1 + 3m)] —4(1+ m)(1+ 8m) = 0 
4(1+ 9m? +6m)—4(1+ m+ 8m +8m’) =0 
4(9m? + 6m+1)—4(8m? +9m +1) =0 
+ by 4; (9m? +6m+1)—(8m* +9m+1) =0 
9m? +6m+1-8m’ —-9m-1=0 
m -3m=0 => m(m-3)=0 


m=0 or m—3 
05. Show that the roots of x? + (mx +c)? =a’ will be equal if c’ = a7 (1+ ar’) 
rN x+(mxtcy sa Federal, Fsd 2007, 2009, Mul tan 2008, Sgd 2007, 08 
Sol. x +x +2mex+c’ -a’ =0 


(l+m*)x? +2mex +(c? —a’)=0 
A=1l+m’, B=2me, C=c¢ -a’ 

Given roots are equal so B? -4AC =0 
(2mcey —4(1 +m’ )(c’ —a’)=0 

4 - 40? +4a° — 40 + 4m?a? =0 
—4¢? +4q* +4m’a’ =0 

+by4 =>-e' +a +a’m =0 

or—c* +a’(l+m’)=0 


=> lc? =a°(l+m’) 
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MATH $-i 


QUADRATIC EQUATION 


Show that the roots of (mx + ¢)* = 4ax will be equal if c = a@/m; m +0 
(mx +c)’ = 4ac Sargodha2010 
mx? +2mex +e? -4ax =0 

or = mx? +2mex—4ax+e? =0 

mx? +(2mce—4a)x+c? =0 

A=m’, B=2mce-4a, C=¢’ 

Roots are equal so B? -44C =0 

(2mc —4a)’ —4m?c? =0 

Su? + 16a" -16ame-4nPE =) = 16a°—16ame=0 

'+'by 16a >a-mce=0 > me=a => 

¥ oe oer 
if c =a'm'+b5a#0, 540 Faisalabad 2008, Mul tan 2007 
x’ (metey xh? +a?(mx +c) 
BE eens vaca PE ee ae 
a 5 ab 

xb? +a? (mx? + Imex +07) =a*b? 


2 
Prove that = =1 will have equal roots 
a 


1 


xb? +a?m' x’ + 2a’mexta®e? —a?b? =0 
(6° +a°m*)x? + 2a°mex + (a*c? — ab?) =0 
A=b’ +a?m’, B=2a'me, C = ac? ~a"b? 
Roots are equal so B? -4AC =0 
=> — (2a’me)’ — 4(b? +a*m? )(a*c? - a*b?) =0 
Aaa —4a%b*c? + 4a°b4 — sate? + dams? =0 
‘s' by 2a°b? => -4a7b?c? +.407b' + 4a'mh? = 0=> -c? +b? +a2m? =0 
= 
Show that the roots of the equation (a? — bc)x? +2(b* - ca)x+c? —ab=0 will 
be equal, if either a° + 6° +c? =3abe or b=0 
(a? —be)x? + 2(b? —ca)x+ (c’ -ab) =0 
A=a’-be, B= 2(b? —ca), C =c? —ab 
Roots are equal so B’-4AC =0 
[2(6” - ca) ] -4(a? ~be)(c? - ab) = 0 
4(b' +c°a? —2ab*c)— 4a*c? +.4a°b +.4he? — dab c = 0 


2 
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4b‘ +40 4’ -8ab’c-4e' a +4a°h + 4bc* —4ab?c =0 
4b‘ —12ab’c+4a°b+4bc* =0 '+' by 4 
=> b(b® -3abe+a°+c°)=0 => b=0 or a’ +b? +c? -3abc=0 


>a+b +c =3abe or b=0 


Solve the following systems of equations: 
Ol. 2x-y=4;2x?-4xy-y’ =6 
Sol. 2x-y=4 
From i -—y=4-2x => y=2x-4 —— iii 
(Put iii in ii) 2x* -—4x(2x-4)-(2x-4) =6 
2x° -8x° +16x-(4x’ -16x+16)-6=0 
2x’ —8x* +16x—4x’ +16x-16-6=0 
—10x? +32x-22=0 = 10x? -32x+22=0 (x'by—1) 
+ by2 both sides 
5x*-16x+11=0 = 5x?-5x-llx+11=0 
5x(x-l)-11(x-1)=0 => (x-))(5x-11)=0 


i, 2x? -—4xy-y* =6 —— ii 


1] 


x-1=0 or ~~ §x-11=0 => x=! or hae 
When x=1 then y =2(1)-4=2-4=-2 
2 ioe 
When rat} then y=2( 12) -4= 2-4-2 20_2 
5 5 > 5 5 
11.2 
S.S = 4(1,-2),(—,— 
{( WE =} 
02. x+y=5; x°+2y? =17 Multan 2010,S arg odha 2011 
Sol. x+y=5 i, x? +2y? =17 —— ii 


ili 


Fromi x=5-y 
Put value of x sin ii(5-y)’+2y?=17. , 

25-10y+y?+2y?-17=0 = 3y’-10y+8=0 
3y’-6y-4y+8=0 => 3y(y-2)-4(y-2)=0 
(y-2)3y-4)=0 => y-2=0 or 3y-4=0 
y=2 or y=4/3 when y=2 thenx=5-2=3 
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04. 


Sol. 


whin y= 4/3 thinx=5- FF ae Sets Me 
3 3 
[ 11 sh 
3,2),(—.- 
sa We Sy 
§p= Bt Bie yns LEN iit oes 
—] 9x? 52954 2ytinee Pa 


y 


(From 1) 2y=7-3x => iS 
Put value of y in ii 

=. * 2 
34? 225 42 = got a eee ee 

2 A, 
ax? 2252S 
(x) both sides by 2 6x” =504+9x* —42x+49 
or 9x° ~42x4+99-6x7 =0 = 3x’ —42x+99=0 
+ both sides by 3 x? -14x+33=0 
x? -3x—11x+33=0 => x(x—-3)-I1(x-3)=0 
(x-3X(x-1D=0 = x-3=0 or x-11=0 
x23 or x= 
When x=3 then Pies: oe By ae 

2 2 Se 
When x=11 then y= na. ea -13 
S.S ={(3,-1),(11,-13)} 
Sees Sie 2 
xy =5;—+—=2,x70,y #0 
x sy 
x+y=5 I Fyne ———/] 
ey 

From | x=5-y Il (x) Il by xy both sides 
Put value of x in 2y + 3x = 2xy IV & 


2y+3(S—y)=2(5-y)y => 2y + 15—-3y =10y-2y" 
=> Dytl$—-3y-10y+2y' =0 = 2y'-11y+15=0 
2y? -6y—Sy+15=0 = 2y(y-3)-S(y-3)=0 
(y-3)(2y-5)=0 = y-3=0 or 2y-5=0 
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(y-3)2y-5)=9 => y-3=0 or 2y-5=0 


5 
sae =— 
y 3 
When y=3 then x=5-3=2 
When me then Oe aed es 
2 2 2 2 
$5 
$9={2.3s6 , >| 
05. yee es 
xe : 
ab 
Sol x+y=atb J —+—=2 I] 
ieee 3 


(From 1) x=ath-y Il] (x) Il, by xy we get 

(Put value of x in IV) ayt+bx=2xy_ dV 
ayt+b(a+b-y)= 2(a+b—y)y => gy +ab+b? —by =2ay+2by-2y" 
=> ay +ab+b* —by- 2ay— 2by+2y° =0 
2y'-ay-3byt+ab+h =0 => 2y? -(a+3b)ytab+bh’ =0 

A=2, B=-(a+3d), C= aera 


2(2) 


_ (a+3b)tVa +6ab +9b*—Bab — 8b 
4 
_ (a+3b)+Va? -2ab+b? _(a+3b)tV(a-b)’ 
4 4 


_(a+3b)+(a-5) 


4 
a+3b+a-6 a@+3b-a+h 
= and y = 
4 4 
2 
Pe as _atb ect Mie 38 
4 4 2 4 
2 
When Pe sebn POI Se ae 
2 2 2 2 


When y=b thenx=at+b-t=a 
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vS fds 
s8=(a b),( a 
2 
ee Rawalpindi 2009 
tx y 
3x+4y=25 iP 3 4c LT 
x 


25-4y 


(From 1) aes wpe (x) by xy => 3y+4x=2xy Ll 


Put value of x in III 
sy4(25-42) (28-10), 


3 
-1 50y-8y’ 
{ya 6y _ Oy—8y 


3 2 

(x) both sides by 3 

9y+100-16y=S0y-8)?7 = 9y+100-16y-—S50y+8y? =0 
8y?-57y+100=0 = 8y* -32y-25y+100=0 
8y(y-4)-25(y-4)=0> (y-4)(8y-25)=0 


y-4=0 or 8y-25=0 => y=4 or yuee 
When y=4 then Pit ei «Si ae 
3 3 = 2 
25 25 
25- -4(2 5, Saeed 
lion petik thenxe LE OES A OS Be 2: 
when y A enx 5 3 a fs ‘ 
25 25 
ssefonc. 3 
(x-3) +y? =5;2x= y+6 
(x-3)? +p? =5 , 2x=y+6 J 
or x°-6x+9+y°-5=0 (From 1) y =2x-6 Hil 
or x’ +y?-6x+4=0 vhf 


Put value of III in II 
x? +(2x-6) -6x+4=0 
x' + 4x? - 24x +36 -6x+4 =0 = 5x°-30x+.40=0 x? 6x 4820+ by5 
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08. 


Sol. 


Sol. 


=> x? -2x-4x+8=0 
x(x-2)-4(x-2)=0 => (x-2)(x-4)=0 
x-2=0 or x-4=0 => x=2 or x=4 
When x=2 then y=2(2)-6=4-6=-2 
When x=4 then y=2(4)-6=8-6=2 
= {(2,-2),(4,2)} 
(x+3)?+(y-1) =5 3 x? +y?+2x=9 
x? +6x+9+y? —2y+1-5=0 ; x’ +y?+2x-9=0 
x+y? +6x-2y+5=0 I; x*+y?+2x-9=0 
Subtracting Il from 1 


RS +6x-2y+5=0 
BAF t2x — F9=0 


4x-—2y+14=0 = 2x-y+7=0 => y=2x+7 

Put value of II in Il x? +(2x+7)?+2x-9=0 
x? +4x? +28x+49+2x-9=0 = 5x?+30x+40=0 => x? +6x+8=0 
=> x°+2x+4x+8=0 

x(x+2)+4(x4+2)=0 = (¥+2)(x+4)=0 

x+2=0 or x+4=0 => .x=-2,x=-4 

When x=-2 then y=2(-2)+7=-4+7=3 

When x= -4 then y=2(-4)+7=-8+7=-1>SS = {(-2,3),(-4,-)} 
x? +(y +1)? =18 3 (x+2)+y? =21 
or x+y +2y4+1-18=0 ; x°+4x4+44+y?-21=0 
e+y?+2y-17=0 so 3 x? +y? +4x-17=0 


N-1=> Sey +4x-47 =0 
EAD +2y37 


4x-2y=0 => 4x=2y = 2x=y il 
Put value of Ill in I 
x>+(2x))+4x-17=0 = x7+4x7+4x-17=0 


i eden = pe 


x 
2(5) 


I 


Ii 
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_ -44J16+340 4+ V356 


10 10 
= —4+/4x89 —4+2V/89 € 2(-2+ 89) 

10 10 +0° 

—2+~89 —2-/89 

x = ——<—_ & x ———_ 

5 5 

—2+¥ —2+/89 8 
When pee en y=2 Sie laid _ 4+ 2v89 
5 5 5 

When x= hen 7-9 2 2) Ae v89 


(232) 2G) 


5 5 5 
10. x+y? +6x=1 3 x? 4+ y? +2(x+y)=3 
Sol. x? +y?+6x=1 ——I,) x? +? +2x+2y=3 ——lI 


H-1 x29 +2x42y=3 
eT +6x a | 


—4x4+2y=2 => -2x4+y=l => y=2x+l1 

(Put value of y in 1) x’ +(2x+1) +6x=1 

x 44x? +4x4+4++6x-t=0 => 5x’+10x=0 

5x(x+2)=0 => Sx=0 or x+2=0 

x=0.0r x=—2 

When x =0 then y=2(0)+1=0+1=1 

Whenx=-2 then y=2 (-2)+1=-44+1=-3>SS= {(0,1),(-2, -3)} 


Example-1 (Exercise 4.9): x? + y? =25 I S argodha 2010 
Sol. 257 +59" 66 
Il-2xI=> 2x’ +3y’ = 66 
2x’ +2y* = 50 
y =l6>y=+4 


(Put in 1) x? +(44)Y =25 => x? +16=25 
x? =25-16=9=> x=+3 >S.S ={(43,44)} 


This book was uploaded by www.educatedzone.com 


COLLEGE MATHEMATICS-! 5 261 UA IC EQUATION 


Show the following systems of Equations: 


01. 2x? =64+3y"33x7-5y’ =7 
I & 3x? =5y =7 
(x) 1 dby3 II] by 2, then subtracting 


ce 9y’ =18 


Sol. => 2x?-3y’ =6 


I 


y=4 = yt2 

Put y=x+t2inI 

2x? —3(+2)’ =6 

2x? —3(4)= 

2x? =64+12=18 

¢=3 => se 

S ={(3,2),(,-2),(-3,2), (-3,-2)} or {(43,42)} 

02. 8x°=y’ ; xi +2y' =19 
Sol. - $x" = y => 8x’- y = 0 ——_/ 

x°+2y’? =19 i 

(x) Iby2and addin I 


16x? — 2% =0 


x? +2 =19 
17x" =19 => g2%s a nae 
17 17 
e = -y'=0 (J become) 
/ 


19 2 2 38 38 

gf 2 |- y= yy? =4x— > p= 42, |— 

2B} yar-8 7 
ss={s[ 28 
17 17 
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03. 
Sol. 


Sol. 


2x?-8=5y? ;  x?-13=-2y? 

2x*-8=5y° x’ -13=-2y’ 

=> Dy Sy? eh as 7 

x'+2y =13-— I] => x? +4y? =26——_y7 
I-ll=> 

Dx*-5y’ =8 

—2** +4y? = 26 

—9y?=-18 => y=2 => y=t 2 
Put in WH x?+2(+V2)? =13 

x’ =13-2(2)=13-4=9 >x=43 

SS ={(43,+V2)} 

x’ —-Sxy+6y?=0 3; x?+y?=45 
x? —S5xy+6y" = I x? +y? =45 
(from 1) x’ -5xy+6y? =0 

x? —2xy-3xy +6y? =0 
x(x-2y)-3y(x-2y)=0 
(x-2y)(x-3y)=0 

x-2y=0 WI or x-3y=28 
=>x=2y Putvalue of x in IT 
(2y)? + y? =45 

4y? +y? = 45 

Sy =45 => y=9 > y=s3 
When y=3. then x =2(3)=6 
When y=-3 ten x =2(-3)=-6 
from IV x=3y 

Put Value of xin I] 
Gy)’ +y 7=45 

Oy? +y? = 45 => 10y? =45 


i 


IV 


When yo, xn3(Z)= 
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05. 


Sol. 


3 -9 


When yes then x=3{ |= 
$= {(6 3),(-6,-3), BH Gane j 


12x*-2Sxy+12y?=0 ; 4x?+7y?=148 Mul tan 2010 
12x? -25xy +12y? =0 I, 4x? Ty? =148—— 17 

(from 1) 12x’ -25xy+12y? =0 

12 x? -16xy-9xy+12y? =0 , 

4x(3x —4y)-3y(3x-4y) =0 

(3x-4y)(4x-3y)=0 

3x-4y=0 Tl or 4x-3y=0——IV 


from III 3x=4y = xeSy 
i 


Put value of x in 
4 2 

($y) +7Ty? =148 

(By }ery = 148 


2 
SY + Ty? =148 
(x) by 9 both sides 
64y? +63y? =1332 => 127y? =1332 
Wiss 1332 _ 4x333 


w 127 
vere [333 _ gs RS? 43) 
127 127 127 
When y=+2 = then =4{n/ 333 =) 


3 28 ies a [37 pice [37 
127 127 127 


jrom V=> 4x=3y => xety 


Put Value of xin I 
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2 oR 
(3, +7y? =148 


9 2 
4{ 2 y? |4+7y? =148 
& J 

9 2 a 

4> +Ty = 148 

(x) by 4 

9y? +28y° = 592 

379? = 592 

2g oe BiG ay = 
ee y 

When y=4 then x=2(4)=3 


When y=-4 then r=s(-4)=-3 


[37 37 
SS= ie 4),(-3,-4), [s 57°28 | 


06. «12x? -11xy+2y?=0 3; 2x?+7xy=60 
Sol. 12x? -llxy +2y? =0 I 

2x? +7xy = 60 i 

(from I) 12x? -1lxy+2y? =0 

12x” -8xy -—3xy +2y’ =0 

4x(3x —2y)— y(3x-2y)=0 

(3x—2y)(4x —y) =0 

3x-2y=0 | I or 4x-y=0._ sos 


from Ill 3x=2y => x=5y 


2 
Put <o72 in IT 


927 Lore 
ol 2») aitopdb= oe 
(Gy) + (3) 


4 14 
2) —y’ |+—y’ =60 
52") Saf 
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07. 
Sol. 


THE $-1 265 
2 
Sy Mee 60 
9 3 


(x) by 9 we get 
By? +42y* =540 
50y? =540 


= ae a 
[6 2 [6 [6 
f =+ ~~ =—j+ as -+2 = 
When y=+3 : then x 2f | F 


from IV => y=4x 

Put Value of yin I 

2x? + 7x(4x) = 60 

2x? + 28x" = 60 

30x7=60 = xt=2=  x=tv2 
When x=x,J/2 then y= +4,/2 


SS= {ew $4V2 {af 3/6 } 


x-y?=16 ; xy =15 
fer. oe 


i) 


x’ —y’ =16 
1 

fom iis 
x. 


Put value es y inl 


or x'—225=16x° 

x' —16x? —225=0 

x' + 9x? -25x? -225 =0 
x?(x? +9)—25(x? +9) =0 


ADRATIC 
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TION 


D CE 


COLLEGE MATHEMATICS. 
(x* +9)(x? —25) =0 


x +9=0 or x? -25=0 
x =-9 or x’ =25 
x=itv-9 = or x=+5 
x = +3i or x=+5 

When x=+5 then yas =33 

; 15 

When x =+3i then dain 

i 


yotrasr ten 4 Hs, 
i b's i -1 
SS = {(£5,3), (431, +5i)} or S.S ={ (5,3), (-5,-3), (33,51), (—3i, —5i)} 
0. 8 x'+xy=9 3; x?-y?=2 
Sol. x? +xy=9 I, x~-y? =2 vi 
(x) J by Zand II by9 we get 
2x'+2xy=18_ Ts 9x? -9y7 =18 
Solving Ill & IW 
9x? -9y? = 48 
2x" + 2xy =+8 


7x? -2xy-9y? =0 

7x? —9xy+7xy-9y? =0 

x(7x-9y)+ y(7x-9y) =0 

(7x-9y)(x+ y)=0 

7x-9y=0 il or x+y=0——_IV 

(from IV) x=-y put in IL 

(-y-y=2 => y-y=2 => 0=2 (Nor possible) 


from III 7x-9y=0 => Tx=9y = re oy 
Put in IL 

oy 
xy =2 = (2) -~y=2. 
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ae Se ; ; , 5.98 ~~ 3 49 7 
——-y? =2 =>81y* -49y* = 98 > 32y" = 98 > y= > y g=— > yaet— 
49° ae . ee SN a 
When y=— then “xe 7\.3 use V 
7\4) 4 
When fae +-2(2)-2 
4 4\ 4 4 
5S = (2.2\(22) 
\44 4 4 
09. y’-7=2xy 3; 2x7+3=xy Sarg odha 2010 
Sol. yy? -7=2xy fi-ie 3e¢ +3=y I 
or y’ —2xy=7 lor 2x? -xy=-3 ——IV 
(X) HI by3 & IV by7 
3y?-6xy=21 —V_& Ss 14x’ -Txy=-21 ——VI 
VI +V 
14y?-7xy =-2t 
—6xy +3y? = 2+ 


14x -13xy+3y" =0 

14x? —7xp -6xy +3y" =0 

7x(2x.— y)-3y(2x— y) =0 

(2x- y)(7x-3y) =0 

2x-y=0 ——VII_ or -7x-3y=0 ——VII] 
(from VID) y=2x ‘put in ——Il ’ 
2x°4+3=x(2x) = 2x°-2x7+3=0 => 3=0 
from VIII 7x-3y=0 => 3y=7x => y=7x/3 
Put value of yin Il 2x? +3=x(7x/3) 


2x 43 = x! by 3we get 6x°+9=7x? 
~6x? +7x° =9 i a = x=43 


When x =3 then y=50) =>y=7 


When x=-3 then y= 7(-3) >y=-7>SS ={(3,7),(-3,-7)} 
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10. vey=5 4 xe Mul tan 2010 
Sol. x + 35. 21: ayp=2 if =>. y=2/ x Ii 


xi+—=5 _'x' by x’ we get 


xi'+4=5x°=> 8 x'-5x7+4=0 
x= x? -4e74+4¢20 0S (x? -1) +40 -D)=0 
(x°-4)(x7-1)=0 = 2x°-4=0° or x-1=0 


(x? —4)(x7 -1I)30 -=>° x~=42 or -x=4) 


When x=2 then p=—=l1 
a 
When x=-2 then y=—=-1 
. Se 
2 
When x=1 then y= 7 =? 


When x=—-|1 then y=—=-2 


SS ={(2,1),(-2,-1), (0, 2),(-1,-2)} 


Exercise 4.10 


01. The product of one less than a certain positive number and two less than three 
time the number is 14 find the number? Multan 2007 
Sol Let xbe the positive number then one less then positive number = x —-1 two 
less then three time = 3x -—2 then 
According to the given condition equation is 
(x-1)3x-2)=14. => 3x?-2x-3x+2=14 
=> 3x? -5x-12=0 => 3x’-9x+4x-12=0 
=> 3x(x-3)+4(x-3)=0 = (x-3)(3x+4)=0 
=>x-3=0 or 3x+4=0 => x=3 or x=-4/3 (ignore) 


-4/3 is not possible so |x =3 
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02. 
Sol. 


03. 


Sol. 


04. 


Sol. 


05. 


Sol. 


The sum of a positive number and its square is 380.find the number. 

Let a positive number =x , Square = x" 

According to the given condition equation is” 

x+x°=380 => x°+x-380=0 3 
=> x? +20x-19x-380=0 =. x(x+20)-1%x +20)=0 

= (x+20)(x-19)=0 = x+20=0 or x-19=0 

=>x=-20 or x=19  -—20 is not positive so[x =19] 

Divide 40 into two parts such that the sum of their square is greater than 2 
times their product by 100. 
Let one part =x , Another part= 40—x 

According to the given condition equation is 

(xy +(40-x)? =2x(40— x) +100 

x? +1600 -80x+x° =80x-2x° +100 

=> x? +1600-80x + x° - 80x + 2x” -100=0 

=> 4x? —160x +1500 =0 (Dividing by 4 both sides) 

=x? -40x4+375=0 = x? -25x-15x+375=0 

=> x(x —25)-15(x-25) => (x-25)(x—-15) =0 

—x—-25=0 or x-15=0 => x=25 or x=I1Sare required numbers. 


26 
The sum of positive number and its reciprocal is ry Find the number. 


Letthe number =x Its reciprocal=1/x Faisalabad 2008 


According to the given condition equation is 
1. 26 x’ +1 26 

X4—-S=— — = 
me x 3 

=> 5(x? +1)=26x = 5x?+5-26x=0 

35x? 26x45=0 > Sx? =x-25x4+5=0 

= x(5x-1)-5(Sx-1)=0 = (5x-I)(x¥-5)=0 


= 5x-1=0 or x-5=0 => or [x = 5lare required number. 


A number exceeds its square roots by 56. Find the number. Sargodha 2008 


Let the number = x _, Its square root= Vx 
According to the given condition equation is 
xaVx+561 => x-56 =Vx 
Squaring both sides 
x’ -112x+3136=x => x -112x-x+3136=0 
=> x? -113x+3136=0 => x° -64x-49x+3136=0 
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x(x - 64) -49(x-64)=0 => (x -64)(x- 49) =0 

=> x-64=0 or x-49=0 => x=64 or x =49 

(Put x = 64in1) 64 = 64 +56 => 64=64 

(Pul x = 49in1) 64 = J49 +56 => 64 = 63 (not possible) Hence 

Find two consecutive number, whose product is 132. Faisalabad 2007 
Let two consecutive number are x and x +1 then 

According to the given condition equation is 

x(x+1)=132 = x? +x-132=0 

=> x°4+12-1x-132=0 => x(x+12)-11(x+12)=0 

=> (x*+12)x-1)=0 > x¥4+12=0 or x-11=0 


=> x=-12 or x=11 [ ignor x=-12| 


IFx=11 then x+1=12 

Hence Required riumber 11, 12. 
07. The difference between the cubes of two consecutive even number is 296. Find them. 
Sol. Let two consecutive numbers are x and x +2 then 


According to the given condition equation is 
(x+ 2)? -x' = 296 
=> #°+6x?+12x+8-x* —296=0 
=> 6x'+12x-288=0 (+)by 6 => x°+2x-48=0 
=> x°+8x-6x-48=0 = x(x+8)-6(x+8)=0 
=> (x+8)(x-6)=0 = x+8=0 or x-6=0 
=> x=-8 or x=6 (lgnor x=-8) 
IF x=6 then x+2=6+2=8 
Required number 6,8 
08. Aformer bought some sheep for Rs.9000. If he had paid Rs.100 less for each, he 
would have got 3 sheep more for the same money. How many sheep did he buy, 
when the rate in each case is uniform? 
Sol, —_ Let number of sheep = x 
Rate of x sheep = 9000 
9000 
x 


gs 


Rateofone sheep = 


9000 


If three sheep are more, then rate of one sheep = 3 
By 3 


According to the given condition equation is 
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Sol. 


10. 


Sol 


9000 100 = 9000. = 20 ~100x _ 9000 
x x+ pa x x+3 


=> (x+3)(9000-100x) =9000x = 9000x-1 00x? + 27000 - 300x = 9000x 
=> 9600-+ —9000-* +100x? — 27000 + 300x = 0 
=> 100x? +300x-—27000=0 (+) dy 100 
x’ +3x-270=0 = x° +18x-15x-270=0 
=> x(x+18)—15(x+18)=0 = (x+18)(x-15)=0=> x=-18 or x=15 
-18 Not possible so x =15=number of sheep 
A man sold his stock of eggs for Rs.240. If he had 2 dozen more, he would have got 
the same money be selling the whole for Rs.0.50 per dozen cheaper. How many 


dozen eggs did he sell. 
Let number of eggs= x dozen 


Rate of x dozen eggs = 240 


240 
Rate of 1 dozen eggs= —— 
x 


If 2 dozen are more then rate of one dozen = 5 
x+ 


According to the given condition equation is 

240 240 240-0.5x 240 
—-0.5= SS 
x x+2 x x+2 


=> (x+2)(240-0.5x) = 240x = 240x-0.5x° + 480—x = 240x 
QAOK — 240% +0.5x7-4804+x=0 = 0.5x°+x-480=0 

(x) by 2 x° +2x-960=0 

=> x? 4+32x-30x-960=0 = x(x+32)—30(x+32)=0 

=> (x+32\x-30)=0 > x+32=0 or x-30=0 

= x=-32 Not possible =» x=30 dozen = number of eggs 

A cyclist travelled 48km at a uniform speed. Hed he travelled 2 km/hour slower, 

he would have taken 2 hours more to perform the journey. How long did he take 

to cover 48km? 

Letspeed=V_; Timest 

According to the given condition equation is: 


Distance =S =v =48—1 & (v—2Xt+2) =48— II (nwo kon slow =v—2 two hour more =1 +2) 


J] => vt+2v-—21-4=48 
(put vt = 48) 48+ 2v-21-4-48 =0 
2v-2-4=0 ((+) by 2)v-1-2=0 > v=rt2 
Put Il inI=>vt=48=> (+2) =48 
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+2t-48=0 


11. 


Sol 


12. 


Sol 


(+81 -61-48=0 
t(¢+8)—6(¢+8)=0 
(+8) —8) =0 
(ignore,t =—8)=> 


The area of a rectangular field is 297 square meters. Had it been 3 meters longer 
and one meter shorter, the area would have been 3 square meters more. Find its 
length and breadth. Federal 

Length=x ., breadth=y 


IF 3 meters longer then length = x+3 
IF | meter shorter-then breadth= y-1 
According tothe given condition equatio is. 


xy =297-1 & (x+3)(y—-1)=297+3 
=> xy-x+3y—-3=300 
(put xy = 297) 297 —x+3y —3 =300 > —x+3y+4297—3-300=0 
=> -x+3y-6=0 > x=3y-6 
PutinI (3y—6)y=297>3y* -6y—297 =0=> y? —2y—99 = 0(+by3) 
yi -lly+9y-99=0 = y(y-11)+%(y-11)=0 
=> (y-1)(+9) =0 => y-11=00r y+9=0 
297 


=> y=llor y=—9 (Not possible) When y =11 then sci gia 


So length=27 ; breadth=11\ 

The length of a rectangular piece-of paper exceeds its breadth by 5cm. If a strip 
0.5cm wide be cut all around the piece of paper, the area of the remaining part 
would be 500 square cms. Find its original dimensions. 


x+5 


Let breadth = x 

then length =x+5 

New length=x+5-0.5-0.5=x-1 
According to the given Condition 


equationis 
(x—1)(x+4)=500 => x° +4x-x-4 = 500 
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34? 43x24=500 =5° x? 43x—504=0 
= 2424x-21x-504=0 = x(x4+24)-21(x+ 24) =0 
=> (x+24)(x-21)=0 = x+24=0 or x-21=0 
=> x=-24 or x=21 then length=x+5=21+5=24 


13. 


Sol 


14. 


Sol 


Not possible breadth =x =21 

A number consists of two digits whose product is 18. If the digits are interchanged, 
the new number 27 less than the original number. Find the number. 

Let digits are x & y then 

spas ——_L 

Number = 10x + y 

Re verse =x+10y 
According to the given Condition equation is 

x+10y =10x+y—-27 =10x+y—x—l0y—27=0 

=> 9x-9y-27=0 Divide by9 > x-y-3=0>y=x-3 

Put in | => x(x—3)=18 

=> x?-3x-18=0 = x’ -6x+3x-18=0 

=> x(x-6)+3(x-6) =0 => (x-6)(x+3)=0 

=> x-6=0 or x+3=0 => x=60r (x=—3ignore) 

Use When x =6 then 6y =18 => y=3 So Number =10x + y =10(6)+3 = 63 
Anumber consists of two digits whose product is 14. If the digits are interchanged, 
the resulting number will exceed the origin.: number by 45. Find the number. 


Let digits are x & y then 

Two digit Number =10x + y 

Re versed =x+10y 

According to the given Condition equation is 

xy =14 I 

Also(x+10y) = (10x + y) +45 

=> 10x+ y+ 45-x-10y =0 => 9x-9x4+45=0 
(‘+' by 9) x-y+5=O0>y=x4+5 

Put in I = (x+5)x=14=> x° +5x-14=0 

=> x°47x-2x-14=0 => x(x+7)-2(x4+7)=0 
=> (x+7\(x-2)=0 => x+7=0 or x-2=0 
= x=-7 or x=2 (Ugnore x=-7) So x=2 pul ini 2y=14 > y=7 
So required number = 10x + y =10(2)+7 = 27 
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15. 


Sol 


16. 


Sol 


The area of a right triangle is 210 square meters. If its hypotenuse is 37 meters 
long. Find the length of the base and the altitude. A 


Let base=a & Altitude=b 


then Area = 5 (base) altitude) = ab = 210 ¢ u 
= Sab =210 => ab=420-J] => 2ab=840-1/ . C 
(Ay pythagoras theorem) a’?+b? aot has) og? pp (37) 
= a’ +b? =1369- II] TN-H a +b? =1369 

2ab =840 


a-2ab+b? =529 => (a-b) =(237 
= a-b=23 = b=a-23 put in I >(a-23) a= 4205 a’ ~23a-420=0 
a’ —35a+12a~420=0 = a(a—35) +12(a-35) =0 
(a—35)(a+12)=0 => a-—35=0 or a+12=0 
=> a=35 or a=-12 (not possible) 
When a= 35m then b ===? = 12m So a= base =35 b= Altitide =12 


The are of a rectangle is 1680 square meters. If its diagonal is 58 meters long, find 
the length and the breadth of the rectangle. 
Let base=a & Altitude=b 


then Area = (length) breadth) => 1680 = ab 1 
= 2ab=3360 JI By pythagoras theorem b 


at+hP=c? => I=a?+h?= (58) 


=> a+b? = 3364 I E 
en a’ +h? = 3364 
2ab = 3364 


a’ -2ab+b? =4 > (a-b)?-40-b=2 >a=b42-—IV 
I => ab = 1680 = (b+ 2)b = 1680 => b? +26-1680 =0 
b* + 42b - 406-1680 = 0 => b(b + 42)—40(b +42) = 0= (b+.42\(b— 40) = 0 
b+42 =0orb-40=0=>6=40 or (6 =-42 ignore) 
MH => a=b+2>a=40+2>|[a=4)] 


So a=length= 42 b =breadth= 40 
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17. 


Sol 


18. 


Sol 


To doa piece of work, A takes 10 days more than B. together they finish the work 
in 12 days. How long would B take to finish it alone? 
Let B finishes in =x days. 


Let A finishes in=x+10 


B" one days work = é 


x 
A™ one days work = 
x+10 
(4+B)" one days work = ae 
x10 & 
According to the given Conditions equationis 
tere es x+x+10_ 1 2x+10 _ 1 
+-=— DS ——_ = — — =— 
x+10 x 12 x(x+10) 12 x(¥+10) 12 


(By cross multiplication) 12(2x +10) = x(x +10) 

= 24x+120x=x°+10x = x7? 410x-24x-120x =0 

=> x’-14x4+120=0 = x” —20x+6x-120=0 

=> x(x-20)+6(x-20)=0 = (x-20)(x+6)=0 

x-20=0 or x+6=0 = x=20 or x=-6 

=> x=20 =B finish work —6 not possible 

So in 20 days B finish his work. 

To complete a job, A and B take 4 days working together, A alone takes twice as long as 
B alone to finish the same job. How long would each one alone take to do the job? 

Let B finishes in = x days, 


Let A finishes in =2x days 


B" one days work = hi 


x 
I 
A” one days work = ot Federa 
2x 
(A+ B)" one days work = Dee 
x 2 
According to the given Conditions 
ao 2+1 1 a 0% 
—+— =— SS eS pees cater 
MR ee 2x 4 2x 4 


=(2x)=12 = x=6 B finish in 6 days A finish in 12 days 
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19. An open box is to be made from a square piece of tin by cutting a piece 2 dm 


Sol 


20. 


Sol. 


square from each corner and then folding the sides of the remaining piece. If the 
capacity of the box is to be 128c dm, find the length of the side of the piece. 
Let the sides are (x—4), (x—4),2 
This volume = 2(x-4)(x-4) 
=> 128 =2(x-4)(x-4) > (x-4) =64 
=> (x-4)=48 => x=4+8 
=>x=4+8 and x=4-8 at : ’ 
= x=12 and (x=-4 (not +ve) so ignore) 
=> x =12dm Hence sides are 2,8,8(x -4 =12-—4=8) 
A man invests Rs.1,00,000 in to companies. His total profit is Rs.2080. If he receive 


Rs.1980 from one company and at the rate 1% more from the other, find the 
amount of each investment. 


Suppose investment inIcompany = x, investment inllcompany = 100000 — x 
Profit from I at y%=1980, profit from IT (vy +1)% = 3080 


then according to the given condition equitionis xy%=1980 
=>x|— ]=1980 = xy =198000-/ 
100 


and |(y +1)%][100000 — x] = 3080 


100 
=> (y + 1)(100000 — x) = 308000 
=> 100000 y— xy +100000- x = 308000 
=> 100000y +198000 + 100000 - x = 308000 use I 
=> 100000 y —198000+100000 - x — 308000= 0 
=> 100000 - x = 406000-——— 
198000 


ay [2 |(100000— = 3080 


(from—1) > x= put in II 


198000 


100000) - = 406000 


=> 100000 y* -198000 = 406000» => 100000)? - 406000 y = 198000 
(+ by2000) 50y* —-203y-99=0 


yy 0203) + (-203)’ —4(50)(-99) 


2(50) 
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_ 2034247 _ 2034247 


= eS & y= 203-247 
100 100 100 
_ 450 © = ; 
~ 100 a ap, 
y=4.5 and (y=~-0.44 not possible) 
When y=4.5 then x= er = 44000 


Amount invested in one = 44000 
two= 100000 — 44000 = 56000 
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(10) 


Q#1. Select the Correct Option 
i. If polynomial f(x) is divided by its factor x — a, then remainder is: 


a) 0 b) JI (a) 
l 
c) d) F(-a) 
I (a) 
ii. if b? — 4ac is positive and not perfect square then roots of ax’ + bx +c = Oare: 
a) Irrational b) Equal 
c) Rational d) Imaginary 


iii. If a, B are roots of x* — px - p—c = 0, value of a. fis: 


a) —2p b) WA 


c) pte d) —(p+c) 
iv. If polynomial x° — x° +3x +3 is divided by x —2 then remainder is: 
ne b)-  =15 
c) 6 d) —2 
v. if @ is cube root of unity then @ = ? is equal to: 
iy ang wee 
c) a! d) oo 
vi. Factor of x°—y’ are 


a) (Xx +xyty?) bd) (x-y(x? +?) 
c) mY -y") dd) (K+ YX? $y”) 
vii. Let a, f are roots of 4x* +5x—6=Othen value of 4a + 4Bare 


ey “oh b) aa 
1 4% eae 


vill. If @ is cube root of unity then form equation whose roots are 20 & 2w? 
a) x’ +2x+4=0 b) = s- x’ -2x+4=0 
c) x°+2x-4=0 d) x’ -2x-4=0 
ix. A quadratic equation Ax’ +Bx +C = 0 become linear equation if: 
a)  C=0 b) 4=0 
c) B=0 d) A=B 
x, The product of four forth roots of unity is: 
a) l . b) -| 
c) 0 d) i 
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Q#2. Short Questions: (10 X 2 = 20) 


i. Solve the equation 2‘ +2°*** -20=0 
ii. Show that x° + y'+z°-3xyz =(x+y+z)(xt+@y+o7z\(x+o°y+oz) 


iii. If a, f are roots of 3x? —2x+4 =0 find value of 2 + B 

a 
iv. Solve x+ y=5;x7+2y? =17 
v. Evaluate (w** + w +1) 
vi. Show that roots of (mx +c)’ = 4ax will be equal if ¢ = Ba 

m 

vil. State Remainder Theorem: 
viii, if a, B are roots of x’ — px — p—c = 0 prove that (l+a)(I +B)=|l-c 
ix. Prove that sum cube roots of unity is zero: 
x, Use synthetic division to prove that x = —4is a solution of x° - 28x -—48=0 
Long Questions: (2 X 10 = 20) 


Q#3. (a) Solve the Equation x*-—3x° +4x* -3x+1=0 
(b) Solve the equation x’? +y° =25, 2x? +3y* = 66 
Q#4. (a) ~~ Showthat the rootsof x? +(mx+c)? =a? will be equal if c? =a°(l+n?) 


(b) Solve ¥x+74+Vx+2 = V6x4+13 
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PARTIAL FRACTIONS 


Partial Fraction Resolution: 


Expressing a rational fraction as a sum of partial fractions is called partial fraction 
resolution. 


elieliiterimaeeidieiMm Sargodha 2008 


It isan equation which is true for particular values of the variable. e.g. 


2x =3is true only if x = = 


Identity: . 
It is an equation which holds good for all values of variable e.g. 
(a+6)x =ax+bx 


Geldeieieaeiadssmam Multan 2007 


) ; 
The Quotient of two polynomials — Where O(x) + Owith no common factor is 


called Rational fraction. 


Proper Rational Fraction: 


A Rational fraction 


x 
) is called a Proper Rational fraction If the degree of 


3 2x-5 
polynomial P(x)is less then degree of polynomial Q(x) . e.g. ——,—— 
x+1l x +40 


Juyiis) SC MCUE ec latcue Multan 2008, Sargodha 2008 


PX 
A Rational fraction me is called an improper rational fraction if the degree of polynomial 
x 


3x° +1 


P(x) is greater then or equal to the degree of polynomial Q(x). e.g. 
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eS : : 
Example 1: Re solve ——————_ into partial Fractions 
(x+3)(«+ 4) 
Faisalabad 2007, Sargodha 2008, Federal, Multan 2007, 2008 
7x +25 A B 
Sol. Suppose —] 


(x+3)(x+4) i x+3 jane" 
"x" by (x + 3)(x + 4) both sides we get 
7x +25 = A(x +4)+ B(x +3) ——I/ 
putx+3=O0=>>x=—3ini 
7(-3) + 25 = A(—3+ 4) + B(-3 +3) 

21+ 25 = A(1)+ B(0)=>[4 =4] 
putx+4=0>x=—-4inll 
7(-4)+25 = A(-4+4) + B(-443) 
~28 +25 = A(0)+ B(-1)=> -3 = -B > [B=3] 

7x +25 a Bey 3 

(x+3)\(x+4) x43 x+4 


1 become 


EXERCISE 5.1 


Resolve the following into Partial Fractions: 


Faisalabad 2008 


x ts 
x? 


l ] 

Sol eS 

x -1l (x-I1)(x +1) 

I A B 
w—————_. = ——_ 

(x-1)(¥4+1) x-1 xl 

Multiply both sides by (x —1)(x +1) we get. 

1= A(x +1) +(x=1) — I] 
Put == O35 =): 


l= A(1+1)+ BO-1) => 1=24+0=>[4=1/2 


Put x¥+1=O0>x=-lin I 


l= A(-1+1) + B(-1-1) > 1=0~-28 > |B =-1/2] 


Put values of A and B in I. 


— | 


No 
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1 ee Pies 
(x-1I)(x+]l x-1l) x41 
1 l | ] 
Hence ; = cc = 
x -1l (x-I)(x4+1) 2x-1) 2x41) 
, x? +1 
(x+1)(x-1) 
A ; , |x +l 
Sol jot eee Improper so gigi 
‘(CARs Pot : a. 
2 
2 
x +l 2 
= =1+—— —— ! 
(x” —1) x -1 
2 2 
Now Take —— = ——____—_— 
x=] (x-I)(x4+1) 
PE SA —— > J] 
(x-1)(x+1) x-1l x+1 
‘x' by (x-1)(x+1) we get. 
2 = A(x+1)+ B(x-1) — Ill 
Put x-1=0=>>x=1in III. 
2 = A(x+1)+B(-1) > 2=244+05[4=]] 
Put x+1=O0>x=-1in II. 
2 = A(-1+1)+ B(-1-1) 
2=0-28=>[B=-1| 
Put values in Il. 
2 ee -1 
(x-I)xt+]) x-1 x41 
2 : ¥ 
Be Se vs Sete SS 
(x+1)(x-1) (x-1)(x+1) x-l x41 
3 2x+!1 
; (x -1)(x +2)(x +3) 
Sol. Suppose 
2x+1 A B Cc 


Ft YH — 1 
(x-IMx+2)x+3) x-1 x42 x+3 


‘x’ both sides by (x —1)(x + 2)(x +3) 
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2x +1 = A(x +2)(x +3)4+ B(x—-1)(x +3) 4+C(x-1)(x +2) — ii 


Put x-l=0>x=/Jin Il 
2(1)+1= A(1+2)0+3)+ BU-)U+3)+C0-—1)01 +2) 
3= A(3)(4)+0+0>3=12A4 


Put x+2=0>x=-2in Il 
2(-2) + | = A(—2 + 2)(-2 + 3) + B(-2 —1)(-2 + 3) + C(-2 - 1)(-2. + 2) 
—4+1=0+ B(-3)(1) +0 


3-385 8= # =13[Bal 


Put *¥+3=0>x=-3in I 
2(—3) +1 = A(-3 + 2-3 + 3) + B(-3 — 1)(-3 + 3) + C(-3 — 1)(-3 + 2) 
—5=04+0+C(-4)(-1) 


-~5=4C =>(C =-5/4 


| become 
2x41 Oe a eS ee Nae ee ie 

(x—1)(x+2)6e4+3) x-1 x4+2 £43 4(x-1) ¥4+2 4(x+3) 
; 3x* —4x-5 
. (x —2)(x? + 7x +10) 
yates 3x’ -4x-5 B 3x7 —dx-5 

(x-—2)(x°+2x4+5x+10) (x —5)(x(x+ 2)4+5(x + 2)) 

a" 3x" ~4x—5 

~ (x —2)(x+ 2x45) 

Suppose 

3x —A4y—5 A B C 


= H+ ~ a: | 
(x—2)(x+2)(x+5) x-2 x+2 x45 


'X’ by (x — 2)(x + 2)(x +5) 

3x° —4x-S= A(x + 2)(x+5)+ B(x—2)(x+5)+C(x+2)(x-2) ——ll 

Put x-2=0>x=2in ll 

3(2)° —4(2)—5 = A(2 + 2)(2 +5) + B(2 —2)(2 + 5) + C(2 + 22-2) 
12-8-5 = A(4)(7) +0+0 

12-8-5=A(4)(7) +040 


This book was uploaded by www.educatedzone.com 


COLLEGE MATHEMATICS-1 PARTIAL FRACTIONS 


-1=28A=> 

Put x+2=0=> x =-2inU. 
3(-2)° — 4(-2) - § = A(-2 + 2)(-2 + 5) + B(-2 — 2)(-2 + 5) + C(-2 -2(-2 +2) 
12+8-5=0+ B(-4)(3) +0 

1S=-12B=>|B=-5/4 

Put x+5=0>x=—-Sinil. 

3(-5)° —4(-5) - 5 = A(-5 + 2(-5 +5) + B(-5 - 2(-5 + 5) + C(-5 — 2-5 +2) 
75 + 20 —5 = A(0) + B(0) + C(-7)(-3) 


=I SCS = Ca 
21 7 


| become, 
3x? 4x —5 3x? —4x-—5 J 30 5 


———————eooeoooee "SU 


(x—2)(x’ +7x +10) a (x —2)(¥+2)(x +5) 28(x 2) T(x +5) 4(x+2) 


PP es Ree ———— Sargodha 2009, Faisalabad 2008 
(x-1)(2x-1)(3x-1) 


Sol. Suppose 


] A B c 


= —— + +——— >! 
(x—1)(2x-1)(3x-1) x-1 2x-1 3x -1 

™ by (x -1I(2x—-)(3x-1) > Il 

1 = A(2x-1)(3x-1)+ B(x —1)3x-1)+C(x-1)(2x-1) ——3 ]] 


Put x-150>x=linI. 
1 = A(2—1)3-1) + BAL-NB-1)+CA-1)(2-1) 


t= AQ)Q2)4+04+051=245 A=> 

Put 2x-1=0>x=1/2 int. 

I= A) -35)-D+ BS - DGG) =N #5 -DQAQ)=1 
= 4-15 =) B-WG—D+CG-10-1) 


1=0+ BU-5NG)+0=1=-28 =[B =-4] 


Put 3x-1=0>x=1/3 inn. 
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6. 


Sol. 


1 


PARTIAL FRACTIONS 


1 1 1 1 1 
bat Oe ae eee 


; 2 “i _ay2_ 
I= AG 1-1) + BG -D0-)+CG- 3) = 


1=04040(-S\-a) 1-20 3 C =9/8 


Put values in |. 


l Pcs Siesta 
(x—1)(2x-1)GBx—-1) 2(x-1) 2x-1 8(3x—-1) 
ete a Multan 2009 
(x-a)(x-b)(x-c) 


Suppose 

x A B C 
- ~ 
(x-—a)(x-b)\(x-c) x-a x-b x-c 
’x’ by (x —a)(x —b)(x—e) 


x= A(x —b)\(x~—c)+ B(x—a)(x —c) + C(x-—a)(x-b) 


Put x-a=O0>x=ainll. 


a=A(a—b\a—c)+ Bla—a\a—c)+C(a—a)(a—b) 


a= A(a—b)\(a—c)+0+0 


== 
(a—b)(a-c) 


Put x -h=0>x=binll. 


b= A(b—b)\(b—c) + B(b-ay(b—c)+C(b—a)(b—-b) 


b=0+ B(b—ay(b—c)+0 


(b—a)(b—c) 


Put x-c=0>x=cinll 


¢ = A(c —b)\(c -—c) + Ble —ay(e —c) + Cle —ay(c—b) 


c=0+0+C(c-—ajc—b) 


Care ceen 
(c—a)(c —b) 


Put values in |. 
x a 


(x ZA a)(x —b)\(x-—c¢) : (a-—b\Ya-—c)(x-a) 


——> I] 
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Sol 


Now 


b ¢ 
. (6-a)(b6—c)(x—-b) e, (c-—a)c—b)\(x-c) 
6x° +5x? -7 


ahaa (Improper) —_ Federal 

a oe ie ; 
OOD ogg Re at tae 
2x°—-x=] 2x° -x-1 

if ee foam 7x-3 

2x°—x=1 2x? -2x+%-1 


a2 7x-3 + tS 

~ 2x(x-1)+(x-1) (x¥-DQx+)) 
Ue ae 

(x-1)(2x+1) x-1 2x41 

'*’ by (x —1)(2x +1) 

7x-—3 = A(2x+1)+ B(x-1) ——/} 

Put x-1=0> x=lin Ill. 

7(1) —3 = A(2(1) +1) + BU-1) 


4= A3)+0=[4=4/3] 


l 
Put an the Oe 5 = inh 


maar 3 


| 
U-3)-3= A(2(-5) + 1)+ B--1) 


7 3 
: ( >) 


3 
ee iA oe 
] 3 | a 
“os BBS eS) 
ee 
3 
ee : #55, apy become) 
(-D2 x+1) 3(x-1) 3(2x+ 
HENCE 
3 Ai 
Sees Saya ae 7 & (1 become) 
2x" —x—] 3(x-1) 3(2x—-1) 


PARTIAL FRACTIONS 


3x+4 


|_—————__ 
6x +5x°-7 


rx? 3x? F3x 


$47 4+3x+7 


8x’ F4x 54 


7x -3 
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2x? +x? -5x4+3 


——;———  _ improper : 
2x? +x7-3x ee OP he 
2x? +x°=5x43 _ -2x+3 Ie + x -5x43 


Ls MBS BM Wee SA 
2x? +x? —3x 2x? +07 — 3x Ut xo 53x 


—2x+3 3-2x 
‘se ee ee Text 
2x +x°=—3x x(2x° +x-3) 
J 3-2x 
~ x(2x? +3x-2x-3) 
a 3-2x 
~ x((2x+3)x—1(2x +3)) 
3-2x ” ae 
= ———_—_——__ = — + —_ + 
x(2x+3)x-1) x x-l 
‘x'by x(x -1)(2x +3) 
3-2x = A(x -—-1)(2x +3) + Br(2x+3)+Cx(x-1) = — ill 
Put x =Oin Ill. 
3-2(0) = A(0-1)(0+3)+0+0 
3= A(-3) >[4=-1] 
Put x-l=0—=>x=lLinlll. 
3-2(1) = A(1—1)(2(1) +3) + BULY(201) +3) + CCD 1) 


3-2 =0+B(2+3)+0 >1=5B>|B=1/5 


Put 2x43=0=9x=-3in I. 


Sol. 


Now 


Cc 
2x+3 


— 


Sy 2 en? 3\x3 Re See 
3-2-5) = A(-F = D2-5) +3) + BIAS +3) +S -S -D 


3+3= A-5X0) + B-X0) #C(-S)-3) 


6e0s 040 Ccen =|c-$ 
4 S| 3. 5 


Now | become. 

2x +x°-Sxt+3_ 3 2e 

Pare ey ey Param pa 
ee + ; 


x S(x-1) 5(2x+3) 
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(x-1)(x —3)(x-5) 


9, 
(x—2)(x-4)(x - 6) 
(x-1)(x-3)x-5) _ (®—DQ? —8x +15) 
Sol a eae, RURAL aS OL ET Improper 
(x-2)x-4)(x-6) (x-2)(x° -10x +24) - 
x 8x" +15x—x°+8x-15 x? -9x? +23x-15 
~ 3° =10x7 +24x—2x74+20x-48 x 12x? 4442-48 
ite 3x° —Fix +33 5 ag hie 48 ] 
38 = 12x? 44d — 48 pup park x -9x +23x-15 
4 Dee the 3a Lt ; 3 
(x-2)(x- 4-6) Fl2x° +44xF48 
Now 3x°—21x +33 
3x* —21x+33 A B 
———+__—_— = +—— +$ —_ ay ff 
(x-2)(x-4)(x-6) x-2 x-4 x-6 
‘x’ by (x -—2)(x — 4)(x —6) we get. 
3x° —21x+33=A(x- 4)(x —6)+ B(x -2)(x- a aes —4) —> II] 
Put x-2=0>x=2in III. 
F 3(2)’ — 21(2) + 33 = A(2 —4)(2 - 6) + B(2 - 2)(2- 6) + C(2 - 22-4) 
12-4433 A2K-4)4040=3=84-> 4-3 
Put x-—4=0>x=4in in. 
3(4)° — 21(4) +33 = A(4-—4)(4- 6) + B(4-2)(4-6) 4 C(4-2)(4—4) 
B-84+39=042(-2)+09 3-48 /B=3 
Put x-6=0> x=6in lll. 
3(6)° —21(6) + 33 = A(6-4)(6 - 6) + B(6— 2)(6 - 6) + C(6 —2)(6—4) 
108—126+33=0+0+C(4)(2) => 15=8C => c=2 
| become. 
(x-1)(x- 3x - 5) aye 3 2 3 , 15 
(x —2)(x-4)(x -6) 8(x-2) 4(x-4) 8(x-6) 
10. i 


(l-—ax)(1—4x)(1-cx) 
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at. 


Sol. 
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1 A B 


= = + —>!/ 
(l-ax)(1—bx)(l1—cx) 1-ax 1—-hx 1|-ex 

‘x’ (l1—ax)(1 — bx)(1 — cx) we get. 

1= A(1—bx)(1—cx) + B(l—ax)(1—cx) + C(1—ax)(1—- bx) — Il 


Put ‘Sure aie oe in Il. 
a 


1=A(l- bey = ety) + B(0)+ CW) > l= eyes 
a a a a 


2 
‘Sa Soopeeee: Put eee eee 
(a-b\a-c) b 


l= A(0)+ BO =a) + C0) = va a( 2 4 


b 
PO me iS oe hele sae 
(6-—a)(b—c) c 


1= A(O)+ BO) +C0-a(2)) ag p(y) aot [<4] — 
-  ¢ c ¢ 


oe I 


c 


Cc =——____— | become. 
(c—a)(c—5) . 
1 Z a a b & c 
(1—ax\l—bx\l—cx) (l-ara-bXa—c) (l-bxXb-aXb—c) (l-axXc-aXc—b) 
x+a’ 
(x? +b? )(x? +c’ (x +d’) 
Replace x’ by y. 
+a" ¥. (y+a’) 
(P+ hr tered?) (yt? Wyte’ My+d’) 


(y +a’) fe oe 
(yt bh’ Yyte*yt+d*?) (ytb’) (yte’) (ytd?) 
‘x’ by (v+b° Wyte (y+ d°)we get. 
yta =Avte Mytd’)+ Biv tb Wytd’)t+(vtb Mvte) ll 
Put y+ b =0=> y=’ inl. | 
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a Soe et See 


Put y+e?=0> y=-c’ inl. 


y 2 2 
~c? +a? = A(0) + B(-c? +b?)(-c? +d?) +C(0 OS ig ee 
c a ( ) ( c ye c+ ) ( )=> (b? -c’)(d? —¢?) 


Put y+d?=0> y=-d’ in NW. 


a Jee ake Ee 
"+a" = A(0) + BO) + C(-d? +°)(- aide er ee ea 


| become. 

y+a (a -b) (¢ -C) (¢ -d’) 
Ono orr) - (+h -bYP-F) (+e Kh Kd -2) "OFAC -d ¥¢ -d) 
Replace y by x? 

x+d a-v d-¢ a -d 
(2° +8 +7 Kx? +a”) “@ +E -VYE-B) (+00 -C Nd -2) (+ KP —P Ye A) 


This book was uploaded by www.educatedzone.com 


COLLEGE MATHEMATICS-1 291 PARTIAL FRACTIONS 


Resolve the following into Partial Fractions: 


Sol 


Sol 


2x? -3x+4 


(x-1)’ 
Suppose 
2x*—3x+4 A B 6 
(x -1)’ x-1 (x-1)? (x-1) 
‘x’ by (x —1)? we get. 
2x° —3x+4 = A(x-1)? + B(x-1)+C —> I 


Put x-1=0>x=lin i. 

2(1)? -3(1) +4 = A(1-1)? + B-1)+C 
3=0+0+C>[C=3] 

Rearrange Il. 

2x° —3x+4= Ax? —2Ax+A+Bx-B+C 

Comparing Co-efficient 

x3|2=A 

x; ~3=-24+B=>-3=-2(2)+B=>-3=-4+B>[B=l] 


| become 


2x? + 3x48 29 l 3 
eS ee fh Sa ee 
(x-1) x-1 (x-1) (x-1) 
5x? -2x+3 
—— 7 _ Faisalabad 2009 
(x +2) 
5x° = 2x +3 A B C 
————— + — + 
(x+2) x+2 (x+2)? (x+2) 
Multiply by (x + 2) both sides. 
5x? —2x+3 = A(x+2)? + B(x+2)+C —->/ 


Put x+2=0> x =-2 inl. 

5(-2)’ - 2(-2)+3 = A(-2+ 2) + B(-2+2)+C 
20+4+3=C=>[C=27] 

Rearrange I 

5x” —2x+3 = Ax? +4.Ax+4A+ Bx+2B+C 


Comparing Co-efficients 
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x;-2=4A+B 
Or -—2=4(5)+B=>|B=-22 
Put values of A. B, C. we get. 
Sy’ Sakee ss 5 22, 27 
(x+2)) 9 x42 (x42P— (x +2) 
: BR Pe Federal, Sargodha 2006, 2010,2011 Multan 2010, Lahore 2009 
(x+1)°(x-1) 
Sol Suppose 
4x A B Cc 
PUN iiels > ee Cais he ame — ! | 
(x+1)°(x-1) x41 (x4+l) x-1 
‘x’ by (x +1)? (x—1) we get. 
Ax = A(x + 1)(x-1) + B(x-1)+ C(x 41 ee 
Put x-1=O0=>x=1linil. 
4(1) = A(.+1)(1-1)+ BO -1)+C(041) 
4=0+0+4C>|C=]| 
Put x+1=O0=>x=-1 intl. 
4(-1) = A(-1+1)(-1-1) + B(-1-1) + C(-14+1)° 


~4=0+(-2)B+0= B= = B=2 


Rearrange Il. 
4x = Ax? — A+ Bx —B+ Cx? +2Cx+C 
Comparing Co-efficient 


x; 0=A+C>0=A+1=>[A=-]] 


| become 
4x —] 2 1 


a EGE Cae e. ¢ 
(x+1)(x-1) x41 (x41?) @&-D 


9 
4. ———;, __,, Sargodha 2011 
(x +2)°(x-1) 
Sol Suppose 


9 A B oy 
= + + —/ 
(x+2)(x-1) (x+2) (x+2) x-1 


‘x’ by (x+2)°(x-1) 
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9 = A(x +2)(x-1) + B(x-1)+ C(x +2) —r Il 
Put x-1=O0>x=1 in Ui. 

9 = A(1+2)(1-1)+ BU-1)+C(4+ 2/9 

9=04+0+9C [C=] 

Put x+2=0=>x=-2 in Il. 

9 = A(-2+2)(—2 -1) + B(-2-1) + C2 +27 


9=0+ B(-3)+0= B=— = [B= 


Rearrange Il. 
9 = Ax? — Ax +2Ax-2A+ Bx—B+Cx? +4Cx+4C 
Comparing Co-efficient 
x; 0=A+C>D0=A441>[A=-1 
| become 
9 1 1 3 


1 
(x -3)?(x+1) 


Suppose 
l A B C 
oo ooo So — 1 
(x-3) (¢4+1)) (e-3) (x-3) x4! 
‘x’ by (x —3)°(x + 1) We get. 
l= A(x —3)(x+1)4+ Bx +1)4+C(x-3) —> I] 
Put x-3=O0>x=3 in Il. 
1= A(3—3)(3+1)+ B(34+1)+C(3-3) 


1=0+4B+0=>|B=1/4 


Put x +1=O0=> x=-1 in Ul. 
1 = A(-1—3) +(-141) + B(-14+1)+C(-1-3) 


= 4(0) + B(0)+C(16) > 


Rearrange Il. 
1= Ax? + Ax-3Ax-34+ Bx+B+Cx -6Cx+9C 


Comparing Co-efficient. 


0=4+C>0= A+l/16[A=-1/16| 


| become 


Sargodha 2009, Rawalpindi 2009, Gujranwala 2009 
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l =i l 1 
(x-3)'(x+1) 16(x-3) 4(x-3) 16(x+1) 
ee, OS eS = 1 
16(x+1) 16(x-3) 4(x-3)° 
x? 
oa _~“Multan 2007 
(x-2)(x-1) 
Sol Suppose 
x A B ee 
SS Lormeered — I] 
(x-2)(x-1)° (x-2) (x-1) (x-1) 
'x'by (x -2)(x-1) 
x? = A(x-1)? + B(x—2)(x -1)+C(x-2) 
Put x-1=O0>x=1 in Il. 
(1) = A(I-1)° + B(-2)0-1)+C(1-2) 
1=0+0-C=>[C=-1] 
Put x-2=0=>x=2 Jin Il 
(2) = A(2=1) + B(2—2)(2-1)+C(2-2) 
4 = A(1)+ B(0)+ C0) =[4=4] 
Rearrange Il 
x? = Ax? -2Ax+ A+ Bx? — Bx-2Bx+2B+Cx-2C 
x; A+B=1>4+B=1=>[B=-3] 
| become 
Feb Bs st MS a 
(x-2)(x-1" x-2 (x-1) (x-17 
1 
%, ————- 
(x-1)(x+t) 
Sol Suppose 
1 A B C 


> = —— + + 
(x-1)°(x+1) x-1 (x-1) (x+1) 
‘x by (x-1)?(x+1) 

1 = A(x —1)(x +1) + B(x +1) +C(x-1) sy 
Put x-1L=O>x=1 in I, 

1 = A(1-1)(1+1)+ BU +1)+C0-1)° 
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Tl 


T TICS-1 PARTIAL FRACTIONS 
1=0+2B+0=>|B=1/2]. 
Put x+1=0> x=-] in Ui. 
1= A(—1-1)(-1+1)+ B(-14+1)+C(-1-1)? 
1=0+0+C(-2y =1=4C=> 
Rearrange II 
1 = Ax’ - A+ Bx+B+Cx -2Cx+€ 
Comparing Co-efficient. 
P02 d+C20=A+7 = A=-1/4 
| become 

l ] ] ] 

Wine Se te 
(x-1)°(x+1) 4(x-1) 2(x-1)* 4(x+1) 

] ] ] 
ee eee a ee tae 

4(x+1) 4(x-1) 2(x-1) 

ae 
(x-1)' (x +1) 
Suppose 

x? A B C D 

+——— + — 1 


(e-1¥ +l) x-1 (@-IP GI) Gah 
X' by (x -1)°(x +1) 

x° = A(x-1)P (x +1) + BOx-I(x +1) + C(x +1) + D(x-1) — II 
Put x-1=O> x=1 in. 

(ly = AV -1)°(1+1)+ BU-1)0 +1) + C141) + (1-1 
1=0+0+2C+0=>|C=1/2 

Put x+1=0—> x=—-I1 <n uv. 

(—1) = A(-1+1)(-1+1) + BU-1-1)(-1+1) + C(-141) + (-1-1° 


1=0+0+0+ D(-8)=|D =-1/8] 


Rearrange II 

x" = A(x? = 2x +1) +1) + BO? -1)+C(x4-1)4 DOP —3x7 +3x- 1) 

x” = Ax’ ~2.Ax? + Axt Ax? -2Ax + A+ Be = B+Cx4+C + De -3De 43Dx—D 
*; 0= 4+ D> 0=A-1/8>|4=1/8] 


x’; l=-24+4A+B-3D =p Sif 
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COLLEGE MATHEMATICS-| 296 PARTIAL FRACTIONS 


1=-A+B-3D 


Laced) wile oe Ber 
8 8 hee 


1-343 1-942 pe1-t [a= 3] 
8 8 4 4 
l 


| become 
ca 1 3 
eS eee = + = Sp 
(x-1)°(x+1) 8(x-1) 4(a-1TlY 2(x-lY B(x +1) 
x-1 
(x-2)(x +1) 


Sol Suppose 
x-1 A v4 B C D 


(x-2xt+lP x-2 x41 (x4l’ GAD 
'’ by (x -—2)(x +1) 
x-1l= A(x+1) + B(x—2)(x41) + C(x—2)(x +1) + D(x -2) +f 
Put x-2=0—>x=2 inl. 
2-1=A(2+1) + B(2—2)(241) +C(2-2)(24+1) + D(2-2) 
1 = A(27)+0+0++0=>[4 =1/27] 
Put x+1=O0=>x=-1 in Il. 
-1-1= A(-1+1) + B(-1—2)(-14 1) + C(-1—2)(-14 1) + D(-1-2) 
-2=0+0+ D(-3) => [D=2/3| 
Rearrange Il 
x-1l= Ax’ +3Ax’ +3Ax+ A+ B(x—2)(x? +2x4+1)4+C(? +x-2x—2)+ D(x-2) 
x—l= Ae 4346 +3404 4+ Be + DBC + Bx— 2BE —4Be-2B+C? -20¢4+Cr-2C+ De—2D 
Comparing Co-efficient 
x’; O=A+B RT / 
x? 0=3A+C — > IV 
x; 0=34+ B-4B-2C+C+D>0=34-3B-C+D aa 
Cons tant; -1= A-2B-2C -2D — I] 


20-4 + B=2|B= 
27 27 
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COLLEGE MATHEMATICS-I 297 PARTIAL FRACTIONS 
] 3 1 l 
IV >0=3(—)+C > 0=-+C>I/C =-— 
27 9 9 
| become 
Bae a Ne ee es Te ee aie: 
(x-2)(x+1)? © 27(x=2) 27(x+1) 9x41)? 3(x +1? 
4x° 
10. RT EO eT ¢ 
(x -—1)(x«+1) 
gut 4x 4x° . 4 
oO SE ee) aS. 
(x° -1)(x+1) (x—1)(x+ 1) ¢1)? (x-1)(x+1yP 
Suppose - 
4x° A B Cc D 
ee ree et 
(x-I)(x+1P x-1 x41 (x4l)’) (x41) 


x’ by (x—1)(x+1)' 

4x° = A(x +1) + B(x-1x+1) +C(x-1I(x4+)4+D(x-1) — I 
Put x-1=O0=>x=1 in tl ; 

4(1) = A(1+1)° + B10. +1)? +C-1)0+1)+ DU-1) 


= 48)+0+0+0=4=45|4=1) 


Put x+1=O0—>x=-1 in Ul 
4(-1) = A(-1 +1) + B(-1-1)(-141)’ +C(-1-1)(-1+1)+D(-1-1) 


-4=0+0+0+D(-2) >[D=2] 


Rearrange Il 
4x? = A(x? +3x° +3x+1) + B(x— 1)? + 2x +1) +C(2? -1)+ D(x-1) 


4x? = Ax +3Ax? +340+A+Bx +2B¢ + Bx—Be -2Bx—-B+Ce —C—Dr—D 
Comparing Co-efficient s 


2 2 2 


x’: 0=3442B-B+C=0=34+B+C30=35)+24C 


0=5+34+C20=24C0=5+C=9[Caaa] 


| become 
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COLLEGE MATHEMATICS.-1 PA 1ONS 
4x - 4x° ey | ? 7 ee tate 
(x°-I(xt+])? (x=1(x+ BH? 2(x-1) (x4) (etl) (x41) 
2x+1 
(x+3)(x-1)(x+2/y 
2x4+1 A B C 
= aa I 


(x+3)x-Ixr+2)P x43) x-1 x42 (x42) 
x’ by (x+3)(x-1)(x +2) we get. 

2x +1 = A(x—1\x+2)? + BOx+3)(x +2) +C(x43)(x-1x+2)+ D(x +3\x-1) —oll 
Put x-l=O0=>x=lini. 
2(1)+1 = A(i-1)(01+2)° + B(L+3)(1+2)? +C(1+3)(1—1)(1+ 2)+ D(1 +3) -1) 
3=0+ B(4)(9)+0+0 = 3=36B = B=3/36 => [B= 1/12] 
Put x+3=O0-x=-3in Nl. 

2(-3) +1 = A(-3-1X-3-+2)° + B-3+ 3-3 +2) + C(-3+3)(-3-1X-3+2)+ (3+ 3-3-1) 
-5 = A(-4)(1)+0+0+0 [4 =5/4| 
Put x+2=0=>x=-2in Il. 

24 -2)+1 = A(-2-1-2+ 2)" + B-2+3(-2+.2)° + C(-2 + 32-12 +2) + D(-2+ 3-2-1) 
-3=0+0+0+D(1\(-3) =[D=]] 
Rearrange Il. 
2x+1 = A(x-INx° +4x+4)+ BO +3)? +4x+4)+C(x +3)? +x-2)+ DOr? +2x—3) 
2x+1 = Ax* +4Ax? +4Ax- Ax? -—4Ax-444 Bo +4Bx? +4Bx+3Bx? +12 Bx 


+12B + Cx? + Cx? — 2Cx + 3Cx? + 3Cx -2C + Dx? +2 Dx -3D 
ee St Co-efficients 


‘Os ae eres 022+ Selo tie 
4 12 12. 

-16 ~4 
a a 3 | become 
ere a ak. ae ee a ee 
(x+3x-Ix+2)° 4x43) 124-1) (x42) (x +2) 
2° 

(x-3)(x+2) 
Sol 2x" 2x" 4 Sees . 2x4 


(x—3)(e 42" (e—3)(x2 44x44) 44x? 44x -3x'-12x-12 oe —8x-12 
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Cc T TICS-I PARTIAL FRACTIONS 


2x-2 


x° +x" -8x-12) de! 


2x1 +2x° Fl6x? 24x 
Dx? +16x? +24x 
2° 2x? +16x+24 
18x? +8x-24 
aaa sy 78 = iS 
x +x° -8x-12 
18x? +8x? —24 _18x'+8x-24 A ee € 
x +x" -8x°-12 (x-3x+2)?  x-3) x42 (x42) 
‘x’ by (x-3)(x+2) 
18x° +8x~24 = A(x +2)’ + B(x—3\(x+2)+C(x-3) —> Til 
Put x-3=0>5%53 in Ill. 
18(3)’ +8(3)-24 = A(3 +2)? + BG-3)(3+2)+C(3-3) 


162+24-24=254 >| 4 =162/25 

Put x+2=0=>x=-2 in Ih. 

18(-2)" + 8(-2)-24 = A(-2+ 2)? + B(-2-3)(-2 +2) + C(-2-3) 
72-16-24 = A(0) + B(0)+C(-5) 


32=+0+0-5C >[C =-32/5 


Rearrange III 
|8x° +8x-24 = Ax? +4 4x+444+ Bx? — Bx-6B4Cx—3C 
Comparing Co-efficients 


— /]] 


4 2 
ES §=44+ b> 18-14 p= pcig_ 2 poe 
25 25 25 
| become 
pw 162 288 32 
—————~ = 2x-2+ +———_—_ — : 
(x-3)(x+2)° 25(x-3) 25(x+2) S(x+2) 
4 2 
Example eee S29 Federal 
x +2x°+9 
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COLLEGE MATH TICS-1 


x) 42x? 4+ 9=x442x74+944x? —4x? = x4 46x? 49-4, 


PARTIAL FRACTIONS 


= (x? +3) —(2x)* = (x? +34 2x)(x? +3-—2x) 


Tere 
=(x° +2x43)(x’ —2x 43) 
: 4x? 48x 4x? +8x 
Now > SS 
x7 +2x7 +9 ces +2x+3)(x° —2x+3) 


'x'by (x +2x+3)(x° —2x 43) we ger 


Ax+B 
x 4+2e43) 2° = 2x53 


Cx+D 


Ay +8x = (Ax+ BYx’ —2x+3)+ (Cr+ D)(x? +2x +3) 
4x° +8x = Ax’ —2 Ax? +3Ax + Bx? -2Bx +3B+Cx? +2Cx’ +3Cxr+ Dx? +2Dx4+3D 


Comparing Co — efficents 
"Sh 0=A+C —I 
x: . 4=-24484+2C+D—7 


xX: 8 =34-—2864+3C+2D—lIV 


cons tant;0=3B+3D>0=B+D—V 


IV=> 8=3A+3C-2B+2D 
8=3(4+C)-2B+2D 
(use I7)8 = 3(0)-—2B+2D 


8=-2B8+2D 
+hy2 
4=-B+ D—JV1l 


V+VU>0= 8 +D 
4=-B+D 
4=2D=[D=2| 
Vv ere | 


g g) 
1 become Be ae Pi oe 


ee +9 x +2x4+3 x? -2x43 


—x-2 


x+2 


Il > 4=-24+2C+B+D 


4=-2A+2C +0(useV) 
2=-A+C—VI1(+by2) 


I+VI>0=A+C 


LE al 


x+2 


¥4204+3-x* 2x43 


(x+2) 


x -2x43) x7 42x43 


2=-A4+C 


2=2C>/C=1 
Ii=> A+C=0 
A+1=0=>|4=-1 
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3E MATHEMATICS-1 301 PARTIAL FRACTIONS 


Resolve the following into Partial Fractions: 


9x—7 
1, i Lahore 2009 
(x* +1)(*+ +3) 
Sol Suppose 
9x-7 Ax+B C 
oa —/ 


(2 +1)(x +3) es x+l 
'%' by (x? +1)(x +3) we get. 

9x —7 =(Ax+ BYxt3)4+ C(x? +1) ll 
Put x+3=0— x=—3 in Il we get. 

9(-3) —7 = (A(—3) + B\((-3) +3) + C((-3)° +1) 
~27-7=0+10C > C =-34/10> 
Rearrange ll. 

Ox —7 = Ax’ +3Ax+ Bx +3B+Cx7 +C 
Comparing co-efficients 


x: 0=A+C >0=A-17/5=> A=17/5| 
51 45-51 
=, 


a gpd psoas pS 829-S B=-6/5) 
5 5 5 
lix_6 VW 
Gi Pipa al EE os oe 5 ER ~ 
(x° +1)(x +3) x et: 843) SSD HET) 
1 
zi ———_———— Multan 2009 


(x? +1)(x+1) 

Sol Suppose 
ak re 
(x? +1)(xti) x +] x41 
'% by (x? +1)(x +1) We get. 
1 =(Ax+ B)(x+1)+C(x? +1) >If 
Put x+1=0—>x=-linIl 
1 =(Ax+ BY-14+1)+C(-1Y +0) 
1=0+2C>/C=}/2 
Rearrange |I 


|= Ax’? +Ax+ Bx+B+Cx? +C 
Comparing Co-efficients 
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COLLEGE MATHEMATICS: PARTIAL FRY 


Sol 


- nd 


; 0=A+C>0=A+1/2>[4=-1/2] 
x; 0=A+B=>0=-1/2+ B=>[B=1/2| 


(become 
ett a Cae 

PE coe pee RES MS | SAR Ee 
(x +1)(x4+1) xd \ stl 24 2 
(—x +1) ] 1 I~x 
ae TE pie Te Rae +——— 
2(x° +1) (x41) 2(1+x) 2(14+x°) 
Be tay ee 
(x° + 4)(x +3) 
Suppose 

3x+7 ASB I 


(44x43) x44 x43 
%’ by (x +4)6x43) 

3x+ 7 =(Ax+ BY x+3)+C(x' +4) =i 
Put x+3=O0>x=-3intt 

3(-3) +7 = (Ax + BY—-3 +3)+C((-3)° + 4) 
-2=0+13C =[C=-2/13 

Rearrange — Il 

3x+7 = Ax’ +3Ax+ Bx+3B4+Cre +4C 


Comparing Co-efficients. 
¥;  0=4+C>0=4-2/13>[4=7/13 


x; 3=34+B33=WA)+B 


| become 
ax 3}. =2 
___ 3xt7 ms 1313, 13, i 2x +33 s 2 
(x? +4)(x+3) 3°44 x43) 13(x7 +4) 13043) 
x? +15 
(x? +2x+5)(x-1) 
Suppose 
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_-EGE MATHEMATICS-1 303 PARTIAL FRACTIONS 


x’ +15 ~Ar+B  C 
(x? +2x4+5)(x-1) x°+2x+5 x-1 
*’ by (x° +2x +5)(x—1)We get. 
x” +15 =(Ax+ BYx-1)+C(x° +2x +5) — il 
Put x-1=0>x=1 
(1)? +15 =(A(1) + BX —1) + C(I)? + 2) +5) 
16=0+C(8) >[C =2] 
Rearrange li we get. 


x’ +15 = Ax? — Ax + Bx-B+Ce? +20x+5C 

Comparing Co-efficients 

¥;  1=4+C>1=A+2>[4=-]] 

x 0=-A+B+2C 
0=-(-1) + B+2(2) 
0=14+B+4=>[B=-5| 

| become 

x? +15 - Se S 

(x* + 2x +5)(x-1) x + 2x45 

x? 
(x? + 4)(x +2) 
Suppose 
x y Ax+B C_ 

(x? +4)(x+2) x°4+4 x42 

'’ by (x? +4)(x+2) We get. 

x” =(Ax+BY\x+2)+C(x’ +4) —ll 

Put x+2=O0=>x=-2 in IL. 

(-2)° =(A(-2) + B)(-2 + 2)+C((-2)' +4) 


4=0+8C >[C=1/2| 


Rearrange ll. : 
x’ = Ax’? +2Ax + Bx+2B+Cx’ +4C 


Comparing Co-efficients 


Vy 1=A+C>1l=A4l/2 
A=1-1/2=[4=1/2| 


This book was uploaded by www.educatedzone.com 


# 3h (x+5) 


x-1 x°4+2x45 


2 
a 
x-| 


COLLEGE MATHEMATICS-I PARTIAL FRACTi. 


x;0=24+B=>0=2(1/2)+B 


0=1+B=>|B=-]| 
| become 
1 1 1 
s ae sas ORE Ce hs MRR SEGRE EY: 
(x? +4)(x+2) x74+4 x42 2(x74+4) 2(x+2) 2(x+2) 2(x? +4) 
Mgrs 
x +1 é 
x +1 x +l 
Sol ee 
+l (x4? -x4+)) 
Suppose 
x44 A Bx+C 


(x+1)(Qx —x+1) "ey x -x+l 
*’ by (x41)(x? —x+1) we get. 

x +1= A(x? —x 41) 4+ (Br + C(x) —— 
Put x+1=0—>x=-1 inl. . 

(-1)° +1= AQ-1)? -(-1) +1) 4 (BD 4 OC 141) 


2 = A(1+1+1)+0>2=34=>[4=2/3] 


Rearrange Il. 


x? 41= Ax? —Ax+A+ Bx’ + Bx4+Cx4+C 
Comparing Co-efficients 


12 4+B>1=2/3+B>B=1-2> B=1/3 
x 0=-A+B+C 


2 1 -1 
5 0=~4+=+C>0=—+C5|(C=1/3 
ey re 7 CSC aA «.. 


| become 


| 
BED Oe et ee 
et 3(x+1) xe -—xt+l 3(x41) 3(x°-—x+4+1) 


~ 
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COLLEGE MATHEMATICS-1 Ea PARTIAL FRACTIONS 


Sol 


Sol 


x*+2x+2 
(x? +3)(x+1)(x%-1) 

x? +2x+2 ASD EC D 
SS a — >] 
(x7 +3)(x4+1I(x-1) x +30 x41) x1 


‘x! by (x’ +3)(x + 1)(x — 1) we get. 

x +2x4+2=(Ax+ B(x 4+1)(x-1) 4+ C(x? +3)(x-D + D(x? +3)(x+D)— I 
Put x-1=0=>x=1ini 

(1) + 2(1) +2 =(A(1)+ BY + D0 -1)+C(P +3)0-D)+ DW’ +3941) 
1+24+2=0+C(4)(0)+ DU? +3) +1) > 5=8D>[D=5/8] 

Put x+1=0>x=-linU. 

(-1)° +2(-1) +2 =(A(-1) + BX—-14 1-1-1) + C(I +3X-1-1) + DENY 43-141) 
1-2+2=0+C(4)(-2)+0=> 1=-8&C >|C =-1/8 

Rearrange |! 

x’ +2x+2=(Ax+ BYx? -1)+ C(x’ + 3x -1) + DOC + 30x +1) 

x 42x42 = Ax —Ac+ Bx —-B+ CP —Ce + 3Cx-3C +. Dr’ + D¥ +3Dx 43D 
Comparing II : 


Vi02d+C+D 9024-08 0=AsS0= det | d=} 
8 8 8 2 2 


PASREC Peta Be a Sie Be ei ek 
8 8 8 8 8 


1=B+3/4= B=1-3/B=+ 
4 4 


| become 
et 
42x42 9 2* Ty CI/8) 5/8. 
(x? +3)(x4+Ix-1l) x? 43-0 x4] xl 
3 Seth OA Bh re Seed 
4(x° +3) 8(x+1) 8(x-1) 8(x-1) 8(X4+1) 4(x? +3) 
1 


(x -1)'(x* +2) 
] Bo 4 Cx+D 
(x-1)'(x? +2) (x—-1¥ «<x? 42 


‘x’ by (x -1)? (x? +2) we get. 


A 
=—+ 
x—] 
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COLLEGE MATHEMATICS-1 PARTIAL FRACTIONS. 
1 = A(x-1)(x" +2)+ B(x + 2)+(Cx+ D\(x-1)’ — Il 


Put x.-l=0= x=lin tt. 

1= A(1-1)((1)° +2)+ B((1)’ +2)+(C) + D)\I-17 
1=0+8(3)+0>1=3B8>/B=1/3 

Rearrange - Il. 

l= Ax’ +2Ax- Ax’ -2A+ Bx’ +2B4 Cr -2Cx? + Cx + Dx? -2Dx+D 
Comparing Co-efficients 


x: 0=A+C = Ill % 
x?;0=-A+B-2C+D .- — lV 
x; 0=2A+C-2D —V 


Constant 1=-2A+2B+D — >VI 
(Vix24+V) 2=-44+4B+ 205 

0=24+C-2WD 
2=-2A+4B+C 


2 =-2A +S) + (pu value of B) 
2=-2d4 24 = 2440 1-5 02 —~ VI] 


VU-Il=> = -2A4+ 2 =2/3 
At @ =0 


9 
: 2 2 
FromIl arco -Z+cn02|c=3 


Vieo=> Q=-A+B-2C+D 
Oneal shaw 
: ie 9 


1 
=2/9 1/3 +g “9 


1" +2) x=1 GIP te 


| become 
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co MAT! Cs-I PA LE 1ON 
-2 l 2x-1 
= + = +————__ 
Ax-1) 3(x-1)? (x? +2) 
.4 a 
9. a (Improper) ; Y 
; alee. a 
Sol x? =-1+—— —l Tass 
l-x 1 
l ce | ] 
Now 


ix - =x \(l+x7) (l-x)(1+x)(1+x?) 
A ae: B _ ord 


Now = ——————___ — II 
errs l-x WRB 1+x? 
x’ by (I—-x)(1+ x)(1 + x?) 
I= A(1+x)(1+x°)+ B= x)(1+x°) + (Cx+ D)\(1—x)(1 +x) — II] 


Put x+1=0> x=-1 inl. 

1 = A(1—1(1 + (-1)’) + BO -(-1))(1 + (-1)”) + (Cx + DI —(-1))(1-1) 
1=0+B0+1)(1+1)+0=1=48 >[B=1/4] 

Put x—-1=O=>x=1 in ill >1= A+1)1+1)+0+01=44>[4=1/4] 
Rearrange lll we get. 

l= A+ Ax? + Ax+ Ax’ + B+ Bx? - Bx- Bx’ +Cx-CP + D-DD? 


Comparing Co-efficients 
X?;0= A-B- C3 0=2-2-C30=-¢ C=>[c=0] 
x": 0=A+B-D 


65-4 2<D 30=3-D=|p=1 
4 4 2 2 


| become 
] ] ] 


3 Ei aacbi ar ae oes oR Fo 
l-x l-x (1—x)+x)(1+x°) 
1 ] O(x)+1/2 
+ +. + ——___ 
4(1-x) 4(1+x) l+x° 
l Spek ] 
+——_ + ——___ + —___ 
4(l-x) 4(1+x) 2(1+x°) 
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COLLEGE MATHEMATICS-I PAR FRACTIONS 


x? -2x4+3 
am Se 
x +x +1 
x’? -2x+3 x? 2443 x? ~2x+3 
So Linge eta eee ee 
Xt RET OR eS se eh axe a Oe xe 
_ X= 2x43 ” Dae ce 
(ey a ed + x)(x? #1). 
x? -2x4+3 Ax+B  Cx+D 
Suppose = — ——] 


(x 4+x4D0°=24 1D Peedi x =e 41 
’X’ by (x? +x—1)(x’ — x +1) we get. 
x’ -2x4+3=(Ax+ B)x? —x41)+(Cx+ D)(x? +x 41). 


x’ —2x4+3= Ax? — Ax’ + Ax+ Bx? - Bx + B+ CP + Cx? +Cx4 Dx? + Dx +D 
Comparing Co-efficients 


x; 0=A+C Ll IV=—-2=A-B+C+D 

x?s1=-4+B4+C4+D> — HI or -2=A+C-B+D 

x3 -—2=+A-—B+C+D IV Put A+C=0 

Catt; 3=B+D V -—2=-B+D ——V] 

Il =>1=-A+B+C+D V+VI>3=8+D 

or 1=-A+C+B+D -2==8 4D 

Use B+ D=3 1=2D>|D=1/2| 

1=-A+C+3>-A4+C=—2. —JI] 

i+VH V3 3=B+5 3823-55 B=2/5 
0=A+C 

~2=-A+C IT=>0=A+C 

-2=2C >[C =-1] 0=4-1>[4=]] 

| become 

x -2x+3 _ x -2x+3 _()x+5/2  (-I)x+1/2 

ext] (CP +xtDQ—x4l) x extl x? -x41 


2x+5 , (2x41) _ —(2x-1) - 2x+5 
Q(x’ +x41) x? -xt] (=x 4]) 2x? 4x41) 
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Resolve into Partial Fractions: 

x? +2x+2 

(x? +x+1) 

Sol. Suppose 
x? +2x+2 Ax+B Cx+D 
(x? +x+1) x 4x4] (x? 4x4 1) 


i, 


‘x’ both sides by (x° +x+ 1) we get 
x’ +2x+2=(Ax+B\x° +x41)+Cx4+D 


or x°+2x+2= Ax’ +x? + Ax+ Br + Br+B+Cr4D 
Comparing Co-efficients 


x; [1= 4] 

x; 0=A+B>0=14+B—>[R=-] 

xX; 2=A+B+C>2=1-14+C>|C=2| 
Constant; 2= 8B+D 


2=-1+D=>[D=3] 


x 42x42 ()x-1 2x43 
(x +x4lP x? 4x41 (x? 4x41) 
Or 
x + 2x42 _ x-l 2x+3 
(+x+I) 4x4] Ge +x4l) 
x 
(x? +1)°(x-1) 
Sol. Suppose 
ot SHR SD B 
(x°+12(x-1) x41) G2 +1? x=] 
‘x’ both sides by (x° + 1)(x—-1) we get 
x” =(Ax+B)(x—1)(x? +1) + (Cr+ D\(x-1)+E(x’ +1 —ol 
Putx-1=0>x=lint 
(1) =(Ax+ BYL-1)+(? +1) +(Cx+D\I-1) 4+ EP? rly 


1=0+0+4E >[E£=1/4] 
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—»/ 
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Rearrange Il 


x’ = (Ax - Ax + Bx—BY(x° +1)+ Cx? -Cx+ Dx-D+ E(x’ +2x? +1) 
x” = Ax* — Ax? + Bx? — Bx? + Ax? — Ax + Bx-—B+Ce -—Cx+ Dx-D+Ex' +2EC +E 
Comparing Co-efficients 


x*;0=A+E=>0=A4+1/4>/4=-1/4 
x’; 0=-A+B=>0=-(-1/4)+B=>|B=-1/4| 
x’; 1=-B+A+C+2E 
1 | 
1=-(-1/4)--+C+2(— 
Sadia @ 


= B-becrtoc=1-1/2> [210 
x; 0=-A+B-C+D 
0= (1/4) +(-1/4)-> 4D 


0=1/4-1/4+D-1/2 
0=D-1/2>|D=1/2 


Hence 
‘2 wal 4x-1/4  W2x41/2 1/4 
(x? +1)’ (x-1) x +1 (x°+1 x-1 
-x-1 x+1 1 
eo 5 +——__; + ———_ 
A(x +1) 2(x° +1)" 4(x-1) 
Or 
Set > ere) x+1 
A(x=1) AGP +1) 20x? +1? 
2x-§ 
3. (@4+D4ae-2) Federal 
Sol. Suppose 
2x-5 ete Corp E 


+ => 


(x°+2)x-2) 42 (42) 4-2 
x’ both sides by (x? + 2)?(x-2) we get 
2x-5=(Ax+ BYx° +2)x-2)+(Cx+ Dx-2)+ E(x’ +29 =i 
Put x-2=0>x=2init 
2(2)-5 =(Ax + BY(2’ + 22-2) +(Cx+D)(2-2)+ E(2 +2) 
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Sol. 


—— 


TIC Ea PARTIAL FRACTIONS 


4-5=0+0+36E > -1=36E >|E =-1/36 
Rearrange |! 

2x-5=(Ax? +2Ax+ Br’ +2B)(x—2)+ Cr? -2Cx 4+ Dx-2D+ E(x* +4x? +4) 
2x—S= (Ax! +20 + Be +2Be-240 —4Ar-2B? -4B+ Ge ~2G.+ De—-2D+-B' +45 +46 
Comparing Co-efficients. 

x"; 0=A+E=>0= A-1/36=/4=1/36 


x: 0= B-24=>0= B-2(1/36) => 0= B-— = B=1/18 
x7; 0=24-2B+C+4E = 0=2(1/36)—2(1/18)+C+4(-1/36) _ 


tae 1-2-2 3 
be doe hee 0=c-2 >|C=3/18 
eS gers is 


| l 3 
» 2=2B-44-2C+D>2=2(—)-4(—)-27=)+D 
x haa) AG) CP 


or = 5-5 -5+D=1+3=D=D=41-[73=D 


] H 3 7 
23-51 18 a 3 1h 
(x7 +2)°(x=2) x? +2 (x? 42" ed 
eee 3x+42 1 
~ 36(x7 +2) 18G7 +2) 36-2) 
-] - x+2 4 e414) a l * x+2 x+14 
36(x-2) 36(x?+2) 18(x° +2) —-36(x-2) 36(x° +2) 6(x?+2)° 
8x’ 
(x7 +17 x") 
8x° ie 8x° 
(x +IV =x) (+1 0-xr th 
Suppose 
8x? Ax+B Cx+D EF 
72 REE en tee —/ 
(x° +1) (l-x)x+1) x? 41 (x°+1y x-1 x+] 
‘x’ both sides by (x° +1)’(I —x\(1+ x) we get 
8x" =(Ae-+ BY? +11 xXl4+) (G+ DI ~x\(1+x)+ 20? +1) (149+ A? +1719) — 
Put l-x=0 = x=1in WI. : 
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Sol. 


8(1)? =0+0+0+E(I’ +1) (1+1)+0 
8 = E(4)(2) => 8=8E > [E=1] 


Put 1+x=0—=>x=-lin Il. 
8(-17 =0+0+04+F(-P)+1/(1-C)) - 


8 = F(4\(2)=>[F =I 


Rearrange |! 
8x2 =(Ar’ + Av t Be + BYL-x)+ (Cr+ D1- x") + B(x" #20? +11 +x) + FQ" +2x° +1\1-x) 
or 8x? = Ax+B—Ax' — Bx’ + Cx—Cx’ + D- Dr? + Ex’ +2 EX’ +E 
+ Ex +20? + Ext Px! +2F4+F - Fie -2Fx’ - Fx 
Comparing Co-efficient. 
2: 0=-A+E-F — lll >0=-A+1-15[4=0] 
x':0=-B+E+F 5 IV 3 0=-B+1+10=-B+2>[B=2| 
0: 0=-C+2E-2F — WV 30=-C+2()-2) > 0=-C+2-2[C=0] 
x ;8=2E+2F —— VI 
xi0=A+C+E-F — VII 
Constant; 0=B+D+E+F >0=2+D+14+1=>[D=-4] 


Put values in I. 

8x? 0+2 0-4 1 | 
See ae Pe 2 SS SORES 
(x? +1 (l-xyx+l) (x +l) (+P l-x 14x 


Li 2 - 


ee Se ee beet 4 
(+1) (+l? (=x) (4x) I-x 14x 941 (X41) 
4x'+3x° +6x? +5x , 
(x-1)(x? +.x+1) 

Suppose 


4x'+3x'+6x'+5x_ A | Bx+C 2 Dx+E 
(x-I)xeexelP  x-l xe 4x41 (xX? +241) 

‘x’ both sides by (x—1)(x" * x+1)° we get 

Ax! 43x) +6 +5x= Ae x4)! +(BrtC\x—De? +41) +(De+ EXx-l) ll 

Put x-1=O0>x=lin Il. 

4(1)' +3(1) + 6(1) + 5(1) = AQ’ +141) +0+0 


— 1 


4434645 = 4G) >18=94> 4=— [429] 
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MATH $-| El PA CTIONS 


Rearrange equation II 
4x" 439° + 6x7 45x = A(x! +x? +142x? +2x4+2x? )+(Bx+C)Q? -1) + (Dx + E\x- 1) 


4x‘ +3x° + 6x? + 5x = Ax’ + 24x? +3407 424x444 Br! — Bx+Cx’ —C+ Dx’ — Dx+ Ex—E 
Comparing Co-efficients 


x';4=A+B —>ll =>4=-24+B=>[B=)| 

¥33=2A+C —>WV >3=22)+C33=4+C3[C=-] 
x°36=34+D — 3V =6=3(2)+D>6=6+D=[D=0) 
%)5=24-B-D+E — VI =5=2(2)-2-0+E£=35=2+E=([E=3] 
Constant; 0=A-C-E —>5>VI] 

Put values in | 

4x* +339 +6x? Ed 
(x=)? +x+1)_ 
2x*-3x’ —4x 
(x? +2)?(x 41) 
Suppose — 

2x* —3x° —4y wes B td | Ex+F 
(x +2)(x+1P x41 (x41? 42 (x° +2) 
‘x’ both sides by (x° +2)°(x +1)’ we get 

2x" —3x' —4x = A(x +(x" +2)? + BOX? +2) +(Cr 4 Dx I? +2 Ex+ Fx? —or 
Put x+1=0>x=-linIl 

2(-1)' -3(-1¥ -4(-1) =0+B((-1 +2)’ +0+0 

2(1)-3(-1) +4 = BO +2)’ > 2+3+4= B3) >9=98=[B=]| 

Rearrange Il. 2x° —3x° 4x = A(x + 1)(x'+4x° 4.4) 4 B(x +44. 4x° ) 

+(Cx + D\ x? +2x+1)(x? +2)+(Ex+ F(x? +2x41) 

2x" —3x" -4x= Ax’ +44x4+4 48 +Ax' 4444440 + Br’ +4B+4Be +Cr +20 +e 420 


HG? +20 + Det +2De + D? +2D2 +4Dx+2D+ Be + 2B? + Ext FC 4+2F4F 
Comparing Co-efficients 


Cah gale SO Ae |, 
X32- SABA ICED Se 

xr=3 =4A+C+2C+2D+E=>-3=4A4+3C+2D+E 3YV 
X°30=44+4B+4C+D+2D426+F0=444+4B4+4C+3D42E+F 17 
x -4 =4A+2C+4D+E+2F >9VII 


2x-1 3 


a pee var hoe 
X-1 x +x4+1 (x°4+x41) 
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constant;0 =4A+4B4+2D+F VIII 


From [Cc =—A| Put values of B and C in IV. 

2=A+1+2(-A)+ D> 2=1=A-2A+D=>|1=-A+D|=>|D=1+ 4] 9X 

Put valuesin V -3=4A+3(—A)+2(1+ A)+E 
—3=4A-3A+2+2A+E > -3-2=3A+E=>|-5=3A+E| 9X 

Put values in VI. 

0=4A + 4(1) + 4(—A)+3(1+ A) +2(-5-3A4)+F 

O= WA +4- 44 4+343A-10-644F 

0=-3-3A+F =>3=-3A4+F —>X/ 

Put values in Vil, 

—4=44 +2(-—A)+4)(1+ A)+(-5-34)+2F 

—4=44-2A+44+44A-5-3A4+2F ye 

—4=34-14+2F > -441=34A4+2F > -3=3A4+2F JX 


Adding XI & XII 3=-344+F 
-3= 34+2F 
0=3F >|F=0 
from XI 3=-34+0=>[4=-1] 
from III 0=-1+C> [C=] 
from Ix l=-(-l)+D>1=1+D=>[D=0] 
from X -5=3(-1I)+E>-5=-3+E> E-54+3>[E=-2'| 
Put values in |. 
2x'=3, 4x ith 3 1 HPO... —2x+0 
(x? +2) (x41 x4) (x41 x? 42 (x? +29 
-] 1 x 2x 


=——+ 


TUT eee 
x+l (x+1)° x°+2 = (x°4+2/ 
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TEST YOUR SKILLS Marks; 50 


Q#1. Select the Correct Option 


i. xX +x-6=(0is: : 
a) Equation b) Identity 
c) Proper fraction d) Improper fraction 
ii. Partial fraction of — ae ee will be of the form: 
(x+1)(x* —1) 
A Bx+C A B 
ee ee 
BF], ox =] GAL x-=] 
B 
c) ——+ d) None of these 
x-l x+] 


iii. The quotient of two polynomials mad ,O(x) # 0 with no common factor is called: 
(x 


a) Algebraic Relation b) Rational fraction 
c) Partial fraction d) Polynomial 
iv. An equation which holds good for all values of variable is called: 
a) Equation b) Conditional equation 
c) Idenity d) None of these 


Q#2. Short Questions: 
9 


(x +2)7(x-1) 
7x+25 
(«+ 3)x+4) 
iii. Define Conditional equation and improper rational fraction: 


i, Resolve into partial fraction 


ii. Resolve into partial fraction 


Long Questions: 


4x 
Q#3. (a) Resolve into partial fraction oP A, 
(x +1)°(x=1) 
| 
(b) Resolve ————_____ into Partial fraction. 
(x-3)°(x +1) 
Q#4. (a) Rasheeda into partial fraction 
(x-I)(2x-1)(3x-1) 
x+7 
(b) Resolve Poe ir Se into partial fraction. 


Ge 4)(x+3) 
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ee 


SEQUENCE AND SERIES 


Sequence: 


Sequence is a function whose domain is subset of the set of natural numbers. 


Real Sequence: 


If all members of a sequence are real numbers, then it is called a real sequence. 


Finite Sequence: 


if the domain of a sequence is a finite set, then the sequence is called a finite sequence: 


Infinite Sequence: 


if the domain of a sequence is an infinite set, then the sequence is called an infinite sequence. 


Series: 


The sum of an indicated number of terms in a sequence is called a series. 


1. Write the first four terms of the following sequences, if 
i. a, =2n-3 
Sol. a, = 2(1)-3=-1 
a, =2(2)-3=1 
a, = 2(3)-3=3 
a, = 2(4)-3=5 
First four terms are —1,1,3,5 
ii. a, =(-1)".’ 


Sol. a, = (-1)'.1)’ = (-1)() =-1 
a, =(-1)’.(2)' = (14) =4 
a, =(-1)°.(3) =(-1)(9) =-9 
a, =(—1)'.(4)’ = (116) = 16 
First four terms are —1,4,—9,16 
ili. a, =(-1)(2n-3) 
Sol. =. a, = (-1)' (20) -3) =(CDC)=1 
a, = (-1)°(2(2)-3) =1(4-3)= (0) =1 
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Sol. 


Sol. 


vi. 


Sol. 


vii. 
Sol. 


a; = (-1)'(2(3)-3) = (-1)(6-3) = are 
a, = (-1)'(2(4)-3) = (1(5) = 5 


First four terms are 1,1,—-3,5 


a, =3n-5 
a, =3(1)-5=-2 
a, = 3(2)-5=1 
= 3(3)-5=4 
a, =3(4)-5=7 
First four terms are —2,1,4,7 
— n 
" 2n+1 
ue oh ee oS 
' BG yale 29 3 
2.2 
= 9OV41- 5 
3 3 3 
a, =: =e SS 
2(3)+1 6+1 #7 
PR Se Sha, 
~2Oe1 B41 9 
122-34 
First four terms are —,—,—,— 
3°5°7°9 
1 
Ping a thase 
a oF 
EERE me le Pes 
Ss ae ga gee Se On oe ale 
bole 
First four term —,—.—,— 
248 16 
a,-4,_,=n+2,a,=2 
Put n=2,3,4 
a, —a,.. =2+2> a, -a,=4 
a,-2=4> a, =6 


GG, =34+2—>.a,-a@, =5 


SEQUENCE AND SERIES 
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viii. 
Sol. 


Sol. 


Sol. 


a,-6=S=>a,=11 
a, — a, =4+2—> a, —a, =6 
a,-l1=6=>a,=17 

First four terms 2,6,11,7 
a, =na,_,,4,=1 

Put 7 =2,3,4 

a, = 2a,_, = 2a, =2(1)=2 

a, = 2a, , =3a, =3(2) =6 

a, =4a,_, =4a, = 4(6) =24 

First four terms are 1,2,6,24 
a, =(n+I1)a,,,,a,=1 

a, =(2+1)a,_, > 3a, = 3(1) =3 

a, = (3+1)a,, => 4a, = 4(3) =12 

a, =(4+1)a,_, > 5a, =5(12) = 60 

First four terms are 1,3,12,60 

1 
a, =————_ 
"a+(n-l)d 
4 ee Ey l se 
geld a’ a@sQ=14 asd 
~ at+(3-1l)d a+2d at+(4-l)d a+3d 

Find the indicated terms of the following sequences: 
2,6, 1L 17.268 a,=? 

a, =17+7=24 


a, = 24+8=32, a, =324+9=4]) 


ey ae a, =? 


a, = 60(6) = 360 


a, = 360(7) = 2520 > ]a, = 2520 ‘ 


S37 
ee 


’ 2 ’ 4 8 
Add “2” in Numerator and ‘x’ 2 by Denominator ’ 


a, 


> srorseerll, 


SEQUENCE AND SERIES 
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6 te se e albvs: ae 
UE 6 a i Pa “ry 
1°2°4'8°16 32°64 "64 
iv a ee a Ph. a, =? 
Sol. AAO. 8: a, =? 


(In even term plus 4, In odd term subtract 4) 


11, -3,5,-7,9,-11,13,> 


v. 1,-3,5,—7,9,—11, .......00+ a, 
Sol. NB,9,77, 9, Uyeerresseree =? ps ra > 
7, 1, Ay = i aS eS ec eae Reg 

reais ge =7 9. “11,13,-15> a, = =15 

3. Find the next two terms: / 

i. (eA 28 | Sa ttie® ere 

Sol. =. a, = 16+ 5 =21 
a, =21+6=27 

ij } PE Sy 2 i. he: eee ee 


Sol. a, =314+32=63 
a, =63+64=127 


iii, —1.2,12,40 
Sol. a, =—1x2"=-Ix1=1 
a, =1x2' =1x2=2 
=3x2 S3xe2 i? 
=5x2? =3x8=40 


a, =7x2* =7x16=112 
a, =9x2? =9x32=288 
Next two terms are 112, 288 
iv. 1,-3,5,-7,9,-11 
Sol. 1,-3,5,-7,9, -11,13,-13 
Next two terms are 13,-13 
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Sargodha 2006, Faisalabad 2009 


A sequence {a, } is an arithmetic sequence or Arithmetic progression if a, —a,, , is 


the same number for all 7 € N and n>1 
Example 3; (6.2) Find the number of terms in A.P if a, = 3,d =7,a, =59 
Sol: a,=a,+(n-1)d 
59 =3+(n—-1)7 
59~3=(n-1)7 Multan 2007, 2008, 2010 


56 =(n—1)7=>n-1=56/7 =8 => |[n=9) 


Theorem: 
a, =a,+(n-I)d 
a, =a,t+d=a,+(2-l)d 
a,=a,+d=a,+d+d=a,+2d=a,+(3-ld 
a, =a,+3d=a,+(4-l)d 


a, =a,t+(n-ld : 
1. Write the first four terms of the following arithmetic sequences, if 
i. a, = 5and other three consecutive terms are 23,26,29 


sol. a, =5, and 23,26,29=>d=3 
a,=5 
a, =a,+d=5+3=8 
a, =a, +2d =5+2(3)=11 
a, =a, +3d =5+3(3)=14 
First four terms 5,8,11,14 
ii. a,=17 and a, =37 
Sol, a,=a,t4d=17—/, a, = a,+8d =37— Il 
ll-Il=> 
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Sol. 


a, +8d =37 


a, +4d=17 


4d = 20 |d=5| 


Now 
Put in| 
a, +4(5)=17 


a, +20=17=>Ia, =-3] 
a, =a, +d =-3+5=2 
a, =a, +2d = -3+2(5) 


a, =-3+10=7 
a, =a, +3d =—-3+3(5) 
a, =-34+15=12 


First four terms are -3,2,7,12. 

3a, = 7a, and a,, = 33 

3(a, + 6d) = 7(a, +3d) and a,+9d =33 ———I 
3a, +18d =7a, +21d 

Or 7a, +21d — 3a,-18d =0 


Or 4a, +3d =0 H 
sove & ll (1 'x' by 4) 
4a, +36d = 132 
4a, +3d =0 
33d =132 
Put in Il 
4a, +3(4) =0 => 4a, =-12=[a, =-3| 
Now a,=-3 : 


a, =a,+d=-3+4=1 

da, =a, +2d =-3+2(4)=-3+8=5 
a, =a, +3d =-3+3(4) =-3+12=9 
First four term are —3,1,5,9 
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2. 


Sol. 


Sol. 


Sol. 


Sol. 


If a,_, = 2n—5, find the nth term of the sequence. 
a,.3 = 2n-5,, a, =? Sargodha 2009, Faisalabad 2007, 2008, Rawalpindi 2009 


Replace n byn+3 
G,,;., =2(n+3)-5 


n+3-3 . 
a, =2n+6—5 
a, =2n+1 
if the 5 term of an A.P. is 16 and the 20" term is 46, what is its 12" term? 
a, =16, ay = 46, a,, =? 


a; =a, +4d =16——, Gy = a, +19d = 46 ——II 
a, +19d =46 (1-1) 
a, =4d =16 


“15d = 30d =] 


Put d=2in/ a, +4(2) =16 


a, +8=16 =a, =8) 


Q.=a,+1ld 

4, =8+11(2) =8 +22 =30 

Find the 13" term of the sequence x,1,2,—,3—2.X, .cccesse-e: 
Geet S233 —2e6 ee 

a =x d=1-x 

a, =a, +(n-l)d 

a, =a,+12d 


=x+12(l—x)=x+12-12x 


la = 12-1] 7 

Find the 18" term of the A.P. if its 6 term is 19 and the 9" term is 31. 
a,=? a,=19, a, =31 

a, =a, +8d =31 - 

a, =a, +5d =19 ———]] 
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l=Hes 
a, +8d =31 
a, +5d=19 


3d =12 =>|d =4] 


Putin a +3(4)=19>)\@ =-1 


a, =a,+17d 

ds = -1 +17(4) =-1468 =67 
6. Which term of the A.P.5, fas ene is -85? Faisalabad 2008 
Sol. be Pe (ln is —85? (Which term) 


a =5,d=2-5:-3, a, =~-85 
a, =a, +(n-l)d 
85 =5+(n—1)(-3) > -85-5 = (n-1)(-3) 


—90 =(n-1)(-3)>n-1 = =30 


n=1+30>n=3] 
So —85is 31* term. 
r Pe Which term of the A.P. — 2, 4, 10........ Is 148? Sargodha 2011 


Sol. a, =~—2,d =6,a, = 148. n=? 

a, =a, +(n-l)d 

148 =-2+(n—-1)6 => 148 +2 =(n-1)6 

150 = (n—1)6 

n-1=— = 25=310=26 

So 148is 26" term. 
8. How many terms are there in the A.P. in which a, =I1,a, =68,d =3? 
Sol. a, =I. a, =68,d =3,n=? 

a, =a, +(n-ld 

68=11+(n-1)3 => 68-11 =3(n-1) 

3(n-1) = 57 => n-1=19 = [n=20] 
9. if the nth term of the A.P. is 37—1,Find the A.P. 
Sol =a, =3n—] 
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a, =3(1)-1=2 
a, =3(2)-1=5 
a, =3(3)-1=8 
a, =3(4)—1=11 
Sequence is 2, 5, 8, 11, cce-reseoee- 3n-1, 
10. Determine whether 
i. -19 
Sol. Determine —19 is term of 17, 13, 9, .-..0+ rg: Ay eon ,-19 in AP 
a, =17 a, =a,+(n—l)d 
d=-4 ~19=17+(n—1—4) > -19-17 =(n-1X-4) 
a, =-19 ~36 =(n-1)(-4) > n-1=9 =>[n=10) 
Yes (—19) is 10" term of the sequence. 
ii. 2 is the terms of the A.P. 17,13,9....... Or not. 
sol. a, =17,d=-4,a, =2 
a, =a,+(n—l)d 
2=17+(n-1\(-4) > 2=17—-4n+4 
2n=21-4=>n == Not possible. 
2 is Not term of this sequence. 


11. if /,m,n are the pth, qth and rth terms of an A.P., show that 
(i) (q—r)+m(r-p)+n(p—g)=0 — (ii)p(m—n)+q(n—1)+r(—m) =0 
Sargodha 2008, Multan 2009 
Sol. (Method-!) /=a,+(p—l)d—T 
m=a,+(q-1, -Il 
n=a,+(r—l)d-Ill 
i-H l=a+pd-d I-III] m=a,+qd-d 


m=a,tqd¥d n=a,trd}¥d 
(I—m)=(p-l)d—IV m-n=(q-r)}d—V 
Divide IV by V ice pe 
m-n (q-r)d 


(J—m\(q—r)=(p-qm—n) 
Iq—Ir —mq+mr = pm—- pn—qm+qn ——VI 
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12, 


Sol. 


13. 


lq —lr —mq + mr —- pm+ pn+qm-—qn=0 

(q-r)+m(r - p)+n(p-q)=0 

Shift L.H.S to R.H.S in VI. 

pm— pn—~ gh + qn-Iq+lr+ pi —mr =0 

(Method-t!) /=a,+(p—l)d, m=a,+(q—l)d, n=a,+(r-l)d 

L.H.S. =I(p—r)+m(r- p)+n(p—q) =(a, +(p-l)d)\(q-r)+(a, +(q-ld) 
(r— p)+(a, +(r-ld\ p-q) 

= (a, + pd-dq-r)+(a, +d —d)(r- p) +(a,+rd—d)p-q) 

= 9-96 + pad — pe — hah of - 9h +g 9b — uh + ob 
+ — 06 + lb — pt 9 + 3 


= 0=R.H.S Hence Proved. 


4y (7Y (10Y 
Find the nth term of the sequence, (4) (2) (2) pxesetaces Faisalabad 2007 


3 
(=) (7) (2) Siaseazete aT 
3 3 3 ¥ 


Take 4, 7, 10, ......... iN; a, =a,+(n—-l)d 
a, =4,d=3,n=n 

Then a, =a,+(n—-l)d 

a, =4+(n—-1)3 

a, =4+3n-3 >a, =3n+1 


sola, (4) 
3 


if aS and i areinA.P., show that b= ae Faisalabad 2007 
ab c at+e 
Given a8 are inA.P 
abe 
ee Sa | 
So —---—=--— 
CE ee 
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: 
; 


5 OS By, NS | 
Or —+— =—+— 
c o@ 8p 
ea ete aa 
a+c_2 
ac ob 
b 2 
i ie (Take reciprocal) = [5-2] 
ate 2 ate 
11 Pus; peace CaS 
14. lf —,— and — are inA.P., show that the common difference is 
ab c 2ac 
PAS. 
Sol. Given —,—,—areinA.P 
abe 


Soe ~~ 5 (3rd = 2nd)—>1 
c 


datu ie ej 
boa 


F+di = oda tae 
oO. wa 
od = 2—£ 
ac 


; a-c 
d = Common difference = eae 
ac 


This book was uploaded by www.educatedzone.com 


COLLEGE MATHEMATICS-! 327 ENC D SERIE 


at+b 
Theorem: A.M: pate 
Proof: If A is A.M. between two numbers a &b then a, A, b are in AP then 


Sol. 


A-a=b-A>A+Az=a+b>2A=-atbh [4-244] 


Find A.M. between 

3/8 and 5/5 Faisalabad 2008 

Here a=3V5 & b=5V5 

atb _3V5+5V5 a 8/5 i 


Then A.M 7 5 5s ie pe 
X-3 and x+5 
a+b x-34+x+5 
a=x-—3and b=*%+5then A.M=— =———_ 
2 2 
2x+2 2(x+ 
ye eae Fe 
2 2 
1-x+ x’ andl+x+x? Sargodha 2008 
a=l-x+x? & b=l+x4x 
ste l—-x+x? 414+x4+x? eae a _2(1+x*) bee 
2 2 2 2 
If S, 8 are two A.Ms, between a & b, finda and b. 
a,5,8, bare in A.P Sargodha 2010, Lahore 2009, Multan 2010 


= 8-5=5-a=>3=5-a=>3-5=-g=[a=2| 
& b-8=8-5-=5=8+3>/b=11 


Find 6 A.Ms. between 2 and 5. 
Suppose A,, A,, A,, Ay, A,, &A,, are 6AMs between 2 &5 


then 2, A,4,,4;,4,,4,,4,, Sare in ALP. 
qR=2——)  & @=a+7d=5—p 
(Put Lin) 2+7d =5 => 7d =3=>d == 


3 
A =a, =24> =a (A, is a,, A, isa, so on) 
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Sol. 


A =a, +2d=24+2{ 2)= 


a1 
Te 
Ke 
+ 
~ 
BE 
ll 
tw 
oS 


A, =a, +3d=2+3 


og Ts 


[Ww otw Se 


2 14412 26 


cant ae 
i ll 
to i] 
+ ae 
lS ~I|\~o 
He 
| 
i 
| 


A, =a,+4d=2+4 


( 7 7 7 ; 
15 IS 14415 29 
A=a+5d=245{2|=2+02 = ace, a 
A, =a, +6d=2+6 3\-2eE Ee -2 
7 7 7 


17 20 23 26 29 32 
Hence 6 A.Ms are —,;—;—: >> T->T 


Find four A.Ms between V2 & v2 Sargodha 2011 


12 
tet A, A,, A,, A,,are four A.M between V2 and =— 


v2, A, A, AvAy Fearein A? 


a, =V2—I & a, =4,+5d=—7 => V2 +5d =F valu of 


12 a Pete -2 10 Sag: Oy nd ping 


LF ete ear s 2 


d= v2 x2 fade sda 
J2 
A =a, +d=V2+ V2 =2V2 
A, =a, +2d = 2 +2¥2 =32 
A, =a, +3d =J2+3V2 =4V2 
A, =a, +4d=V2+4v2 =5V2 
Hence 4 A.Ms are 2/2,3V2, 4/2, 5V2 


Insert 7 A.Ms between 4 and 8. 
Let A, A,,A,,A,.4,,4,4,,are 7 A.Ms between 4 & 8. 


Sd == 
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Then. 4,4, A,,A,,A,,45,.4,,4,,8are AP. 
=4-J, a, =a,+8d=8=4+8d =8 > 8d =8-4=4 


4 

8d =4-=>d=—=— 
8 2 

A, <g@igete ee 

2 &2 2 


/ 
A, apa =4+1]=5 


Z 
2 
A, =a, +3d=4+3) - 


ST eS 
H 7AM —,5,—,6,—,7,— 
ence Sare 2 3 7 ) 


6. Find three A.Ms between 3 and 11. 
Sol. Let 4, A,,A,are three AMs between3 & 11. 


Then . 3,4, A,,A,,llarein AP. 

a, =3&a, =a, +4d =11=93+4d =11=> 4d =8>|d =2] 
A, =a,+d=34+2=5 

A, = a, +2d =3+2(2)=3+4=7 

A, =a, +3d =3+3(2)=3+6=9 


3 AMs are 5,7,9 
Vi Find n so that wah may be A.M. between a and b. Rawalpindi 2009 
+ 
a’ +b" a’+b" a+b 
Sol. if —>——7 be A.M between a & b then we have ap aaa rae 
a” +b +b 2 


This book was uploaded by www.educatedzone.com 


COLLEGE MATHEMATICS-1 


=> Aa" +b") =(at+ ba"! +b") 
2a” + 2b" = aa™' +ab"! +ba"! + bb"! =a" + ab"! +ba"' +B" 
2a" —a" +2b" —b” =ab"'!+a""b 
a" +b" =a"'b+ab"™ >a" -a"'b=ab"' —b" 
a" a—a"'b=ab"'—b"'b 
nl 


1 
a"! (a6) =b"" (a6) >a"! =b"' > a a (+ by b”') 


SEQUENCE AND SERIES 


a n-| a yo 
> \— =1l=|—| >n-1=0>n=2=1 
(5) G 
8. Show that the sum of nA.Ms between a and b is equal ton times their A.M. 
Sol... £0t A A aes , A, ben A.Ms between a & b. 
LL ey, eS .4,,5 arein A.P. Faisalabad 2008, Multan 2008 


Here a, =a & n=n+2,a,,,=b,d=? 

a, =a,+(n—l)d put n=n+2 

4.9 =a, +(n+2—-])d =a, +(n+)d 

b-a 
n+] 


=> 4,,, =a,+(n+1l)d>b=a,+(n+l)d>ad= 


Now A+ Ay + Ayoncnmdy = [4 +4]. 
=Fla +d+a,+nd| 


= 5 [2a + (n+ Nd] 


i (b-a,) 
= “|, +(n +1). aa] 


=F lea +b-a)] 
ae (%to)_ (arb 
5 [a,+b|=> (2 nf ; 


=n(A.M between aandb) 
Hence A, + A,........cc0000 A,=n(A.M) 
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a Find the sum of all the integral multiples of 3 between 4 and 97, 

Sol. —_ Integral multiple of 3 between 4 & 97 are is series 6+9+12+15+........... +96 
a, =6,d =9-6=3, 4 =96, n= 
a, =a, +(n—l)d > 96=6+(n-1)3 > 96 =6+3n-3 
=> 96 =3n+3=>3n=96-3 => 3n=96-3=93 > n=3]1 


& =54 +4,)=> 5S, = 3*(6+96)=2! (102) =31(55) =1705 


2. Sum the series Sargodha 2008 
i. B+ (HI) 4143454 soccccisccore tite 


Sol. a, =-3,d =-|-(-3) =-14+3=2, n=16 
S, == [2a +(n-l)d]>S,, =~ /2(-3) + 16-12] =8(-6 +30) =8(24) =192 


5 
l. =—— > = is - . 
ae a 2 a 
S,= 5 [24 +(n-l)d|=>S,, -B)a( je} 03-vge 

“it FI =| 5+ 117 

f2- 39 V2 

iil, LAD +0,414 1.71 + ccccsssssseccneee +a, 

Sol. = a, = 1.11, d= 1.41—-1.11=0.30, n=10 


n 10 
S, es 2a, +(n-l)d]>S,, => Pd. 1) +(10-1)0.30] 
Sy =5(2.22 + (0.30) = 5(2.22 +27) = 5(4.92) = 24.60 


1 
iv. “8 s PER iaiiwanen a, Multan 2009 


- 
So. OF ~S=— +a ie a, 
2 
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=f 
2 


‘ 11 9 
S= 5[24 +(n-l)d|>S,, = 5 {28+ 1 -03| 


ll 11 319 
Sy ar era ale | Sad 159.5 
(X— A) + (KFA) +(X +3) reereserersees to nterms. 


Sol. a, =(x-a), d=x+a—(x-a)=xta-x+a=2a,n=n 


a=-kd=1-( Jat Jepnen 


< 


$= 5[24 +(n-l)d]= * [2¢e~a)+(n—D2a] 


<a 2x —2a+2na—2a wae x-—a+na-a 
2 2 


=n(x+na-2a)=n(x+(n—2)a) 
1 1 1 
vi. ar BS paris eee + srseves to n terms. Multan 2010 
t-Jx I-x 1+Vx i 
ee Je Mie eee Ps OF Lee eee 
Ne tex tede  Geleedx) 1-vs 
1-(+vx)__1-1-Vx _-vz 


s=tfaasin-nat]o{ te on-o{ 


_nf{ 2 @tWx__|_n[ 20-+vx)-@n- Dx 
2i-vx d-vxxlevx)} 2) a-vxd+vx) 


wo) en mbit of nest nt 


2 l-x 2 I-x 
1 Gant) 
2|_ tex 
Gaps 1 
vii. hie ee Sows ton terms. 
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cS How many terms of the series 
i. ~7 + (5S) +(-3) + cecssesesees amount to 65? 


So. a, =—7,4 =-5—(-7) =-5+7=2,n=78, =65 
S,= 524 +(n-l)d] > 65 =5[2-)+(n-2] 


ee 


= 65 =5[-14+2n-2] = 65 = =[2n-16] => 65=n(n—8) 


=> 6S =n -8n=> n’ -8n-65=0=n -13n+5n-65=0 
n(n —13)+5(n—13) =0 => (n-13)(n+5)—=> n-13=0 or n+5=0 


>n=13 or n=-—5 (Not Possible ) Hence 


ii. T+ (A) HHT) F ccesssceeese amount to 114? 
Sol. a, =-7,d =-4-(-7)=-4+7=3, n=25, =114 


S, =5 124 +(n-1)d]=>114 =5[2-7)+(n-0)3] 


= 114 == [-14+3n-3] => 228 = n(3n=17) 


=> 228 =3n' -17n => 3n’ -17n—228=0 
=> 3n’ —36n+19n-228 = 0 > 3n(n—12)+19(n-12) =0 
=> (n-12)(3n+19)=0 => n-12=0 or 3n+19=0 


19 
=n=12 or n= ea (Not Possible ) Hence = 


4, Sum the Series 
i. 3+5-—74+94+13+15+17-19+....... to 3n terms? Lahore 2009 
Sol. By adding three terms we get. 

14+ 7413 4. to n terms 


a, =|l,d=7-1=6,n=n 


£ =5124 +(n—1d]=5[20) + (n-1)6]= 5 [2 +6n—6] 


=5 [62-4] =n(3n- 2) 


ii, 1+4-—7+10+13—16+19+22-—25+........ to 3n term? 
Sol. Adding three terms we have 


—24+74+164............to n terms 
a, =-2,d =7—(-2)=7+2=9,n=n 
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Sol. 


Sol. 


Sol. 


$. =5 [24 +(n—1)d] =5[2-2)+ 09] 

=F [4+9n-9] == [9n-13] 

Find the sum of 20 terms of the series whose rth term is 3r+1 
a, =3r+1,S,, =? 

Put = 1,2,3,4,...2... 

a, = 3(1)+1=3+1=4 

a; =3(2)+1=6+1=7 

a, =3(3)+1=1+9=10 

a, =3(4)+1=124+1=13 

if S, =n(2n—1), then find the series. Multan 2007 
5, =n2n-1) 

Put neHi123 4. SERS 

S, =a, =1(2()-1) =12-1)=1= a, =]] 
S,=444,320Q)=0 

or a, +a, = 2(4—1)= 2(3) 

or 1+a, =6=|a, =5| 


S, =a, +a, +a, = 3(2(3)-1) =3(6-1) 


* or 14+5+a, =3(5) > 6+a, =15 => a, =15-6=9 


Required Series is 


The Ratio of the sums of n terms of two series in A.P. is 37+2:+1.Find the 
ratio of their 8" terms. 
"1 nf ' ” 
s= pata Id] & Sin= 3124 +(n—1)a’| 
According to the given condition 


5:8 =3nt Zn 
S, nti 
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n 
5 [24+ (n-Nd] _3n42 


524+ (n-Da] ae 


Dividing numerator and denominator on R.H.S by 2. 


n—-1| 
o( "a 3042 


=] 
a+(™ Je we! 
9 


— 


——1I Compare with a+7d with o+( Na 


= 9s 1n-1=14n=15 


a+ a 
y) 
Put n=15 in 5 ee et Ss 3(15) +2 


14 


a+—d 
=> 2 ae BOF iS ee lage wacic 
eee 15+] a’+7d 16 ay 16 
2 . 
Hence ratio of 8 termis 47 : 16 
% if S,,S,,.5,,are the sums of 2n, 3n, 5n, tens of an A.P. show that S =XS,—S)). 
2n 
sol,” 'S; = 2a +(2n-1)d] Federal 


Bs [24 +Gn-d] 

S, = Pa +(5n—-1)d] 

Now 5;—S, =F [a +Gn-Dd] -="[2q +(2n-)d] 
=5[3{24 ae Id} —2{2a, +(2n—1)d} | 
=5 [3024 +3nd —d)—2(2a, + 2nd -d)| 
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Sol. 


10, 


Sol. 


TICS-1 336 SEQUENCE AND SERIES 
- 56 +9nd ~3d —4a, —4nd + 2d] 


=F [24 +5nd—d] =5)24 +(5n-1)d] 
‘' by 5 

5n 
5(S, -$,) = [2a+(5n—Na] 


= S, Hence S, = 5(S, — S,) 
Obtain the sum of all integers in the first 1000 integers which are neigher divisible 


- by5norby 2. 


First thousand (1000) integers which are neither divisible by 5 nor by 2 are 
14+34+74+94114134+17+19+21+23+27+29+.....+991+ 993 +1997 +9999 
Adding four, four numbers 20+60+100+........ +3980 

To find n, a, =a, +(n—l)d 

3980 = 20+(n—1)40 

_ 3980-20 
~ 40 

a, = 20, d =60-20 = 40, n=100 


n-1 =99 >n-1=99> n=100 
S,=2(a, +4) Sq =" [20-+3980] 
= Sy = 50[20+3980] = 50(4000) = 200000 


S, and S, are the sums of the first eight and nine terms of an A.P.., find S, if 
50S, =63S, and a, =2 
50S, = 63S, S,=? 


50.=[2a +(9-1)d] = 63.5 [24 +(8-1)d] &a,=2 
Put value of a, in this equation 
56 *72e)+84] - aX p20) +7d] 


225(4 +8d) = 252(4+7d) 
= 900 +1800d = 1008 +1764d = 1800d —1764d = 1008-900 
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11. 


Sol. 


12. 


Soi. 


936d =108=d =F >d=3 


Og =5[2a+(n—1d] Pur a=2,d=3,n=9 


5; =5[212)+9-13] oS, == [4+24] -=(08) =9(14) => 5, =126 
The sum of 9 terms of an A.P. is 171 and its eighth term is 31. Find the series. 


’ S$, =171 & a, =a,+7d=31 Multan 2008 


>£, =5[24 +8d]=171 & a, =a,+7d=31 1 


=> S, =%a, +4d) =171 => 9a, +36d =171 —ll 
‘x'J by 9 we get 9a, + 63d = 279 — II 


I-H Put d=4inI 

9a, +63d =279 d, + 1(4) =31=> a, +28=31 
9a, +36d =171 a, =31-28=>[a=3] 

271d =108=>|d = 4] 

a, = 3, ad,=a,+d=3+4=7 , a, =a,+2d 


=3+2(4)=3+8=11 
So series is 3+7+11t-............ 
The sums of S,, and S, is 203 and S, —S, =49, S, and S, being the sums of 
the first 7 and 9 terms of an A.P. respectively. Determine the series. 
Given S, +S, =203——>l/ & S,+S, =49——->ll Series =? 


We know that 5, =5[24 +8d] & S, =2[24 +6d] 
Put value inl. 
= [2a +8d]+2[24 +6d]=203 


=a, +4d)+7(a, +3d) = 203 = 9a, +36d + 7a, + 21d = 203 
= 16a, +57d = 203 Il 


Now solving JJ “24 +8d)-Z [2a +6,| — 49 
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= (a, +4d)~7(a, +3d) = 49 => 9a, +36d -Ta,—21d = 49 


= 2a, + 15d =49—1IV 
‘x'by 8 16a, +120d =392 —»V 


V-I=> 
6d, +120d = 392 
Je +57 = 203 


63d = 189 =>[d=3] 
Put in IV 2a, +15(3)=49 
= 2a, +45 =49 => 2a, = 49-45 =4 
a, =2,a, =a, +d =24+3=5 
d,; =a, +2d =2+2(3)=24+6=8 
SO series is 2 +5+8+............ 
13. S, and S, are the sums of the first 7 and 9 terms of an A.P. respectively. 


S, 18 
—=— and a, =20,¢; ies. 
if S. Ul 5 »Find the series 
9 sy eS 
7 47891244] 1g and 2 ase se pa I 
Sol. SHENG hae 7 “hi 
? 3124, +60] and 3a, +18d =60—— II 


és 9a, +4) i IES 9a, +36 _18 
7(a,+3d) 11° 7a+2ld 11 

=> 11(9a, +36d) = 18(7a, +21¢) 

=> 99a, +396d =126a, +378d 

=> 396d —378d = 126a, - 99a, 

18d = 27a, = 27a, — 18d =0-—> II 

Adding HIT & HT 
27a, - 18d =0 
3a, + 8d = 60 
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Put value ofa, inl 30a, = 60 => 
2+6d=20=> 6d =18=>|d=3] 
a, =2, a, =a,+d=2+3=5 
a; =a, +2d =2+2(3)=24+6=8 


Hence 2+5+8+4....ccceccesee is required series . 

14, The Sum of three numbers in an A.P. is 24 and their product is 440. Find the 
numbers. 

Sol. Suppose the numbers are @, —d, 4,4, +din AP. 


Then 4—d+a, +4,+d =24=>3a, =24=>]q, =8] 

& (a, —d)\(a, (a, +d) = 440 = a,(a? —d?) = 440 

= 8(64-d*) = 440 > 64-d’ =55 >-d? =55-64=~9 

=>d’ =9>d=38 

When @=3then 

a, —d =8—(-3)=8+3=1 La, =8,a, +d =8+(-3)=8-3=5 

Hence 5,8,11 When d =3and a, -d =8-3=5,a,=8, a, +d=8+3=11 
15. Find four numbers in A.P. whose sum is 32 and the sum of whose squares is 276. 
Sol. Suppose four numbers in A.P. are a, —3d, a, —d,a, +d,a, +3din ap. 


I condition ><a, —3d+a, —3d+a, +d+a, +3d=32 


=> 4a, =32 =a, =3| Multan 2010, Faisalabad 2009 
II condition => (a, — 3d)” +(a, -d)’ +(a, +d)’ +(a, +3d)’ = 276 

a,— Gad +9d* +a, - Jad +d? +4? + 2ad +d? +4; + 6ad +d? =276 
4a; +20d” =276's' by 4=> a? +5d? =69 

Put value of a, => 8° +5a” = 69 => 6445d? =69 

= 5d* = 69-64=5-=>d* =1>d=t1 

When d =I then 

a, ~3d =8-3(1) =8-3=5, a —d=8-1=7 

a, +d =8+1=9 : a, +3d =8+3(1)=8+3=11 

When d =—1 then 

a, ~3d =8-3(-1) =8+3=11, a, —d=8-(-1)=9 

a, +d =8+(-1)=8-1=7 a, +3d =8+3(-1I)=8-3=5 
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Hence numbers are 5, 7,9,11 

16. Find the five numbers in A.P. whose sum is 25 and the sum of whose squares is 135. 

Sol. Suppose five numbers inA.P. are 4, —2d, a, ~—d,a,,a, +d,4a, +2d in AP. 

Icondition =>a, -2d+a,—d+a,t+a,+d+a,+2d=25 Multan 2010 


=> 5a, =25 =|a,=5| 
II condition => (a, -2ay +(a, -d) +a; +(a, +dy +(a,+2d)’ =135 
dad +4d* +a? -2ad+d° +a? +2ad+d° +a; +4a,d+4d’ =135 
Sa? +10d? =135=> 5(5)° +10d° =135 


> 125+10d? =135 = 10d” =135-125=10 >d’ =1 
=d=+1 
When d =Ithen 

~2d =5-2(1)=5-2=3 


-d=5-1 =3 
a, =5 
a, +d=5+1 =6 


a, +2d =5+2(1)=5+2=7 
When d =—I then 
—2d =5-2(-])=5+2=7 
—~d=5-(-1)=5+l1 =6 
a, =5 
a, +d=5+(-l)=5-1 =4 
a, +2d =5+2(-N =5-2 =3 
Hence Fine numbe: are 3, 4,5, 6, 7. 


17. The sumof the 6” and 8" terms of an A.P. is 40 and the product of a” and 7” 
terms is 220. Find the A.P. 


Sol. Given a, +a, =40—>/ & (a,\(a,)=220—I 
[ => a, +5d+a,+7d =40= 2a, +12d = 40('+' by 2) a, + 6d =20-—>Il 
II => (a, +3d)a, +6d) = 220 
(use I)=> (a, +3d\{(20) = 220 >a, 34-52 =1l 
=> a,+3d=11—>1V 
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{AAV ie STS | Put in Ill 
df +6d=20 a, +6(3) = 20 
a, +18 =20 


+3d=_11 
BY locale a, =20-18=2=>]a, =2 
3d =9=>[d =3] 


a, =2, a, =a,+d=24+3=5 
a, =a, +2d =2+2(3)=2+6=8 
Hence A.P. is 2, 5, 8, 


1 PA 1 
18. if a’ ,5’ and c’ are in A.P., show that —— —— are inA.P. 
b+c'c+a atb 


sol.  Ifa’,b’,c’ areinAPthen 
co? 6" =}? =a’ —a 


1 1 1 
Now If ——,——,—— are in A.P then 
b+e'c+a = 


l Ee. _,c+A-A-b _bt+f-f-a 


a+b c+ta cta oe ~ GrB(a+b) (c+G) (b+0) 


=? = 24 (b+ eye ~b)=(b-a)(b+a) 
a+b b+ 
=>c-P nee 
=>c -b’ =c’ —b° — use I (Commondifference is same) 
1 l 


] 
Hence Proved that ——— ,——_, ——— are in A.P 
b+e ct+a atb 
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Sol. 


Sol. 


Sol. 


Exercise 6.5 
A man deposits in a bank Rs.10 in the first month; Rs.15 in the second month; 
Rs.20 in the third month and so on. Find how much he will have deposited in the 
bank by 9" month. 
Given 10+15+20+.......... +p 


a, =10,d =15-10=5,n=9 


S., =< 2a, +(n- ld] 
S. =? [210) +(9—-1)5] 
Yy 2 = ¥ tw 


9 9 9 
= 5(20+8(5)] = 3120+ 40] = 5 (60) = 9(30) = 270 


378 trees are planted in rows in the shapes of an isosceles triangle, the numbers in 
successive rows decreasing by one from the base to the top. How many trees are 
there in the row which forms the base of the triangle? 

in first row we have 1 tree in second 2 trees in third 3 and so on, sO we have 


be 2S aston a, =378 
Here S, =378, a =1, d=2-l=1,n=? 


5, = “[2q +(n=1)d] 4 


n 


378 = 52) +(n-1)I] G4 
378 == (2+n—1) => 2x378=n(n+!) RARE 
>n+n=756> rn +n-756=0 ZSRES 


nw +28n—27n—756 =0 = n(n+28)—27(n+28) =0 — 
(n+ 28)(n-27)=0 $,=378 

n+28=0 or n—27=0 

n=—28 not possible or n= 27 

Son=27 

Hence in isosceles triangle total rows are 27. 

In first row we have 1 tree in‘second 2 So on in 27 row we have 27 trees. 

A man borrows Rs.1100 and agree to repay with a total interest of Rs.230 in 14 
installments, each installment being less than the preceding by Rs.10. What 
should be his first installment? 

Total amount to repay = 1100 + 230 = 1330 


This book was uploaded by www.educatedzone.com 


COLLEGE MATH TICS- 343 SEQUENCE AND SERIES 


Sol. 


Sol. 


so S, =1330,n=14,d =-10,a, =? 


S.= 524 +(n-I)d] 


1330="*[24 +(14—1)(-10)] 
1330 =7[2a, + (13(-10)] 
1330 = 7[2a, -130] 


= 2a —130 = 2a, -130=190 >a, = =F =160 => a, =160 


So first installment = 160 
A clock strikes once when its hour hand is at one, twice when it is at two and so 
on. How many times does the clock strike in twelve hours? 


According to the statement 1+2+3+........... +a,,=? 
a=1,d=2-1=1,n=12,S =? 


Ss. = 5124 +(n —1)d] 


S,. = [aay +a2-m] = 6[2+11] =6(13) =78 


A student save Rs.12 at the end of the first week and goes on increasing his saving 
Rs.4 weekly. After how many weeks will he be able to save Rs.2100? 

In 1* week = 12 

In 2" week = 12 + 4=16 

in 3 week = 16 + 4 =20 

So series is 12+16+4+204. 0.00000... a, =2100 


a, =12,d16-12=4,n=?, S, =2100 
Ss. =7 [2a +(n-1)d] 

2100 =>[2(12)+(n—1)4] = 2100="[24+ 4n—4] 
2100 =~ [4n+20] 


2100 =n[2n+10] 
=> 2100 =2n’ —10n 
= 2n’ +10n—2100.=0'" by 2 
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nw +5n-1050=0 =n? +35n—30n-1050 =0 
n(n +35) —30(n+35)=0 
(n+35)(n—30)=0 
n+35=0 or n-30=0 
n=-—35 not possible or n = 30 
He will have 2100 in 30 weeks. 
6. An object falling from rest, falls 9 meter during the first second, 27 meter during 
the next second, 45 meter during the third second and so on. 
(i) How far will it fall during the fifth second? 
(ii) How far will it fall up to the fifth second? 
Sol. Given 9,27,45+4.......... 
For (i) a, =9,d =27-9=18 n=5 
a,=a,+(n—-l)d — 
as =9+(S—1)18 =9+4(18) 
=9+72=81meters 
For (ii) a, =9,d =18,n=5,S, =? 


S, =5[2a, +(n-1)d] 
5 5 
S; =5[209)+ 6-018] =5li8+40 8)] 


S, = ah 8+72]= > [90] = 5(45) = 225 meters 


7. An investor earned Rs.6000 for year 1980 and Rs.12000 for year 1990 on the same 
investment. If his earning have increased by the same amount each year, how 
much income he has received from the investment over the past eleven years? 


Sol. a, = 600, n=11 , a, =12000, S, =? 


S, =, (6000 +12000) == (18000) =99000 


8. The sum of interior angles of polygons having sides 3, 4, 5, .... Etec forman A.P. Find 
the sum of the interior angles for a 16 sides polygon. 
Sol. Sum of angle of 3 sides Polygon = z 


Sum of angle of 4 sides Polygon= 27 
Sum of angle of 5 sides Polygon = 3 
BPS MARI cies cheese ay, 
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Sol. 


10, 


a,=a+t(n-l)d (a, =2,d=24-n=2,n=14) 
a,=a7+(14-)z 
=r+1327 =14z 
The prize money Rs.60,000 will be distributed among the eight teams according to 
their positions determined in the match series. The award increases by the same 


amount for each higher position. If the last place than is given Rs.4000, how 
much will be awarded to the first place team? 


Given S, = 60,000 
n=8, a, = 4000, a, =? 


n 
S,==(a,+a 
" he ) 


60,000 = (4 + 4000) => 60,000 = 4(a, + 4000) 


15000 = a, +4000 => [a, = 11000 


An equilateral triangular base is filled by placing eight balls in the first row, 7 balls 
in the second row and so on with one ball in the last row. After this base layer, 
second layer is formed by placing 7 balls in its first row, 6 balls in its second row 
and so on with one ball in its last row. Continuing this process a pyramid of balls 
is formed with one ball on top. How many balls are there in the pyramid? 


bet By Sypcccs S, denote sum of 1,2,.............. 8 layer so 
S, =84+7+6+............ +] 


n 8 
Bar gli a anh a 
S, = T4645 +....000000. +1 
7 7 
=—(7+1) =—(8) = 28 
7! ) 5 
SE Sb i +1 
§,=2 +1) =3(7)=21 


S;=5+44+3+2+1=15 
§,=4434+2+1=10 


S, =3+2+1=6 
§,=2+1=3 
S,=1=1 


Total balls = 36+ 28+ 214+154+19+6+3+41=128 
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Exercise 6.6 
Geometric Progression (G.P): 


A sequence } 4, } is geometric sequence or eometric progression 
n q 


a 
if —* is the same non zero number for all 7 Nand n>]. 
a 


mu n-l 
a, =ar 
: 2 
We have geometric sequence G), QPL P oe. eceeeees Where 
Stee stat 
4 =a =a 


2-1 
a, =ar=ar 


a@,=ar =ar™' 


a= ar” 
1, Find the 5" term of the G.P: 3, 6, 12, sessg.e0..... Sed 2008, Fsd 2007, Multan 2008 
Sol. ie AE wb de Mearbads ob a,=? 


6 
a, Bead n=S 


-| 
a, =a,r" 


a, = 3(2)’' =3(2)* =3(16) = 48 


. th a_i 4 
2. Find the 11" term of the sequence, 1+i, aT 
ix 
4 
Sol. 1+i, a RhateeMATC: a. =? Sargodha 2008, 2010 Multan 2009 
+] 
2 1+i) =P +7? +2i 
a, =1+i, F=a—— n= |] Note: sy 
+i =1]-1+2i=2/ 
a, mS ar? 


; 1-1 10 10 i " 
aj=0+0{ 2) a0) =) =(14), = 041) om 
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Sol. 


Sol. 


Sol. 


=(4) eS = 4) 
327° Pia (—1)(-1)/ 
= (1+ é).32(—i) = 32(-i- 7°) = 32(-i+1) = 32(1-/) 
Find the 12" term of 1+/, 2i,-2 + 2i,....... Sargodha 2011 
14-4; 2-340. ae? 
2i 


a, =1+i, r=—,n=12 
1+i 


2; 12-1 
a> -a+0( 
+i 


2" 
(1+i fy 
er 2048xix(PY _ 2048xix(-1)° _ 20487 _ 641 _ 64 
“aay [ara | ay war fe Cini 
=-64 

Find the 11" term of the sequence 1+/, 2,2(1—/) 

143, 2,(2-Dj...., =? 


a, =(l+i 


x 
a, =1+1, r=——,n=l]1 
l+i 


a, «+0 =+i 2 |-a9 1024 eeihti (|. ve es 
l+i (l +f) | d+) ] 32; 


= (1+1)(32(-i)) =32(-i-i* ) =32(-i+1) =32(1-i) 
If an automobile depreciates in values 5% every year, at the end of 4 years what is 
the value of the automobile purchased for Rs.12,000? 


r=1-$%=)-—-- =1=0,05 = 0.095 
100 


=12000,n=5 
a, =a, agi 
= (12000)(0.95)*" 
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= (12000)(0.95)' 
= (12000)(0.8145) =9774 Rs. 
X+ X+ 
6. Which term of the sequence: x —y xt pee wcovseenns AS 2. r 
x-y (x-y) 
> C + 
Sol. aH xt pee: pebteussvuceies ie a 
ye (x—y) Federal 
ae x+y 
a=x-y a= 
(x-y)’ 
. pig ht ae etyo A wae 
x -y (x-yxty) x-y 
a.=ar™ 


n=} 
tht (x" ~f) Sy OT (x+ y\(x— y),————_— 
- } (x- 


x-y (x-y)’ 


yy" 
oe TY yn 2= 9-5 n= 11 
(spy (x—y)"" 


7. If a,6,c,d are in G.P, prove that 
E a-b,b-—c,c—dareinG.P 
Sol. Given a, b, c, dare in G.P then 


b-c a-b 
= (a—bXe-d) =(b-cYb-c) =(b-cy 
L.H.S=(a—b)\(c-d) 

=ac—ad —be+hd 

=b° —be-be +c" (use 7) 

=b’ —2be+c? 

=(b-c)’SoLHS = RHS 
Hence (a—h),(b—c),(c—d) are in G.P 
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ii. a’ —b’,b’-c’,c? —d’ are inG.P Federal 
Sol. If a’ —b’,b” —c’,c’ —d* are inG.P 
Yo -d* b? ae 
Then ——> = 


b-c a’-b° 
=> (b? -¢?)? =(a? -b?\(c? -d?) 
RHS=a'c —a’d’ -b’c? +b'd? 
=(acy —(ad) —b’c? +(bdy 
Usel =(b°) —(hey’ -b’e? +(e’ 
=(b’y —be? —b*c* +(c’)y 
= (6) 26? +(e? 
=(b°-c?)Y =LHS 


iil. a+b’ ,b?+c',c? +d’ are in G.P 
aes C+d b+? 
Ol. Oh S50 a ee ee 
Bic a+b? 


=> (b' +c’) =(a°+b’\(c* +d’) 
RHS =ac +a'd'+b’c+bd’- 
=(acy +(ady +b°c* +(bdy 
=(b) +b’ +b? +(c’?P (use-1) 
=(b° +267c +(c°P 
=(b +c’) =LHS 
Hence a’ +b’,b° +c’,c’ +d’ areinG.P. 


8. Show that the reciprocals of the terms of the geometric sequence 4, ar 54, PSs 
form another geometric sequence. Multan 2008 
Sol. We have to prove that Rs SEUERT eu are in G.P 
a. ar ar 
l 
is se third _ ae 
second | 
ar 
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Srey xe 


pe 
_ second ar 
First eG 


Also 


1 1 
Ratio are same Hence — ,——— 


; 537 aren GP 
a ar ar: 
: a, 4 4 
9. Find the nth of the geometric sequence if ; > =— and a, =— 
‘ a; 9 9 
2 eR oar! 
Sol. Given —-===> Somes 
BEBE GE <D 
: 4 2 2 
>r =—=>r=t— Now when r=— 
9 S. 3 


4 4 2) 4 4-3). 2 
Also given a, =— > ar=—>a,|~-|=->a=-x-=- 
9 9 a). 9 $2 3 


eect 
20 BY FG) (med 
Pee ee See ao es nil 2 it S 
0-(-3)-3) (4) or) veers] 


10. Find three, consecutive numbers in G.P whose sum is 26 and their product is 216. 
: a 
Sol. Suppose three numbers inG.P. are —,a,,a,r 
r 
4 a 
Condition Il =| — |(a, (ar) =216 
r 
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1%; 


Sol. 


} 


g, =216=>a; = (6) >\a, = 6] 


a 
Condition! => -'+a, +a,r = 26 
ms 


a{Aitsr|=26 


/ 

(224) 26 => 6(r? +r +1) = 26r 

é 
= 6r? + 6r +6—26r =0 
=> 6r? —20r+6=0 
's' by 2 => 3r’ -10r+3=0 
3r? —9r —r+3=0 => 3r(r—3)-l(r—-3) =0 
(r-3)(3r—1)=0 
r-3=0o0r 3r-1=0 


] 
r=3orr=— 
3 


l 
When o> =6 


=— =6§6x3=18 
- 3 


a, =6 and ar=6{5|=2 
4 3 


Hence three numbers in G.P are 2, 6, 18 
If the sum of the four consecutive terms of a G.P is 80 and A.M of the second and 
the fourth of them is 30. Find the terms 


: 
Suppose four numbers inG.P. are @,.@)r.ar ar” 
Condition] >a,+ar +ar +ar — 80 

or a tar +ar+ar’ =80—>] 


ar+ar 


Condition I] => = 30 


= 


=> artayr a ees 
use Hint a, +ar? +60 =80 


This book was uploaded by www.educatedzone.com 


—= oo 


COLLEGE MATHEMATICS-1 352 SEQUENCE AND SERIES 


=> atar =80-60=20 
>a, +ar’ =20—> II] 

'x' by rwe get. 

ar+ar’ =20r 


Using J/ 
2 


60=20r—> r= =3)-o5] 


60 
Put in Ill a+a(3)? =20 
a, +9a, = 20 => 10a, = 20a, =[2] 
So a, =2 
ar =(2)(3)=6 
ar? = (2)(3)° =(2)(9) =18 
ar’ =(2)(3)? = 2(27) =54 
Hence required four terms are 2,6, 18, 54 


11 1 A Box a 
12. If 5 and — are in G.P show that the common ration is +. /— 
a c ¢ 

Fsd 2007, 2008 Lahore 2009, Rawalpindi 2009, Multan 2007, 2009, 2010 


Se Tae | 
Sol. lf —,—,—areinG.P 
abe 
] 
a pee puljese 
Ree Ob Le 
a 
] 
Third _~ 1.6 b 
"Second 1 cl a ee 
b 
[xl 
r? PP ls Sagem bi 
b ¢e c 
13. If the numbers 1, 4 and 3 are subtracted from three consecutive terms of anA.P., 


the resulting numbers are in G.P. Find the numbers if their sum is 21, 
Sol. Suppose three now inA.P are a,—d,a,,a,+d 
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Condition] >a,-d+a,+a,+d=21 
Sa=21 =a, = =7=9[a=7 
Condition! => a,-—d~—l,a,—4,a,+d-3 are inG.P 
7-d-1,7-—4,7+d-—3areinG.p 
6—d,3,4+dareinGP 
oy Ate Ss hy Pea? 
3 6-d 
=> 24-4d+6d-d’? =9 
= 244+2d-d?-9=0 
= -d’?+2d+15=0 
=d’-2d-15=0 (x'by-1) 
=> d’ -Sd+3d-15=0 
d(d -—5)+3(d—5)=0=> (d-5)\(d+3)=0>d-5=0 or d+3=0 
d=Sord=-3 
When d=5 anda, =7 
a,-d=7-5=2 
a,=7 
a,+d=7+5=12 
When d=-3 and a,=7 
a, -d =7—(-3)=7+3=10 
a,=7 
a,+d=7+(-3)=7-3=4 
Required numbers are 4, 7, 10, or 2, 7,12 


14. If three consecutive numbers in A.P are increased by 1, 4, 15 respectively, the 
resulting numbers are in G.P. Find the original numbers if their sum is 4. 


Sol. Suppose three numbers in A.Pare a,—d,a,,a,+d 
Condition Il >> a,-d+a,+a,+d=6 
3a, =6=>|a, =2| 
Condition] > a,-d+l,a,+4,a,+d+l5areinG.P 
or 2—d+1,2+4,2+d+1SareinG.P (put a = 2) 
3-—d,6,17+dareinG.P 
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6 3-d 


=> (17+d)\(3-—d)=36 


51-17d 43d —d? = 36 
=> 51-14d-d’ —36=0 
=> -d’—-14d+15=0 
=> d? +14d-15=0 («' by 1) 
=> d’ +15d-d-15=0 
= d(d +15)—l{d+15)=0 
=> (d+15)(d-1)=0 

d+15=00r d-1=0>d=-15 or d=} 
When d=-15 
then a, =2 

a, +d =2+(-15)=2-15=-13 and a, -d =2-(-15)=24+15=17 
When d=Ithen a, -d =2-1=1 


a, =2 
a,+d=2+1=3 
Required numbers are 1,2,3 or -13, ae 


Sol. 


Theorem: G.M 


Exercise 6.7 


=+J/ab 


If Gis geometric mean between a & b then a, G, b areinG.P 


b ; 
at Be =ab 
G a 


= G=+Vab! 


Find G.M between 
-2and8 Multan 2008 
Here a=—2 K& b=8 


G=+Vab =+,(-2)8) =+V—16 
=+/16 =44; 
a=-—2i,b=8i Faisalabad 2007 


G=+4Vab =4/(-2(8/) = +V-167? =+/-16-1 =4Vi6 =4 
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2. Insert two G.Ms between 
i. iand8 Lahore 2009 


Sol. Suppose G,,G,are two G.Ms between 1 & &then 
1,G,,G,.8 are in G.P 
[a, = 1] & a,=ayr° =ga (Ir =8>r =(2Y = [r= 
G, =a, =a = (1)(2) =2 
G, =a, =a 2 =(1(2y =4 


So two G.Ms are 2,4 
ii. Zand 16 Sargodha 2006, Fsd 2009, Gujranwala 2009, Multan 2008 


Sol. Suppose G,,G,are two G.Ms between 2.& 16 then 
2,G,,.G,,16, are in G.P 


[a, = 2| & a, =ayr 3216>>2°° =l6>r =8=2 ?=|r= 2| 
G, =a, = ar =22)= 4 
G, =a, =a" 2 (22) =(2)(4)=8 twoG. M,s are 4, 8- 


3. insert three G.Ms between 
i. land 16 


sol. Suppose GG), G, are three G.M,s between 1 & 16then 
1,G,.G,,G,,16 are in G.P 
[a, = 1] & 4, =a! =16(1)r* =16=" 4-(2)'=r= 2 
G, =a, =ar =(1)(2)=2 and G, =a,=ar- 222) =4 
G,;=a,=af 3=(1)(2)' =8 


So three G.M;s are 2,4,8 
ii. 2 and 32 4 


Sol. Suppose G),G,,G; are three G.M,s between 2 & 32 then 
2,G,,G,.G,,32 are in G.P 
a=’ & a =ar' =32 
97$ =32=r° =16= (2) = [r=2 
G,=ar= ae = 
G, =a" =(2)(2" =2(4) =8 
G;= ar = (2)(2)° = 2(8) =16 


So three G.M,s are 4, 8,16 
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4. 


Sol. 


Sol. 


Sol, 


Insert four real geometric means between 3 and 96. Gujranwala 2009 
Let G,.G,,G,,G, are four G.M,s between 3 & 96 then 


3, G,,G,,G,,G,,96 are in G.P 


[a, = 3] & a° =a" = 96 => 37° = 96 
9 
=r =2=32=2' [Fa] then 


G, =ar =3(2)=6 

G, =a,r? =3(2)? = (4) =12 

G, =a? =3(2) =3(8) =24 

G,=ar* =30y = 3(16) = 48 So four G.M,s are b= 6,12, 24,48 

If both X and Vare positive distinct real numbers, show that the geometric mean 
between X and Vis less than their arithmetic mean. 

Given x >0 & y>0 then 

Herea=x,& b=y 


G.M= Jy & AM= oe sy 


Now 4.M - GM ==> fy = ee) 


RSs ate a (Vx ir sie Wa-Jyy , 


2 
=> AM-GM>0>4AM>G.M or G.M < AM 


n na 


For what value of oa pt is the positive geometric mean between a and b? 
a 


a’ +b" 
lf —j—— be G.M betweena & b. Multan 2007, 2009, Federal 
a+b 
a" +b 
Then rare = Vab = =(ab)'? , 


=> a +b" = (a ee a! 
a” +5" = gi 2 pia +q'’?A" 11/2 
a’ +h" = ql "2p! +q'*h” /2 


/2 /2) n-1/2 
a" +b" =a" V2p) +q' b” 1 
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Sol. 


- = ll 
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W272 3 2 2 > ; 
a” =a" es we ql 2pt 2 —p" 3," 2 (a’? =H) if. ile oi — pf *) 


gs ; a na-V2 “* 0 ; 
SS ee aa ee =l=|—| => n--—=0>n=- 
5 b b 2 9 


The A.M of two positive integral numbers exceeds their (positive) G.M. by 2 and 
their sum is 20, find the numbers. 
Suppose two number are a & b then. 


Condition | — es salah 43 


' by 2=>.a+b=2Vab+4—] 
Condition Ila+b=20 => a=20—-b—~45 ]] 
20-b+b=2,/(20-b)b +4 (Put II in I) 
=> 20-4=2V20b-b* 
Sa meats 

= 16=2V20b-b? >8=/20b-3° squaring both side. 

64 = 20b-b* => b’ -20b+64=0 
= b*? -16b-—4b+64=0 

b(b-16)—4(6-—4) =0 
=> (6-16)(6-4)=0>5-16=0 or b-4=0>56=Il60rb =4° 
When 6=16 then a=20-16=4 
When 6=4 then a=20-4=16 
Hence two numbers are 4, 16, or 16, 4. 
The A.M between two numbers is 5 and their (positive) G.M is 4. Find the numbers. 


Suppose two number are a & b then 


at+b 
Condition | => e =5 


>a+b=10—3]/ 

Condition i => Vab =4 => ab =16——> (from!) a =10—b Put in Ul. 
(10—b)b=16 => 106-6? =16 

= b’-10b +16 = 0 => b? -8b— 2b +16 =0 => b(b-8)-2(b—8) =0 
(b-8)(b-2) =0=b—-8=0 or b-2=0=>b=8 or b=2 

When 5=8 then a=10-8=2_ 


When 5=2 then a=10-—2=8 
Hence two numbers are 2,8, or 8, 2. 
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S oA Di >land S$, 
r=3 


u 


iE) ol 
i-r ? 


Proof: We know that 
S,=a, +art+ar-+ ep +ar" 
x'both sides by (1-7) 
(l—r)S, =(l-ra, tar tay? tess. ar’') 
=A FOIA OI Hecccsecsssens FOP! GF OP GP? cosseeesee ar"'-ar 
(I—r)S, =a, pe =a,(1-r’) 
(l- 
l- 
pe = 
—| 


=S, =a 


ane 


Dy \r|>1 


and S, = 


_ a 
al 
Proof: We know that 
a(1—r") 
4 
Ss. = 
l-r 


ee 2 ee oe 
”. lim S, = im =a, Lim - in 
—fr =] —; 


now ren 


1 1 
1 Find the sum of first 15 terms of the geometric sequence 1, 3? Fs Rasoservees 
1 | 
Sol. | ReFeeterey a 
#9 
] 
SE eras, pea BOE +4). 
9 
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a-(t}) ae ae 
S= a@(d=r") ci yao ox 14348907 _ 14348907 —1 x 


a l-r i! 3 14348907. 2 
3 2 
_ 14348906 eg 7172453 
~ 14348907 2 4782969 
2. Sum to n terms, the series 
i. 2+ 22 + 222 +... Faisalabad 2007, Multan 2007 
Sol. SS 2 ade Page el eas +n terms 
=2(.14+.114+.1011+......... +n terms) 
5 
==(.94+,994+.999 4.0. +H ESV al: aid feat teed +n term) 
9 9 10 100 1000 


oly ites | 1 
ae Wl pg EH Ee eS to n terms 
9 10 100 1000 


J asts1s Sane interne Gaara ae ntern) 


10 100 1000 

2 (* ] ] 
=—| y= th FS n term 
9} 40 100 1000 

aa | 
Pe 100. |. Li Seg 

io” 1 1. 4, 10 
10 


| es 
be mane 10.10 


l-r 9) I 
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9 9|" 9 10] 10" 
10 
2 { ] 2 1{ 10° -1 
==| n-—| l—-— | |=—| n-= 
9 9 10” 9 9\ 10" 
ii. B+ 334333. tian Sargodha 2008, 2010, 2011 
Sot.” 34+334+333 4.iiiiscacs +o n term 
3(1+114+111+4.......... to n term) 
=5(9+99+9994 speraas to n term) 
= =[40-1)+400-n +(1000-1)+ iniines ton term)| 
= 5[(40+100~1000+ ssseuitestasis +nterm)—(1+14+1+..... nterm)} 


= 5{10+100+1000+..... ton term—nl 


a=10,r = ——=10>1n=n 
sige oe =F "-1)=] 
ae. 10-] 3,9 
3. Sum ton terms, the series 
i 1+(a+b)+(a’ +ab+b’)+(a° +a7b+ ab? +B°) + ccs 
Sol. = 14+(a+b)+(a° +ab+b*)+(a +a°b + ab? +B?) + ccc. ton terms 
'x' & '=" by (a—b) . 
=~ pla-o+e BYOB} 4 sessnccscecs n terms | 
=-+_fard re nterms—(b+b? +h +........ n terms) | 
(a—b) 
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__b _fpafa’=) be" “1 
“al HeFo — he ] ae 

1__| a(b-1a" -1)-b(a-1)(5" -1) 
cl (a-1\(b-1) ] 
_ a(b—1a" -1)—b(a—1)(6" -1) 
Z (a—b)(a-1(b-1) 


ii. r+(1+k)r? +(+k +h?) +, Mereesun Sargodha 2006, Multan 2007 
Sol. eh +(1+k+k° \ ge ne tan terms 
+' by (1—k) we get. 
Rie eas VG COROT n terms | 
ue a a [r a cal 5 ait See n terms | ~ (he + ker? + ccs n term | 


23 
: r : kr 
First series Q =F r =—=P°.n=n ‘ Second series a, =kr,r =—_ =} 
Fr 


ae jefe =D er] 


" (l-k)} r= kr -1 

4 Sum the series 2+(1 e( ) spuavies to 8 terms 
aa 4 1-7 
Sol. oes teeeetaaene to 8 terms a, = 2, r=—— n= 8ir| <I clearly. 
2a-(! ‘yy Note(1-i)* =[(-aT 
5 _4(0—r") _ ; 
Bee oS i= = (1+# -—2i)* =(1-1-23)" = (21) 
2 = 161° = 167". =16(—1)(-1) = 16 


2(2°-(.-a*) _ 256-(1-a* 


a me) 64(1 +) 


N 
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4 
5. Find the sum of the following infinite geometric series: 
3 1 
i 3 Ah =e perro ie cease 
S 25 -128 
: ] 
1 i Mile ee < e 
a, =—,f = =—x— = 
UN eee A ae 
a8 
Miradice 
a 5 4:51). 56) 
OY aS -_-=— 
eee ty A 54 4 
ne 
LP Sargodha 2009 
it] 2 4 8 eeereeees rgo a 
] 
a ut --4-1,2_1 
Sol. ie a ee i 2 
2 
St 
pe ee Se ae 
ar “0% l 
2.2 
9° 3 2 
iii. —+—+14+—+......... 
42 3 
3 
Sol. a, A my Use 
4 2 
eae 
a, 4 4 
ay Saye as ak 
i OS ar Sa 
2 3 
9 
fee 
14 4 
3 
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Sol. 


Sol. 


vi. 


Sol. 


Sol. 


G T! ICS-I 


_4xV2_ 42, ros 
Be 1 V2-1 241 


4V2(v2 +1) 
ee hes +2) 


0.1+ 0.05 + 0.005 +.......... 


Find vulgar fractions equivalent to the following recurring decimals. 


1.34 Multan 2009 


= 1.343434... cs 


a, = 0.34, r 0.0034 _ 9 6) 
0. 


l-r 1-001 

0.34 34 99+34 
= Fe 

0.99 99 99 
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99 


Muitan 2007, 2008 


ERIES 


COLLEGE MATHEMATICS-| : 364 
ii. 0.7 Multan 2010 


Sol. =0.259259259259.......... 


Sol. 3 Gok aS be 


a 
we know that S, = See 
—r 


0.53 1 0.53 


1-0.01 0.99 
53 


P53=)+ 


= 14100), arate 
99 99 99 99 


100 


SEQUENCE AND SERIES 


This book was uploaded by www.educatedzone.com 


COLL ATHEMATICS-| 365 SEQUENCE AND SERIES 


v. 0.159 ‘Federal 
Sol. = 0.159159159,.......000 


vi. 1,147 
Sol. = 1.147147147.....:.. 
=1+(0.147+0.000147 +....... ) 


1000 
i M47=ie—— 
{gt ee LT 
999 999 999 
¥ Find the sum to infinity of the series; 


r+(l+k)r? +(l+k +k’ )r? +......4° and k being proper fractions 
re(L+ ky? HLF KER? tcc 
Sol. x" & '+' by (1-k) 


re aad es ne Sic waeteas | 
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For First series a, =r, r=r 


For second series a, =kr,r=k'r? 


1 a a 
‘ae 
r kr 
=: 1 a 


| 
wal kr) kr(1- =) 
ato 


ho 
(4) 
eS ] 


(l-r)(1-&r) 
r— jo” — kr + Jo”) 
 (-6} _ @—-r)d—#) 

I rare r(4—k) |; r 
~ G-#)| d-nd-&) | d=nd-m) 


(I-k) 


OW De 3 2y 
8. If y=~4ox +—X +.....and if 0< x <2,then prove that x = 
z.4 8 l+y 


5 aes ieee 
Sol. YVE=r—t—X 4taeX ti... Faisalabad 2007 


yaa ~3G- X)y=X => 2y-xy-x=0 


2y= Le ee 
ee 
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9 If = Swhepha tes dntice<e th how that X = 3y 
. y 3 9 aa an >? en show tha 1+) 
Sol eoNbe Ree 4 
ol. y tee togt teen 
4 
2 9* 43 35 2x 
as hh lala te =— xX — = 
3 =. ye 3 
3 
2 2x 
yegiae Se 2 
* deer 1-2" 3—2x 
3 3: 


2 3 2% 2x 
x == y= - 
3 3-2x 3-2x 3-2x 
W(3— 2x) =2x => 3y-2xy = 2x > 3y = 2xy+2x > 3y= 2x(y+1) 
2x = Es os =>|x= ay 
y+l 2(y +1) 
10. A ball is dropped from a height of 27 meters and it rebounds two third of the 


distance it falls. If it continues to fall in the same way what distance will it travel 
before coming to rest? Sargodha 2009 


2 2 
Sol. According to given Condition we have 27,2 x a a2) ce. pitatice 


2 ico 
S,, = 274+2x27x=+2x27 x—x—4.0.. 
3 2 3 


! 22 
=27+218412> 0... Nwetiks es 
on ee [a 18 5] 
=2742{ 4) f 
l-r 
=27+2} 5 |=2742| 18 | =2742| 18 = 2742x182 
1-2 3-2 1 l 
3 3 3 
=27+108 =135m 
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11. What distance will a ball travel before coming to rest if it is dropped from a height 
of 75 meters and after each fall it rebounds 2/Sof distance it fell? | Multan 2007 
" * 2 
Sol. According to the given condition 75,2x75 xe ,2x75 < ee re 
5,= 1S42X% TSX 24 3X7S xox a+ Meee 
5 ae 
: Pe a 
= 75+ 2(304+12+.......c000 a, =30,r=—=-— 
)(a,=30r= 5-2) 
5. =7542{ 27542] 2” | 27542] 22 [27842 ss 
- l+r 12 5-2 3 
5 ela. 5 


= 75+100 =175 meters. 
12.0 If pH 1t2x44x7 +82? tren 


(i) Show that ¥ = — 
2y 


(ii) Find the interval in which the series is convergent 
Sok =. y= 142x +427 +87? t.... 


a= r= = 2x 
at eee. 
di SES 9s is Fr 
=> upl=2x)=1 
y-Qy)=l>y-l=2y5 |p o 27! 


For interval series will be convergent if 


lr] <1=>|2x]<1 => |x] <4 =f dex} 
2 2 2 


13 if y=l ad i= + 
. J 2 4 serereree iJ 
—] 
(i) | Show that x= {2-4) 
y 
(ii) Find the interval in which the series is convergent 
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Sol. 


14, 


Sol. 
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—-Xx 
2> 2y-xya2m 2y-2=xX 


og y 


Series will convergent if 
|r|] <1 =>|x/2| <1 >|x}<2 =-2<x<J| 


The sum of an infinite geometric series is 9 and the sum of the squares of its terms 
is 81/5. Find the series ? 


: ; = 
Suppose in finite series GQ FAP TOI tosses 


Condition I => S,, = =9 >a, =%1-r)——/ 


Ege ar at 81 a  8i y d, 
Condition Il > @ +a)r°+a@,r +... et : art => 5a; =81(1-r°) 
at 6 


§.81(1-r) =810.—r)(1+r) (usel) 
5(l-ry)=1l+r = 5—5r =1l+r >5-1l=ire+r => 4=6r |r =2/3 


[pur =? in 1) a,=91-2}-9[2 | [aaa 


2 
ar =((3}=2 and ar’ =@)(2| -3(3)=$ 


4 
So infinite series is 3+2 ae accents 
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Sol. 


Sol. 


Sol, 


Exercise 6.9 
A man deposits in a bank Rs.8 in the first year, Rs.24 in the second year Rs,72 in 
the third year and so on. Find the amount he will have deposited in the bank by 
the fifth year. 


Given8+24+72 +.......... +a, 
nip stuns 
8 
9 2 Ak a) it 
r—| 
ae — 
S;= — — = ee=) D = 4(242) = 968 


A man borrows Rs.32760 without interest and agrees to repay the loan in 
installments, each installment being twice the preceding one. Find the amount of 
the last installment, if the amount of the first installment is Rs.8, 


Given S, = 32760,r = 2, a, =8, a, =? 


¢ ae) 


r-l 
32760 one ~) ’ 
(| 
= 32760 = 8(2” -1) 
=> 2” -] “_ = 4095 


2" = 4095 +1 = 4096 
=> 2" =2" =n=12 
Now a, =ar""' 
a= 8(2)'2" = 8(2)!! 
= 8(2048) = 16384 
The population of a certain village is 62500. What will be its population after 3 
years if it increases geometrically at the rate of 4% annually? 


a, = 62500, n=4 
r=l+4%elact- = 140062100 
100 


a, = ar” => a, = 62500(1.04)" 
a, = 62500(1.04)° = 62500(1.1249) = 70304 
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a. 


Sol. 


Sol. 


Sol. 


1/3 
Perimeter of triangle DEF = 5 (3) == 


The enrolment of a famous school doubled after every eight years from 1970 to 
1994, If the enrolment was 6000 in 1994. What was its enrolment in 1970? 


According to the given condition 1970, 1978, 1986,1994 are a,, G,,A;,Q, 
n=4,r =2,a, = 6000,a, =? 
asar™ 


a, =ar*' > 6000=a,(2)° 
=> 6000 =8a, > a, — =|a, = 750] 


A Singular cholera bacteria produces two complete bacteria in 1/2 hours. If we 
start with a colony of a bacteria, How many bacteria will have in n hours? 
Givenin 1/2hours = 2 bacteria 


y 4 
—+—=lhour = 4A 
2 


1 
1+—=—hour = 8A 
2 4 
29 
—+—=2hour = 16A 
2.2 
hs 
2+—=—hour = 32A 
ae: 


ee 

—+—=+3hour = 644 

Zoe 

So in 1, 2, 3, hours 4A, 16A, 64A, ......... n=n 
a =a 

a, =4A4(4)"" 


= A4" = 42” bacteria 

Joining the mid points of the sides of an equilateral triangle, an equilateral 
triangle having half the perimeter of the original triangle is obtained. We form a 
sequence of nested equilateral triangles in the same manner described above 
with the original triangle having perimeter 3/ 2 What will be the total perimeter 
of all the triangles formed in this way? 

According to the given condition perimeter of A4BC = 3/2 
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l 
Perimeter of triangle GHI = 3 (perimeter of DEF) 


2\4) 8 A 
" So series is 
S309 
Sm ae cece cece 
2 4 8 
3 
Tene oo ee ae / : 
GS ie ae 
2 3 gle Ne 
2 
ine 4 8 D C 
Sete eel Kees 
3 


Exercise 6.10 


G 
Theorem: Prove that A, G, Hare inG.P or G? = AxH or — 


cel 

G 

Proof: We know that Multan 2008 
A So cs Pe PT ve 2ab 

2 ath 


Then G? =(Jaby? =ab— > / 


Comparing | & Il 


|G = Ax H] or GxG=AxH 


RG cds: 
=>|— =—|It is clear that 
A_G 


A,G,H Herein G.P 
Theorem: provethat 4>G>H 


Proof: A>Gif a > Jab 


Squaring both sides 
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2 
= CPs ab 


=> a’ +b’ +2ab >4ab 

=> a’ +b>+2ab-4ab >0 

>a’ +b’ -2ab>0=>(a-b) >0 

Which is True if a & b are distinct real Therefore 4 >G—>]/ 


Now G>H if Vab > 
a 


4(ab)(ab) 
a +2ab+b° 
=> («b)(a° +2ab+b") > dab(ah) 
=> a’ +2ab+b? —4ab>0 
=> a+b? -2ab>0=>(a-b) >0 


=>ab> 


Which is True if a & b are different, therefore G>H I] 

Combining J & JJ 
1. Find the 9" term of the harmonic sequence: 

j Spt AP | 

3°5 ‘D? Aaa Faisalabad 2008, Sargodha 2009, Multan 2010 
Sol Gina 2 BS in H.P =} 

Fare cams es 
Then Pe. iene are in A.P 
| ae eS 
ONS ISs Pixccrceits are in A.P 


a, =3,d =5-3=2,n=9 
a, =a, +(n—I)d 
© ay =3+(9-1)2 


=3+(8)(2)=3+16=19in AP >a, =a5in HP 


1 
ii. e330" sedeacens Multan 2008 


This book was uploaded by www.educatedzone.com 


—__ 6 > 


COLLEGE MATHEMATICS-1 374 SEQUENCE AND SERIES 
Sol. —,—.,-l, Anaeeeeee in H.P, a, = . 


ese arein A.P or —5,-3,-)..... arein A.P 
a, =5,d =-3-(-5)=-3+5=2,n=9 : 
a, =a,+(n—-ld 
a, =5+(9—1)(2) 

=-5+(8)(-2)=-5-16 


a, =—2linA.P>a, nice in H.P 
21 


2. Find the 12" term of the harmonic sequence: 
iba 
i, 5 or ; puccatask Faisalabad 2007, Multan 2009, Sargodha 2008, 2011 
1 1 
Sol. besos balagetod in H.P, a, =? ™ 
258 i 
S02, 68 cae, are inA.P 
>a, =2,d =$-2=3,n=12 


a, =a, +(n—l)(d) 
a, =2+(12—-1)(3) 
=2+(11)(3)=24+33+35 


4, =35inAP>a,, =5zin H.P 


i I 2:3 
He 9 bp eeteeeers 
3°9’6 
Me ee mas 
oo treceesvavceeds are inA.P 
1 2 
eetdecndac ees ae 
2 = 2 


a, =a, +(n—-1)(d) 


3 
, =2+(12-1)| = 
ao=2e02-1(2) 
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Sol, 


=3+1 (3)-3+2 
2 2. 


6+33 39. YE 
= =—inA.P => 4,, = ia H.P 
2 S £39 


12 


SEQUENCE AND SERIES 


5 D) 
Insert five harmonic means between the following given numbers, 
= and = 

5 13 


let H,,H,,H,,H,,H,, be five 


Bric. Oe 
H.M between —— &—then 
a tks 


me ee ee Men 
5 ‘ 13 
nt ot De, ee Se Tees Ske: 
ae Sa a eek ad teed reg se 
2A yf, Ay AS? 
a= ha, na +6daee 
2 
at ete 
zZ 
3 
sp Geko y ee Og wt ga 
2 2 2 6 2 
PY os 4 
Jiegeauter 4 i oe 
te pa ! 2 2 
=, =4,+2d=F+2(3) peas 
H, 2 2 2h cw 
7 na d= 43(3) 5.9. 
i, 2 vs a 
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Sol. Let H,,H,,H;,H,,H,,H.M,s between : and then 


| HI, HAD tare in HP 
3 * 
4,— ,—- .— .—, Kp .24 are inA.P 


4+6d =24=> 6d =24-4 
=> 6d =24-4=20 >d=20/6=10/3 


Now 

: 2) 
J ages ee 
H, sae eae 
Bales ere +2(10) _12+20 32 
H, 3 8 


_12+30_ 42 


=d,=4,-+3d =4+3 


a 
ae 

ss 

w{[S 


ee 
Lan) 
alg i Salle ret 
— 
Nm 
+ 
+ 
cS 
Wa 
ho 


H, 3 $3. 3 
re 
+ sq=0,45d= 4+3{2]- keh 
fi, 3 3 3 
Therefore 
Ha, es H, == 
222 ~~ Aa 42 
3 3 
H =—, =e 
+ $3 * 62 
4. Insert four harmonic means between the following given numbers, 
i. Z and ae 
3 23 


1 
Sol. Suppose //,,H,,H,,H,,are Four H.M,s between 3 and = 


l 
Then * Hy iti, t,, PE asaned 
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Sol. 


377 
re ele pe »23 are in A.P 
fs NS : ea 2 Oe 
a, =3,q, =a, +5d=23 
3+5d =23 


=> 5d =23-3=20>|d=4) 


—=4,=a,+d=3+4=7 
— =4, =a, +2d =3+2(4)=34+8=11 
H, 


— =4, =a, +3d =3+3(4) =3+12=15 


l 
il, 
og: ma edd w34d(aje se ig ato 
H, 
Hence four H.M,s are 

eee A ies 

7 11 15 19 

oe 
3 11 


7 7 
Let /,, /7,,H,,H,, are Four H.M,s between 3 and — — 


] 
Then >-—.—,—, — ,— sare in A.P 


PASH A, 7 


3 
a: => bad dae 
7 7 
2 eae See 
7 y Fea 3 
Sie age wee 
toe SS 
| 3, 8 1548 23 
—=4 =a,+d=— Sis =— 
| ae ae: Te SS Sic - 38 
3 
gerard =542{ lat 
fH, 7 ci geo Mies. 5 


15+16 _ 
35 


31 
35 


SEQUENCE AND SERIES 
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=a,=a,+3d=343(5)- 3 Pes. _15+24 39 
3 


l 

a; rr OAS. | esac ea 
2 

eee ~asdd~344{ 2 332 _15+32_ 47 

IT 35 


<a ~e 35 35 
Hence required H.M,s are 
H, =22,H, =>, Hy==,H,== 
23 31 39 47 
ili. 4and 20 Sargodha 2010 
Sol. Suppose H,,H,,H,,H,,are Four H.M,s between 4and 20 


Then 4, H,,H,,H;,H,,20 are H.P 


a, ae =a peor 

4 0 

hii os Siete 

20 20 4 

20 20 ~ 30 5 50 “ge. 
] kL, 2 25=4- 2) 
— =a, =a t =e TF Ur 
Hi, 7 4 25 100 100 
Greta ttda tee) 12 BB 
IT, 4 25) M4525 --108" ~ 100 

it i ae 

ah =a +iM=1+3(2)-1-3-3 Be 
HH, 4 \25) 4 25 100 100 
are atda fea 3) a2 5 a8 ? 
H, 253° 4 25 100 100 
Hence required H.M,s are 
H, _ 100 oe 100 es 100 bib 

21 $3 47 ere 9 

th th I 5 . . th 

5. If the 7°" and 10" terms of an H.P eee ely, find its 14" term. 
| 5 me 
—, @, =? in HP 


3 


Sol. ia ec. 
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a,=3&a, = Sin ar 
> a, =a, +6d =3— 1] 


Ay =a, +9d -S—t 


d= pa Belt 8 


248-22 3 3 
a, =3-— = ——_ == >|4, == 
35 5 5 5 
a, =a, +(n-ld 
a, => +(14—1) ;| = 3+13{2|=2426 342628 
5 bh ee Sf 5: 5 5 5 
By ae AP=>|a,, = in HP 
5 29 
6. If the First term of an H.P is — 1/3 and the fifth term is 1/5 Find its 9” term? 
Sol. a, =->, a, =5 a, =? in H.P Multan 2008 
a=-3—7_—, a, =SinA.P 
a, =a,+4d =5 =>-3+4d=5=>4d=8=>|d=2] use-/ 
a, =a,+(n-l)d 


a, =-3+(9-1)(2) 
dy =-3+8(2) =-3+16=13 


ay =13 in A.P=> a, =1/13 in H.P 
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y fp If S is the harmonic mean between 2 and b, find b? 
Sol. Givena=2,b=6, H.M=5 
2ah 


H.M = ak Sgd, 2010, Fsd 2008, 2009 Multan 2007, Lahore 2009 


Put values 

_2(2)b_ 4b 
“Sh 2 Sab 
=> 5(2+b)=46 
=>10+5b= 4b 
=> 10+56-45=0 
=> 10+h=0>\|b=-10 


5 


8. If the numbers a , and 
Kk 2k +1 4k -1 


are in Harmonic sequence, Find k. 


1s 
k’2k+1) 4k-1 
k.2k+1,4k—lare in AP 

=> 4k -1-—(2k +1)=2k4+1-—k 
4k -1-2k-1=k+1 
2k-2-k-1=0 


=k 3=0=> |k=3] 


net n+1 


~—— may be H.M between a and b. 
a" +b" 


Sol. 


are in H.P Sargodha 2008, Fsd 2009, Multan 2008 


9. Find nso that 


Sol. a be H.M betweena & b then Faisalabad 2008, Lahore 2009 
a"! +b" - 2ab 
ane gab ; 
(a) +h" \a +b) =(a" +b" \(2ab) 
a’? +a""'b¢ ab"! +b" =2a""'b+2ab™ 
a”? +b"? =2ab"™" +2ab"* —q""b—ab"" 
a”? 4b"? = @l"b+ ab" 
a a" b= ab" op 
a"''(a—b) =b"*!(a—b) +both sitle by (a—6) 


nol nl ra) 5 
prata($) -(G) saet-0 Gea wow f= (2) 
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10. 


Sol. 


11. 


Sol. 


if a’,b’ and c’ are in A.P. Show that a+b,c+a and b+¢ are in HP. 
a’,.b’, care in AP 


Then b° —a@ =c’ —b° ——] 


Now a+h,c+a,b+c are in H.P 


1 l 1 ] 1 l l 
ake - = Fm ein 
a+b ec+a h+ b+ce cta cta a+b 


(e+a)- bee) atb— c-a 
(h+ce\ce+a) ~ (a+b\(e+a) 
fta- b- fta-b-f _A+b- At+b-c-A 
(o+eKer+a) (a+b\(c+a) 
x' both sides by (c +a) 


(a—b) (6-c) a-bh_h-e 
EO eat Besa BE a b+e “a+b 
By cross multiplication 
(a+b\(a—b) =(b+c\(b—-c) 

Puvar a e 

‘<' both sides by (—1) 

b -a@ =¢ —-b >b -a =b' -a’ (use 1) 

Hence proved. 

The sum of the first and fifth terms of the harmonic sequence is 4/7 if the first term is 


1/2 Find the sequence. 


ds =1/14,a, =1/2in HP. 

a, =14.a, =2in AP 

a,=a,+4d=14 

d, =2+4d =14=> 4d =14-2=12>[d=3] 
Nowa, =2,a,=a,+d=24+3=5 . 

a, =a, + 2d =2+2(3)=8 

DSSS Scesitss in A.Pand 1/2,1/5,1/8,......in HP 
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12. 


Find A,G,H and show that G’ = 4.H. if 


a=-2,b=-6 Multan 2010 
_ at 2-6 8 
eS ie: See 

=+Vab = +/(-2\(-6) =+V12 
wala =+2V3 


G? =(4V12)? =12——_7 
Ax H =(-4)(-3) =12 
From | and I|\G*? = AH 
a= 2i,b=4i 

_2i+4i 65 


G= i; = +,/(2i(41) =+V-8 
_ 2ab _ 2(2iK(4i) | 167° _78 
a+b 2+ 4) 66 Bi 

G? =(+V-8) = -s—— 


-8 
AH =(3i)| — |=-8 
‘ f ) 
From I and I 


a=9,b=4 
gadth 94413 
2 2 2 
G=+tVJab =+V9x4 =+/36 =+6 
_2ab _ 29(4)_ 72 
ath 944 3 


i 


dl 


G? = (+6) = 36 and AH =x =36and 
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13. 


Sol. 


14. 


Find A,G,H and verify that 4 >G > H(G > 0), if 


a=2,b=8 Federal 
An Stb 248 10, 
2 2 2 


G=+Vab = +, (28) = +vVi6 =+4=4(G >0) 
2ab _ 2(2\8)_32_16 


=e ee eT ee 
a+b 2+8 10 5 
Hence A>G > H because 5>4 >“ 
eS 
5 


G=+Jab=+ 2b 2/624 4650 
25 > § 

GL) 2 2 

Ha 2% _ \SAS)_ 25 35 _32 5 16 

a+b 2,8 ~8+2° 10 25°10 25 

xis 5 5 

A=1,G=2,H = se Therefore [4>G> 

Find A,G,H and verify that A<G < H(G <0), if 

a=-2,b=-8 Sargodha 2009 

4-250 228 10 _s 
Z 2 


a lies [(-2)(-8) = +Vi6 =-4(G <0) 
we 2ab _ 2(-2)-8) aoe se —3,2 
a+b 2-8 10S 


-5<-4<-3.20r|A<G<H 
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COLLEGE MATHEMATICS-| SEQUENC 
ii. Pita SEs. 
5 5 
Se Wp anak an Be 
Sol. anit _5 P) 5 poke oa 
2 2 2 2 
2(-8 16 -4 
G=4NJab =+.|—| — |=+.|— = —(G <0 
i= sab Az] ss 
4) 8 
Me ee ee OT eee ee 16 
Hs 2 8 Tee 0” y= 06 
ee 5 5 
A=-1,G=-0.8,H =-0.6 >|A<G<H| 
15. If the H.M and A.M between two numbers are 4 and 9/2 respectively, find the 


numbers. 
Sol. H.M =4, A.M => a,b=? 


2 
Hales ae ae er 
a+b a+b 
AM a+b __9_atb 
2 2 2 


=> a+b=9—5]/] 


(Put Linl)=> 4 == = 2ab = 36 


36 


Multan 2009 


ob == 18 = ab = 18 ———— from HI a+b=9>a=9-b 


Put value in II] 
(9-b)b =18 => 9b-b’ -18=0 

=> b? -9b+18=0 

=> b? ~3b-6b+18=0 

=> b?(b-3)-6(6-3) =0 

=>hb-3=0 or b-6=0>6=3 or b=6 
When 6 =3 then a=9-3=6 

When 5=6then a=9-6=3 
Numbers are 6,3 or 3,6 
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IES 


Sol. 


17. 


Sol. 


eS 


COLLEGE MATHEMATICS-1 ; 38 5 SEQUENCE AND SERIES 
16. If the (positive) G.M and H.M between two numbers are 4 and 16/5, find the 


numbers. Sargodha 2008 


G.M =4, H.M 3a? a,b=? 
Po) 


G.M =Vab > 4=Jab = ab =16 ——_1 


? 
HM = 222 18 _ 2ab 
at+h : a+b 
16 _ 216) _, 2 
=>— 


5 atb ar a+b 
By cross multiplication 
a+b=10—>// 


From IJ a=10—b—>//] 

I become (10—6)b = 16 => 10b—b° -16 =0 => b* -106+16 =0 
=> b? ~-2b-864+16=0 . 

= b(b-2)-8(6-2)=0 

=> (b-2)(b-8)=0 

=>b-2=0 or b-8=0 

=b=2 of b6b=8 
When b=2 then a=10-—2 
When 6=8then a-10-8=2 
Numbers are 8,2 ° or 8 


1°44 1 
If the numbers >? oe an 36’ ‘are subtracted from the three consecutive terms 


1 
of G.P, the resulting numbers are in H.P. Find the numbers if their product is 7 
Suppose three numbers in G.P are wie then 
r 
Condition II =(4 ‘(a Kar)=> Faisalabad 2008, Sargodha 2009 


ES -( | ) 1 
ans = | =a=— 
at {3 3 
4 


l l 
Condition | = a 30-0, =— are WP 
ys 36 
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E MATHEMATICS- 386 SEQUENCE AND SERIES 


Dia Bl AA us Dn 

or 23 SI'S: 86 

11 7-4 12r-1, 

3r 2° 21 36 

2-3r 3 es 
oa 96" 
2-3r 1 12r-1. 

=>—— 


in H.P 


6r 2 36 

6r 36 
=>——,7,——_ 
2-3r 12r-1 


in A.P 


36 6r 
a 
12r-1 2—3r 
'x' both sides by (12r —1)(2—3r) 
36(2 —3r) + 6r(12r —1) = 14(12r -1(2-3r) 
72 —108r +72r? —6r = 14(24r —36r? -2+37) 
72r? -114r +72 =14(—36r? + 27r -2) 
72r? -144r +72 =-504r? +378r? —28 
72r° —144r +72 +504r? —378r? +28 =0 
576r* —492r +100=0 
144r° -123r+25=0 ('+'by 4) 
144r? - 75r —48r +25 =0 
3r(48r — 25) —1(48r — 25) =0 
(48r —25)(3r -1) =0 
48r-—25=0 or 3r-1=0 
25 | 
r=— or r=- 
48 3 
When ia & a, a2 
48 


> =74+7=14 


3 

1 
5 etter ak lias. Se. 
r 25 3°25 25°% 37" =3| 48 | hag 
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387 SEQUENCE AND SERIES 


ee Boo A 
25'3°144 "39 
Sigma Notations 
aS —o,_ nn) 
HEB Hrrccccssesens +n= k= Multan 2008, Faisalabad 2007, sgd 2008 


k=l 


1? +27 +3? 4+......, nae = Meter) 
k=l 6 


Pate +7 = : ge] mae 3 
pa 2 
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Exercise 6.11 


Sum the following series upto n terms. 
1. 1x 1+2x3x 7 4..00......... 
Sol. BS ewe 2c > al 2° See n term 


T, =[1+(k-DQ)] x [1+ (k -)] 

T, =(1+k -1)(14+3k —3) = k(3k —2) = 3k? —2k 

S,= 30, =¥ Gk? -2k)=3N P-2D k 

- ymin n+l) 22%n+1) rat (2n41)_2n(n+1) 


6 2 2 2 
Rel) qo 
2 2 


2: 1X3 +3 KO+5X YO. ccccccreee 
Sol. 1X3 435X645 9. ccc ce n term 


T, =[1+(k-1)2]x[3+ (k—1)3] = (1+ 2k -2)4+3k =3) 
= (2k —1)(3k) = 6k° —3k 


S, = oT, =) (6k? -3k)=6) K?-3) °K 
k=l k=t k=l k=] 
ng nnt+l(2n+l) 3.n(n4+l) 


; eas =n(n-+b|2n+1—3| 


wee - n(n+1)(4n—-1) 
9) 


< 


=n(neD| 


3. 1x44+2*7+3x104+........... 
Sol. 1x4+42x«x7+3x10+.......... term 


T, =[1+(K-Dl]x[4+4 (k-1)3] = (1+ k -1)(4 +3k -3) = k(3k 41) =3k +k 


$,=¥7, =I e+ Dk 
kel k=l k=l 


_ Wn +1)(2n +1) ‘ n(n +1) a n(n+1)(2n +1) :. n{n+) 


6 2 2 2 
a(n+] n(nt+l)(2n+2)  2n(n+1)(n4+1 2 
- A) [Pn +141] = * ha aee ~ ) = n(n+t? 
4. 3x54+5x94+7x13 4+......000 
Sol. KS +5 KOOL T KES Aoi icessccd nterm 
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T, =[3+(k-1)2]x[5+(k—1)4] = (3 +2k -2)(5+4k —4) = (2k +1)(4k +1) 
= 8k +2k+4k +1=8k* +6k41 
S, = 27, =>) (8k +6k +1) 
k=l 


k=l 
=8 #46 SY kn 
kel k=l 
_ 8n(n+I(2n+l) , 6n(n+l) 


6 2 
a Sen Ds xinsyst]=n 4(2n° +n+2n+1)+9%(n4+1)43 
3 "a 
[ 82° +12n+4+9n+9+3] ig 
= 1 => = — (8 +21n+16) 
3 * 3 

5. ek a Multan 2009 
Sol. ae ae ve +n lerm 

7, =[]+(4-1)2] =(1+2k-2)? = (2k-1° 

T, = 4k? —4k+1 


§ =3 TSS Gr aap 
kal“ get 
=40 h-4¥ kin 
k=! k=l 
_An(n+l2n+l) _ sn(ntl) 


6 2 
=n| 202M n Dayne] ne +6n+2 -2n-1] 
3 3 
= pf a 8a -1) 
3 3 

6. 2? +5? +8? + rcccsosnes Multan 2008 
Sol. 2? 45? +8? oss +n term 

T, =[2+(k-1)3] =(2+3k -3) =(3k=1 

7, =9k° -6k +1 | 
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co THEMATICS.- 


S, pz = 0K" -6k +1) = ok 6) k+n 


Am k=} 
x gens kan ye “et ei 


‘e p Macbeet -snenei] an pnt} an-2| 


~) Ce 
2 


7. 2x1? +42? +63? + orceeccoee 
Sol. 21? +427 46x37? 4 occ. +n term 


=[2+(k-1)2].[1+(k-DIP 
=(2+2k —2)(1+k-1)? = 2k(k?) =2k? 


s,=>7 => 2 = 20 = [aed ) 


k=l k=} 


“ 2n°(n+1)° _” *(n+1) 


SEQUENCE AND SERIES 


|=Z? +3n- 


4 2 
8. 3X27 45x37 474? + ceccceenne 
Sol. 3x2? +5x3°+7x4? +........... +n term 


7, =[3+(k-1)2]x[2+(k-DIf 
=(3+2k -2)(2+k-1)? =(2k +1) k+1) 
ee eartir ce ie seeales =2k? +5k°+4k+1 
.=>7,=5 =v "2k? + 5k? +4k +1) 


k=l ys i* 
=200 +398 +43 kn 
ke] 
2 Mae + 5mn+DQnt)  An(n+) | 
2 6 2 
n2 or s2nel), Snr stated 


i P +2n(n+l)+n 
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Sol. 


10, 


Sol. 


aie n(n +2n+1) | 10n” +10n+5n+5 
2 6 
x | +6n° +3n+10n° tere Seeneis 
6 


*2ne21 


a Gat +16n? +30n+23) 
2x4x7+3x6x10+4x8% 13 +.00000.... 
2x4x74+3x6x10+4x8x134........... tonterm 

T, =[2+(k-1)1]x[4+ (k-1)2]x[7+(k-3] 
=(2+k-1)(4+2k -2)x(7+3k-3) 

= (Kk +1)(2k + 2)(3k +4) = (k+1)(6k? +144 +8) 

= 6k? +14k? +8k +6k? 414k +8 = 6k? +20K 422448 


S, = D7, = E (6k? +20k + 22k +8) 
k=l k=} 


=65e +2050 +225, k+8n 
k=l k=1 


k=l 


= of ne) , 20n(n+ gee I) , 22n(n+1) nen 


2 

{2 6. (n+l) 3 20n(n +1)(2n+1) : ser). 
4 6 2 
2 2 

= 3n(n +2n+1)  10(2n nt) i cnes 

2 3 
3n° +6n°+3n 20n? +30n+10 
=n ee ge eee 


ee On? +18? +9n+40n? +60n+20+66n+66+48 

= gq) a ee VOY ETON BOG E46 
6 

= 2 (n° + 581° +1350 +134) 


1X4 6+4x 7x 1047 10% 144 cccccscss 
1x4x6+4x7x10+7x10x14+........... + n terms 
T, =[1+(k-1)3]x[4+(k—1)3]x[o+(k-1)4] 
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COLLEGE MATHEMATICS.1 
= (1+3k —3)x (443k —3)x(4k +2) 
= (3k —2)x (3k +1)x (4k +2) 
= (3k—2)(12k? +10k +2) = 36k? + 30k? +6k—24k? —20k—4 
= 36k’ + 6k? -14k-4 


SEQUENCE AND SERIES 


8,=¥7, = ¥ Gok +64? -14k-4) 


k=l kel 
=36 8 +oe 149 han 


= 2D), Soho I2n1) Triad)” 
2 pb 2 


= 96 END mn 2M +1) Tr +1) 4 
= nl 9n(n° +2n+1l)+(2n +2ntn+l)-Tn+l)—4 | 


=n(9n’ +18" +9n+2n? +3n+1—7n—7-4) 
= n(9n’ +20n° +5n—10) 


11. 1+(1+2)+(1+2+3)+........... 
Sol. 14(14+2)+€+243)4..0....... + nterm 
fT w1ste8e. nd n= S, = 5 (24+ (m1) = 2 (2(1) +m) 
fa ellis emit) eet 
2 2 
s,=3%- PAD eae 
3 | Sues Sea] Pe eed 
_f mee (Patt 41) ment 2att3) 
7.3 3 en 3 
nn+1)(2n+4) n(n+1)Z(n+2) n(n+1)(n+2) 


= = 


4x3 Zx2x3 6 
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Cc 


12. 
Sol. 


13. 


Sol. 


ATHEMATICS-| s 
P+ 427) 4 (1? $2? 43?) trceccrseen 
Pe? 42 48 2 SS a +n term 
2 
Tie P 4S focus fe ney 
(k +1)(2k +1 2 
7, oe “7 +e ee 


ca = <[ (2k? +2k-+k-+1)]=—[2K! +3k? +k | 


S,=> 7, -42¥ k4+3 Sk + ad 
d= 6 k=} kel kel 
th > eed) poms Dent) 7 nat) 
6 2 : (6, 2 
y) 
_mn+D| 4 mint), Int 1 
6 4, 2 2 
_ n(nt+)) 
6x2 
_A(ntl)r 
=n +3n+2] 


Z+ (245) + (245+ 8) + sricscccceseceees 
2+(24+5)+ (24548) + ccccdeccicres +n term 


Ve oS ere +n term 


[7 +n+2n+1+1] 


a,=2,a=3,n=n 


i == [2a +(n-1)d] =5[22)+ 2-03] =5[4+3n-3] 
f = SGnaeo +n yettias 
2 2 2 
rk 3k +k 
2 
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Pe! Sn(ntIQn+l) , n(n+l) =n n+l+l] 
2 6, 2 


- mw ads [2n+2]= i Dy (n+) 


_n(nt+lintl) _ n(atly 


2 4 

14. Sum the series 
i. D2? 437-4? $cc + (2-1)? — (20)? 
Sol. T, =(2n—1)’ -(2n) = 4n? -4n 41-4? =-4n4+1 

T, =-4k+1 

S,= D7, =(A4k+)=- ken 

k=] k=1 k=] 
BY shal: Pest re er —2n+n 


=-2n’ —n=—n(2n+l) 
ii. P3487 784. +(4n—3) —(4n+1) 
Sol. = T, = (4n—3)? -(4n-1)’ = 16n” —24n+9-16n? +8n—1 
=-16n+8=-8(2n-1) 
= 8(2k -1) 


= “4222 -n| =-8[n(n+1)- n| = -8(n? +n-n) =-2n° 


Yo Pee. £42 +F 

1 2 3 

Po oPe? Pat e¥ 

eae So 

] 1+1 1+1+1 

$: ae er a +nterm 
1+]41]4e.. n term 


1 nt Qn +1) (n+1)(2n+1) , 


=-x pp = 


n 6 6 


iii. + sssseese tM ferm 


Sol. 


iD cégeases +n term 
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_ (K+ D(2K +1) 2k? +3k41 
6 


6 
8,=d7 aa Sn] 
k=} 6 k=l kel 


4 i) 25 nn+1)(2n+1) zs 3n(n+1) tn 
6 6 . 


I, 


1| n(n+1)(2n41)  3n(n+1) n| 2n?+3n+1 3n+3 
== HH tr | = —| —_—— + +1 
6 3 2 6 3 2 
_n| An’ +6n+2+9n+9+6]_ nf 4n’ +15n+17 
6 6 6\ 6 
=: n(4n° +152+17) 
36 ; 
15. Find the sum to n terms of the series whose nth terms are given: 
i. 30° +n 41 
Sol. Given 7) =3n° +n+1—=> 7, =3k? +k 41 
$= DT BIE +S kone Se | en 
‘=I k=l kl 6 2 
eee n+l 2n? +3nt+1+n+1+2 
= a) ———_—_——_ + —— 4+ 1 |= n| ———— qq“ 
| 2 2 2 
xy FOR: j 
= OS te? 42042) 
ii. w+4n+1 
Sol. — Given7, =3n’ +n 41> 7k =3k? +k +1 
S,=T =k +4 kt 
k=l k=l k=! 
9 2 2 
Se ene ae stat aneaet] | 


a 2? 
aes 2n +2n+n+1+1274+124+6 = "[2n? 4150419] 
6 6 
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16. Find the nth terms of the series, find the sum to 2n terms. 

i. 3 +2n4+1 Multan 2008 

Sol. Given7, = 3n"° +2n+1 7, =3k° +2k 41 


” 


§,= >, => (3k? +2k +1) 


| 


=30 Ke 425 Ken 
kel k=l 


ie 3 nat 1)(2n+1) m Zny(n+l) S. 


, = 
2n? +n4+2n+41 
=n ae? Tae a 


fi > 5 
=5 [207 +3n+14 2n+2+2| 


S= 5 Lan + 5n+ 5] 
S55 = 29 [2Qn') +520) +5] =n[ 8° +10n+5| 


ii. nw +2n+3 
Sol. = Given7) =" +2k+3=57, =k? +2k 43 


Na =Se “re + 2k +3) >> e425" k+3n 


kel 


P 2 ? 
= a] Sa 2n(n+l) + 3h 
Poe 2 


2 5 ; 4) 3 
=H NT yaya =o [n+ 2n? +nt4n4 4412] 
4 4 


nr; 
=—l P42 < 

nig +2n '5n+16] 

yr, J ; 
= = [t2ny +2(2n) +5(2n)+1 6| (Replace nby 2n) 


= [80° +8 +1004 16 | = nl an’ +4n° +5n+8| 
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Q#1. Select the Correct Option (10) 
i A.M between 3V5 and 5V5 is: 
ay ANS b) 5/5 
c) 10 d) 2/5 
ii, The series |+ + = 8 TT is convergent if: 
a) xeR b) xe {-2,2] 
c) x € (-2,2) d) xeZ 
ili. The sum of an infinite geometric series exists if: 
a) Ir| <! b) |r| >I 
c) r=] d) r=-l ’ 
iv. k? =? 
f n(n) b) a (ntl) 
2 4 
7 2 
¢) eee) a +) d) None of these 
Patina : 
Vv. sae hang RSE CS Is 
Yar ia) 38 
a) An A.P b) G.P 
Cc) HP d) None of these 
: a+b 
vi. i ee yn 'S A.M between a and b then nis: 
a’ +b 
a) 0) b) | 
l 
c) > d) —| 
|  wesans 
vii. = 5, = to n term is: 
1—Vx 1-x°14+Vx 
a) A.P b) GP 
c) Vs As d) Geometric Series 
vill. The sum of cube of first n natural numbers 
ncin+ 1 *(n+ly 
a) (n+) b) n (n+1) 
4 4 
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n+\)(2n4+1 n(in+1 
cy) MFDAntD yn +) 
6 2 
ix. if Ir| > I then infinite geometric series is 
a) Oscillatory b) Decreasing 
c) . Convergent d) Divergent 
x. The 8” term of the sequence 3, 6, 12, se... is 
] 
a) — b) —48 
48 
] : 
c) -— d) 48 
48 
Q#2. Short Questions: (10 X 2 = 20) 


ii. Find the 12™ term of the sequence 1+ i, 2i,-2 + és cecesces.. 
iii. Sum the series up ton term 3+ 33+ 333+ 


i, Which term of the AP —2,4,10....... is 148? 


iv. if 5 and 8 are two A.Ms between a & b. Find a and b. 
Vv. If 5 is-H.M between 2 and b, find:b? 
vi. If «,_, =2"—S find the nth term? 
vii. Find the sum of the infinite geometric series 2+1+0.5+4.......... 
viii. Find the 9" term of harmonic sequence eS iSeiteateees 
33-7 
| 1 l 
—, ———., ——— are in H.-P find K? 
ix. If the numbers K’2K+1° 4K 21 
x. Sum the series —3+(-1)+14+345 00000... + Aj, 
Long Questions: (2 X 10 = 20) 


Q#3. (a) Find four A.Ms between J2 and 12/V2 


(b) A ball is dropped from height of 27m, it rebounds two third of the distance 
it falls if it continue to fall in the same way what distance will it travel before 
coming to rest? 


Q#4, (a) if the numbers er are subtracted from three consecutive terms of a 


ss 
G.P, the resulting numbers are in H.P. Find numbers if their product is oF 


(b) If dyna are pih, qth. rth terms of an A.P, Show that 
lig—r)+m(r- p)+n(p-—q)=0 
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PERMUTATION, COMBINATION 
AND PROBABILITY 


Theorem: 0!=1] 


n!=n(n—1)! 
(putn=1)1!=101-1)! >1=0!> O0!=] 


Proof: we know that 


x. Evaluate each of the following. 
i. 4! 6! 
Sol. 4!=4,3.2.1=24 vie 313! 
li. 6! P 
sol. 61= 6.5.4.3.2.1=720 so, | OL 854M 6546, 
* 313! 3.2.1.2f 6 
i << 8! 
7! vii. Seat 
Soke 874 8 ide 
ol. —_—= = 1 “7 ed Ss 
| wh ea re 8.7.6.5.41 8.7.6.5 _ 949 
10! 412! gta! 2 
iv ci 11! 
7 A viii 2415! 
10! 10.9.8,74 1415! 
sol. —=———“-=720 
1! 10.9.8.7.6,54 
NR gi SS BOG NeTt 59 
uu! 2!4!5! 21.43.2194 
* 4!7! ee ee FR 
sot 109.8,74 219-2)! 
"A 432d i eS 
11.10.9.8 " 249-2)! 2.71 
= = 330 a 
4.3.2.1 
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a : 3! 
* 151(15—15)! as 0! 
51 ote St 9.2 
Sol. Rew Sol. givin To 
age xii. 41.011! 
Sol. = 4!.0!.1!=4.3.2.1.1=24 
2; Write each of the following in factorial form: 
i. 6.5.4 §2.51.50.49 
Sol. Multiplying and divided by 3! vi. 4.3.2.1. 
26543! 6! 52.51.50.49 
6.5.4= 3! ~ 31 Sol. ars (‘x" & 11 by 48!) 
il. 12.11.10 52.51,50.49.48! 52! 
Sol, = 12. 11.10('x' & '+' by 9!) “= saat. 4Last 
12.11.10.9! _ 12! vii. n(n—1)(n-2) 
9! 9! tt E 
9 Sol. n(n-1)n—2) (’x' & '+' by (n-3)!) 
iit. 20.19.18.17 Kana a 
Sol. 20.19.18.17 (‘x' & '+' by 16!) eg eat 
20.19.18.17.16! 20! Mes vera 
ee See viii, = (n +2) +1)(1) ? 
10.9 - Sol.  (+2)(n+1)(n)'x' & '+! by (n-1)! 
iv. 31 (n+2\n+l\(nn-1)! _(n+2)! 
US ameter (n—1)! (n-1)! 
Sol, > (x' &'s' by 8!) | Wee tenin Bh 2a. 
10.9.8! 10! x. FSC Sf argodha 2006 
2.1.8! 218! a (n+1)Qa\n—1(n—2)! (n+)! 
8.7.6 3.2.1.(n—2)! 3'(n—2)! 
: 3.2.1 x A(N—-1)(2— 2)eene(n—r+1) 
dd 8.7.6 (x! & "+! by 5!) mn n(n—1)\(n—2).....(n-r +1) 
3.2.1 'x' & '+' by (n—r)! Multan 2008 
8.7.6.5! _ 8 mn—l)\(n—2)......(n—r +1(n—-r)! 
22.15 It (n—r)! 
n!} 
i (n—r)! 
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Example 1:- How many 4 digit nos can be formed by 1,2,3,4,5,6 when no digit is 
repeated 
Sol: n=6, r=4 

6! 6. J. 4.3 


No of 4 digit numbers =6p, = =—————- = 360 
(6-4)! 2! 
Example 2:- How many signal with 4 different flags can be given when any no of flags 
can be used. Multan 2008, Faisalabad 2009 


Sol. n=4, r=1,2,3,4 
No of signal using] flag=4p, = 4 
No of signal using 2 flag=4p, = 12 
No of signal using3 flag=4p, = 24 
No of signal using 4 flag=4p, = 24 
Total noof signal=4+12+24+24 =64 


. ! 


"P= Es Oi a aaass for Permutation) Sargodha 2011 
a- 
1. Evaluate ha ies 
i. ”P, 
1)! B) 
m ee 2019.18.71 _ 649 
* (20-3)! um 
ii. se 


! 
a Res _16.15.14.13,21 _ 43 


(16-4)! yi 


iii r 
p 2! 27106 
sot. “R= - _1210.9.8,71"_ 9 95040 
(12-5)! mn” 
5 
co Re 10! _-10.9.8.7.6. ene 
(10-7)! x 
Vv BP 
9) 
in ee 98:7.65.432.4 - se5n09 


(9-8)! ¥ 
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Sol. 


Sol. 


Sol. 


Sol. 


Find the value of n 
"P, = 30 Multan 2007, Sargodha 2008, Faisalabad 2008, Lahore 2009 
n! 
= 30 
(n—2)! 


mn-V io) _ 
om 

n(n—-1)=6.5>n=6 

"P =11,10.9 Sgd 2009, Fsd 2007, 2008 Lahore 2009, Multan 2008, 2009 
I! -11.10.9.8! 

(l1l-n)! 8! 
1! 11! 

(ll—n)! 8! 

>1l-n=8=>11-8=n>n=3 

“Ri sa =9:1 Faisalabad 2009 


"f ao 


es l 
n! 

(A-O . 

_fa- Dt” 


9 
(n-1-3)! 
n(peTy! (ny! 
y-w! 


! 
st .x 
! 
Prove from the first principle that: 


oa 
"P=nP., 


R.H.S=n."'P 


rl 


(n-])! ss n(n-1)! n! 


=9>n=9 


"Ta=1-G-DI Graleeadt Giant 


ale aa! A Lahore 2009 
R.H.S= “Pp +r.""P., 
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+ (n-1)! : r(n—l)! is (n—l)! Ls r(n—l)! 
(n-l—r)! [2—-1-(r-1)]}! (n—-l-r)! (n—J -r+f)! 
_ (n-l)! = rd(n-})! i (n—1)! r{n—l)! 


Sol. 


Sol. 


“(n-1-)! (n=r)! (a-1-A)!_ (n—r)n=r—D! 


= neat fi - (n-1)! psd 
n (n-1l—r)! 


(n-I-r)! = n-r 
—1)! (n—l)! ! 

- ee ( aE) ERE ieder Saree 

(n—-1-r)!\n-r) (n—r\(n-1-r)! (n—r)! 
Howanany signals can be given by 5 flags of different colours, using 3 flags ata 
time: Rawalpindi 2009, Multan 2007,2008 
H=SoPpSs 
Number of signals = *R, 

5! $43.21 
(5-3 at 


How many signals can be given by 6 flags of different colours when any number of 
flags can be used at a time? 
n=6, r=1,2,3,4,5,6 


ip 6H 
' (-D! xf 
op 65.44 _ 30 
* (6-2)! af 
ID 55431 _ jo 
(6-3)! = 3f 
! 
p= 6! 6.5.4.3.24 age 
(6-4)! yn 
! 
sp = 6 6543.21 _ a9 
(6-5)! | ae 


! ! 
6! _ 6! _65.4.3.2.1_ 
(6-6)! 0! 


Number of Signals. 


=6+30+1204+360+720+720 =1956 


‘R= 
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6. How many words can be formed from the letters of the following words using all 


Sol. 


Sol. 


it, 


Sol. 


Sol. 


Sol, 


letters when no letter is to be repeated: 
PLANE 
n=5, r=5 
Number of words = *P. 
HM DAS _ 120 


— =120 

"ps 5)! 0! 1 
OBJECT 
n=6, 7=6 
Number of words = °P. , 

! 
GP. 6.5.45.2.1 _ 720 - 70 

“= 6)! - 0! 1 
FASTING 
ne 7, ve7] 


Number of words = ’P, 


! 
si 7! 2 7.6.5.4.3.2.1 _ 5040 = 5040 
(7-7)! 0! a 
How many digits numbers can be formed by using each one of the digits 2, 3, 5, 7, 
9 only once? 


2.3,5,7.9 3 digits numbers = ? 
3-digits numbers = “P. 
_ 5.4.3.2! 60.21 


63) A 
Find the numbers greater than 23000 that can be formed from the digits 1, 2, 3, 5, 
6, without reneating any digit. 


= 60 


1,2.3,4,5,6 ane a et 
Total numbers = °2 
5! ps 4.3.2.1 
= ——— =]120 
ae 5)! 0! 
For less the 23000 If 1 is fixed at extreme left then permutation of 2, 3, 5,6 
4! _4. Re | 
=P = =24 
(4-4)! 0! 


21 is fixed at extreme left then permutation of 3, 5, 6 
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ips dh S24 
— 3 a ra ee 
G-sh i 


Less than 23000 = 24 + 6 = 30 
For greater than 23000 
= Total — less than 23000 
= 120-30=90 
9. Find the number of 5-digit numbers that can be formed from the digits 1, 2,4, 6,8 
(when no digit is repeated), but 
(i) The digits 2 and 8 are next to each other; 
(ii) The digits 2 and 8 are not next to each other. 


Sol. 1,2,4, 6.8 permutation of 1, [28] ,4, 6, 6 =P 
_ 4 oe Aa NT 
(4-4)! 0! 
Now 1, 4,82], 6 
Permutation = °“P =24 

(i) 2, 8 are next to each other = 24+24 = 48 
Total permutation of 1,2,3,4,6,8 = cs = 120 


(ii) 2, 8 are not next to each other 
= Total —48 =120-48 = 72 
10. How many 6 digit numbers can be formed, without repeating any digit from the 
digits 0, 1, 2, 3, 4, 5? In how many of them will 0 be at the tens place? 


=24 


Sol. 0,1,2,3,4,5 Multan 2008 
6! 6.5.4.3.2.1 
Total 6 digits number = s2 = 6-6! = Rey a = 720 


When 0 at first place then = °P. = 120 (because when Ois at first place (not count)) 
Required 6 digits number = Total — 120 = 720 -120 = 600 
5.4.3.2.1 

oo 
11. How many 5 digit multiples of 5 can be formed from the digits 2, 3,5, 7,9, When 

no digit is repeated. 
Sol, 2,3, 7,9, [5] (Multiple of 5, 5 at unit place fixed) 
4.3.2.1 


When 0 at tens place a (Because 0 is fixed at tens place) = 120 


No.of Sdigit multiple of 5 =*P, = om = 24 
12. \n how many ways can 8 books including 2 on English be arranged on a shelf in 
such a way that the English books are never together? Sargodha 2008 
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Sol. Suppose £,.£, are two English books and B,, B,, B,, B,, B., B,, remaining books. 


13. 


Sol. 


14, 


Sol. 


8° 8. 76.5A4321 
(8-8)! 0! 
English books are Together 
Case! BB, B,.B,.B..B,, |E.E,| 
6.5.4.3.2.1 
7p _/6 1.4.3 = 


Total = “R= = 40320 


= 'P, 5040 
(7-7)! 
Case Il B,. B,, B,, B,,B,,B., |E,E,| 
= "P, = 5040. 


English books together = 5040 + 5040 = 10080 

English books not together = Total — Together = 40320-10080=30240 

Find the number of arrangements of 3 books on English and 5 books on urdu for 
placing them on a shelf such that the books on the same subjects are together. 


E,, £,, E, are tnglish and U;,U,.U,,U,,U;, are Urdu books. Federal 
! ! 
Case | UUs, Ui RB BR Rx We eh 
: rk "1 (5=S) 3=—3)! 
543.21 32.1 _ 120, 6 _ 1996-720 
(S—5)!.. G=3)! OL. 0! 
casell £,:E;,E,xU,,U,,U,,U,,U, =? xR, 
3! 5 
Se he IKS AL 
(3-3)! (5-5)! 
=6x120=720 


Answer = 720+720 = 1440 

In how many ways can 5 boys and 4 girls be seated on a bench so that the girls and 
the boys oc. vy alternate seats? 

B represent Boys and G girls 


Total no of ways BG, B,G,B,G,B,G,B.G, Alternatesol, 
="Pe Px RePRx Px PR x'Px'P 2° WO P=120x 24 
=5x4x4x3x3x2x2x1=2880 =2880 


Circular permutation Lahore 2009 


The permutation of things which can be represented by the points on a circle is called 
circular permutation. 
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SE TS oe 


a How many arrangements of the letters of the following words, taken all together, 


can be made: : 
i. PAKPATTAN Fsd 2008, 2009 


Sol. Totalletters = =9 iii. 


P repeated time = 2 Sol. 


A repeated time = 3 
K repeated time 
T repeated time =2 
N repeated time = 1 
Total arrangements 
9! 
~ QU3L EQN! 
~ 987.6541 _,. 20 
21 KAI = 


u 
Led 


MATHAMETICS 
Total letters =11 
M repeated = 2 
Arepeated =2 
T repeated =2 
H repeated = 1 
E repeated =1 
| repeated =1 
C repeated =1 
S repeated =1 
Total arrangements 


mee fi! 


22020 ALILILM 

_11.10.9.8.7.6.5.4.3.2.1 
= #4212 21441, 
_11,10.9.8.7.6.5.4.3.2.1 


ii. PAKISTAN r 
(Sargodha 2009, Fsd 2008,09) ; 
Sol. Total letters =n =8 = 4989600 
P repeated =1 iv. ASSASSINATION 
Arepeated =2 (Sargodha 2006, Multan 2007) 
K repeated =1 Sol. Total letters =n =—]3 
lrepeated =1 A repeated = 3 
Srepeated =1 S repeated = 4 
Trepeated =1 | repeated =2 
N repeated = 1 N repeated = 2 
Total arrangements T repeated =1 
g! O repeated = 1 
= Tyee haa ay Ae ! 
© ILQ2NILUWIL eat Total arrangements =. 
8.7.6.5.4.3, 24 31.41.21211! 
_ 9./.6.5.4,3, 4 ; : 
of = 20160 _ 13,12.11.10.9.8.7.6.5.44 _ el Son 


S212 WITT 
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Zz: How many Permutation of the letters of the word PANAMA can be made, If P is to 
be the first letter in each arrangement? 
Sol. PANAMA 


if P is first letter then ANAMA, #=5 
A repeated time =3 
N repeated time =1 
M repeated time =1 


5! 5.4.3! 
Total arrangements = ETRTRT - ae - 2) 


3. How many arrangements of the letters of the word ATTACKED can be made, if 
each arrangement being with C and with K? 


Sol. ATTACKED IF Cis first and K is last letter than ATTAED usb 
A repeated time =2 
T repeated time =2 
E repeated time =1 
D repeatedtime =1 
6! 65.43.21 360 _ ee 
pA TUS Baer bee ee 
4, How many numbers greater then 1000,000 can be formed from the digits O, 2, 2, 
2,3,4,4,? 
Sol. 0,2,2,2,3,4,4, n=7 
O repeatedtime =1 
2 repeatedtime =3 
3 repeatedtime =1 
4 repeatedtime =2 


76.543! _ 
3112! 1311.21 


Total arrangements = 


420 


Total = 


6! _ 654.21 _ = 


For less than 1000000 fix 0 at extreme left [0),2,2,2,3,.4,4= = 
31112! 31.21 


Number greater than 1000000 = 420-60=360 


S. How many 6- digits numbers can be formed from the digits 2, 2, 3, 3, 4, 4,? 
How many of them will lie between 400,000 and 430,000? 
Sol. 2, 2,3,3,4,4, n=6 Faisalabad 2008, Multan 2009 


2 repeated time =2 
3 repeated time =2 
4 repeated time =2 
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Sol. 


Sol. 


Sol. 


10, 


Sol. 


Gln SAT 240 
ager Delo 
For numbers between 400,000 and 430,000 fixed 42 at first place then numbers = 
42) ,2, 3,3,4, n=4 


2 repeated time =1 
3 repeated time =2 


Total 6 digits numbers = 


4 repeated time =1 
4! 43.24 
Total numbers = -=—— =]? 
a ee: 


11 members of a club from 4 committees of 3, 4, 2, 2 members so that no member 
is a member of more then one committee. Find the number of committees? 


came have 3, 4, 2,2 members 

Hi! _11,10,9.8.7.6.5.4f 
3141212! 3.2.140.2.121 
The D.C.Os of 11 districts meet to discuss the law and order situation in their 


districts . in how Many ways can they be seated at a round table, when two 
particular D.C.Os insist on sitting together? : 


Number of ways= "P. x *P (when 2 particular D.C.Os sit together ) 


= 69300 


No of committees = 


Note for Round table 


! 9 ! 

af aerate a ee =9'k2!= 725760 
(9=9)! (2=2)! Of oF 
The Governor of the Punjab calls a meeting of 12 officers. in How many ways can 
they be seated at a round table? 
No of ways when one chair is fixed for Chairperson — (12—1)!=11!=39916800 
Fatima invites 14 people to a dinner. There are 9 males and 5 females who are 
seated at two different tables so that guests of one sex sit at one round table and 
the guest of other sex at the second table. Find the number of ways in which all 
guests are seated, 
Male = 9 & Female = 5 


Number of ways = °P. x "P. =8!x4!= 967680 
Find the number of ways in which 5 men and 5 women can be seated at a round in 
such a way no person of the same sex sit together. 


Male = 5 & Women = 5 
Both are sitting at one table so one chair is fixed. then number of ways 


; : —] 
= PX °P, = 4k $!= 2880 Nat Circular permutation = aw 
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11. In how many ways can 4 keys be arranged on a circular key ring? 
So: - =n=4 Faisalabad 2007, Sargodha 2009, Multan 2008) 
(n—1)! (4-1)! 3! 3.2.1 
No of ways = = ——_ = — = — _ =3 
: 2 es es 
12. How many necklaces can be made from 6 beads of different colours? 
Sol. =n=6 Sargodha 2010, Multan 2009 
(n—1)! (6-1)! 3! 120 
Sa ee — 60 
Number of necklace : 7 rs 
COMBINATION 
THEOREM s,s Se 
Proof:R.H.S = ="C 


n! n! n! n!} 


a as GN H. 
(n-r)![n-(n-r)]! (n-r)\A-—Atr) (n-r)ir! ri(n—r)! ihe 


Example 2. How many diagonal can be formed by 6 sided polygon. 
Faisalabad 2007, Multan 2007, 2008 
! 
Sol. SOR AE: SOM . —-6=15-6=9 
2!(6—2)! 2.1.4! 
Example3. =" 'C.+"'C_,="C. Federal , Sargodha 2010, Faisalabad 2008 
Sol: Lus="'C+""C_, 
(n—1)! (n-1)! (n—-1)! (n-1)! 
= Ht oC OST oOoOoOoTST SS 
r(a—l—-r)! (r-I)Mn-J—-r4+ 2)! rn-1-r)! (r-1)n—r)! 
SS, dats: ns (n—l)! 


r(r—I)(n-1-P) (r-1)'(n—r(n—-r—D)! 
es =D! [+1 (n—1)! n-f+f 
(r-l)"n-1l-r)!Lr n=r} (r—I)Mn-r-l)!| r(n—r) 


s (n—1)! n 
*" al | 


(r—-1)"n-1l-r)!\ r(n—-r) ) 
—1)! ! 
ree eet nee moon = —="C =R.H.S 
r(ir-l)"n-r\n—-r-l)! rl(n—r)! 
THEOREM: Prove that "C_.r!="P. Faisalabad 2008 
! 
Proof: LHS "C.rls—— fA =——_ =". =RHS 
FER (n-r)! 
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n! 


Formula “C_ = ————_ 
" ri(n-r)! 


1, Evaluate the following: 
i. «22 
‘ 2! oF =12 
Sol. i . = Pp 12.11.10,94 | 220 
312-3)! 319! 3.2.1. 91 
ii, i 3 Multan 2009 
ae 20! 20! 2 
si, “Ge oe at, 
1720-17)! 1713! 3473.2.) 
iii, ya 
a C= nt nn—l\(n—-2)(n—- 3) (n4y! _ n(n—I\(n-2)n—3) 
ol, ——— NS eae St ere 
*" 4\n—4)! N(n-ayh 4! 
2. Find the values of n and r, when: 
i. C=", Multan 2008 


sol. “Ce ayy 
We know that 
i _ "Ce ; = gy = gi 


=5 


| become 
C,s="C,=>n-5=4=>|n=9] 
ne. al 
ii. Co = iy ee Multan 2007 
1x10! 
Sol, -"C, See in by 10H 
2!10! 
]2! 12! 


ir al 


"30! 10Ld2zIo! = Ce = Go= "Go" w= 


iii. CS Multan 2009, Sargodha 2008, Faisalabad 2007 
Sol. pe a "G —>] 
we C= hy Se Ge C | become 


"C2 ="C,>n-1256=> n=18 
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Sol. 


Find the value of n and r, when . 
"C. =35 and "P. =210 Sargodha 2008, Multan 2009 
HB cw ys &"P. =210 
Findn &r =? 
We know that 
x! Sig seeps f Epes =6s7l=_3.21=si>r=3 
r! <: eS 
Also "P. =210 
n!} 

=> =21037 7 =210 utr =3 

(n—r)! —3)! (p ) 


ele a oo 


nn—1\(n-2)=7.6.5 =>[n= 7] 


si he $0 ice Se =3:6:11 Federal, Sargodha 2009, Faisalabad 2009, 


OG. Se NS 


6 Eee Lahore 2009, Multan 2008 
___ n=) n! 
(r-Wn-L-r+D!_1_  rtn-r) 
nt Sah. WAM ade 
r\(n-r)! (r+IMn+h—r —{)! 


(Dip om 2 eA (+d! 1 
pi ba ba a Axe+/ _6 
(e-TI! n A(nthmh 

r+l 6 


f =p ratee bkiooee 
n 2 n+l 11 


(n-D! rir! _ 1 pn! (r+) (n-FI! 6 


& lir+11=6n+6— Il 
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Sol. 


Sol. 


Sol. 


Sol. 


Putlinil 

llr+11=6(2r)+6 

=> lir+11=12r+6 >11-6=12r-1lr >S5=r putinI > n=2(5)=>n=10 
How many (a) diagonals and (b) triangles cab be formed by joining the vertices of 
the polygon having: Sargodha 2008, Lahore 2009 

5 sides 

n=5 

For Diagonal = "C, = 


No of diagonal = — =3 ” 
For Triangle = "C, 


“s 5 SAB 519-525 


“2NS—2 

~ pois ale een 4_ 
No of Triangles = C, = 31 36-3)! 71 2 i 
8 sides Sargodha 2008, 2009 , os 


n=8 , No of diagonal = ‘C,—8 


8! g_ 87 #! 


- ~8=28-8=20 
8-p! 21 
a 8! «8.7.6 ae 
No of Triangles = C= 318 — 31 321 ee 
12 sides Rawalpindi 2009 
n=12 , No of diagonal = °C, -12 
! 
ie Sg tet 9 ij 
2112-2)! 2.1.01 
12! _12.11.10,9f 


= 220 


Noof Trangles="G = 3149-31 32.190 


The members of a club are 12 boys and 8 girls. In how many ways can a committee 


of 3 boys and 2 girls be formed? Multan 2008 
Boys: n=12 ‘ r=3 
Girls: n=8 ; r=2 


No of ways = "C, x °C, 
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12! 8! 
= XX 
312-3)! 2”8-2)! 
se 
=— ¥ 
319! 26! 
_ 12.11.10, | 8.7.6! 
S21. 256 


=220x28= 6160 


How many committees of 5 members can be chosen from a group of 8 persons 
when each committee must include 2 particular persons? 
Sol. n=8,r=5 


For 2 particular person n=6, r=3 


. ; 6! 
No. of committees "e 


_ 6! 6543 6.54 


pee eee on 
313! 32121 6 
th 


In how many ways can a hockey team of 11 players be selected out of 15 players? 
How many of them will include a particular player? 
Sol. n=15, r=1] 


; is 15! 
No of ways hockey team is selected = 


a berrorsy ganna 
1115-11)! 
_ 15! 15.14.13.12,4f 


- = ~ 1365 
11!4! af.43.21 


If we included one particular player then 7 = 14, r=10 


14! 14.13.12.11.61 
No of ways "Go = age ee 1001 
8. Show that "°C, +"C,,="C,, Sargodha 2011 
Sol. LHS="C,+"C,, 
SNES: BEMIS |. SO 
1116-11)! 101(16—10)! 
_16! 16! 16! 6! 


= ——— Se 
IWS! 10!6! 11.1015! 101.65! 
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_ 16! [+ |= i (Si) = 16! 17 
1O!S!'\ 11 6) 10!5!\ 11.6 10!5!\11.6 
17.16! 17! 17! , 
a ES ee - S  — os aie =R.H.S 
11.10!6.5! 116! 1117-11)! 
9. There are 8 men and 10 women members of a club. How many committees of 
seven can be formed, having: 
i. 4 Women 
Sol. Men = 8 and women = 10 


No of committees = "C, x °C, 
= 210x55 =11760 
ii. At the most 4 Women 
Sol.  Noof committees="C, x °C, + x gi Ben es a Ba Oe ts Oe 
= 18+ 10 28+45x56+120x 70+ 20x 56 = 22068 
iii. At least 4 Women 


Sol, Cy aC O AC FRE NE IC 

= 210x56+252x 28 +210x8+120x1= 20616 
10. Prove that "C.+"C_,="'C_, Sed 2009, Faisalabad 2008, Multan 2007 
Sol. LHS ="C.+"C_, Gujranwala 2009, Rawalpindi 2009, 


ve n! 
“rin—nl (r—Dn=r4D! 

n!| n! 
“7r—Din—y! I)(n-r +1n—r)! 


n! 2 1 
>| - + 
(r-I)\(n-r)!Lr n-r+] 

n! awd 


~(F=Dn—!l ror 4) 


: n! n+l 

; nee) 

uh (7+1).n! 

és rr—-D)n—r+1\(n-r)! 

Fe _ ee =""C =rMs 
r\(n—r+l)! 
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Example 1; A die in rolled what is the probability that dot in the top is greater than 4. 
Sol. S={1,2,3,4,5,6 }.n(s) =6 
A={5.6 },n(A)=2 « 
n(A)_2_1 * Multan 2007, Lahore2009, Fsd 2008 
P(A) = -=-— , 
n(S) 1 Dict 
Example 2: What is probability that slip of numbers dividable by 4 picked from the 
numbers 1,2,3,.....10. Multan 2007, 2008 
Sol. S$ ={1,2,3,4,5,6,7,8,9,10},n(s) = 10 


Probability: 


A={4,8 },n(A)=2 


p(aj= "WZ of 

nS) 10 5 
Exercise 7.5 

Sargodha 20038 


Probability is the numerical evaluation of a chance that a particular event would 
occur. OR Measurement of uncertainty. 
The set S consisting of all possible outcome of a given experiment is called a sample space. 


An event is a subset of the sample space. 


n(A) 


Formula P(A) =—— 


nS) 


Total numbers =7(S) 


For the following experiments, find the probability is each case: 
a: Experiment: 
Form a box containing orange flavoured sweets, Bilal takes out one sweet without 
looking. 
Events Happening: 
i. The sweet is orange falvoured 


A) 1 
Sol. ‘A’ represent sweet is orange P(A) = | z -=] 
nS) 1 
ii, The sweet is lemon falvoured 
n(B) _ O_ 
Sol.  ‘B’ represent sweet is lemon P(B)= 
: nS) 1 
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Sol. 


Sol. 


Sol. 


Sol. 


Sol. 


eal 


PERMUTATION, COMBINATIO & PROBABILITY 


~J 


Experiment: 
Pakistan and India play a cricket match. The result is: 
Events Happening: 


Pakistan wins Sargodha 2010, Faisalabad 2009 
MS)=3 
‘A’ represents “Pakistan wins” 7(A)=1 
A) 1 
aye)! 
mS) 3 


India does not lose 
‘B’ represent ‘India does not lose’ 7(B)=2 


P(B)= lal - 
nS) "3 
Experiment: 


There are 5 green and 3 red balls in a box, one ball is taken out: 
Events Happening: 
The ballis green Sargodha 2009, Lahore 2009 


Green balls =5, m(S)=8 
A’ represents “green balls” (A) =5 


raat 
WS) 8 
The ballis Red 


Red balls = 3 ,m(S)=8 
‘B’ represents “Red balls” 7(B)=3 


n(B) _ 3 
P(B)= nS) 8 
Experiment: 


A fair coin is tossed three times. It shows: 
Events Happening: 
One tail Lahore 2009 
Sample space of coins 3 times 


=a S= { HHH, HHT, HTH .THH ,TTH,THT, HIT,TIT} ,n(S)=8 
‘A’ represents “ one tail “ 
A ={THH, HTH, HHT} n(A) =3 


raya 3 
n(S) 8 
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ii. ' Atleast one head 


Sol. ‘B’ represents “at leant one head” 
B =| HHH, HHT, ATH .THH ,TTH, THT, HTT} i B)=8 
p(B) = 5-2 
WS) 8 
5. Experiment: 


A die is rolled. The top shows 
Events Happening: 
i. 3 or 4 dots 


Sol.  S={1,2,3,4,5,6! n(S)=6 
‘A’ represents “3 or 4 dots” 


A={3,4} n(A)=2 


ce ae | 
(A)= mA) =—=— 
WS) 6 3 
ii. Dots less then 5 Rawalpindi 2009 
Sol. ‘B’ represents “dots less then 5” 
B= th 2,3,4} #(B)=4 
psy XB) _4_2 
WS) 6 3 
6. Experiment: 


From a box containing slips numbered 1,2,3,......,5 one Slip is picked up. 
Events Happening: 
i. The number on the slip-is a prime number 


So. S= { 1, 2,3, 4,5} n(S)=5 Lahore 2009, Sargodha 2009, Fsd 2008 
A represents “Prime numbers” 
A={2,3,5} n(A)=3 

m4) _3 

nS) 5 


ii. The number on the slip is a Multiple of 3. 
Sol. ‘B’ represénts “multiple of 3” 


B={3}.n(B)=1 


P(A)= 


MS) 3 
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is Experiment: 


Sol. 


Sol. 


3ol. 


Two dice, one red and the other blue, are rolled simultaneously. The numbers of 
dots on the tops are added. The total of the two scores is: 
Events Happening: . 
(i) 5 (ii) 7 (iii) 11 
Sample space of two dice is 
S={(1,1),(1,2),(1,3), (1,4), (1,5), (1,6), (2,12, 2),(2;3).(2,4),(2,5),(2.6), 
(3,1), (3,2), (3,3). (3. 4), (3, 5), (3,6), (4,1), (4, 2),(4,3), (4, 4), (4,5), (4,6), 


(5,1),(5,2),(5,3),(5,4), (5,5). (5, 6),(6,1),(6,2),(6,3),(6,4),(6,5),(6, 6)} (S) =36 
5 Faisalabad 2009 
A represents “sum of dots is 5” 


= = _MA)_4 1 
41CM.2,9,0,2)4.0} A) =4 PET 36.9 
7 


B represents “sum of dots is 7” 


B={(1,6),(2.5),(3,4).(4.3),(5,2),(6,D} 1B) =6 = P(B) =P) 6 _ 1 


WS) 36 6 
11 
C represents “sum of dots is 11” 
‘ | ao). 2 J 
C={(5,6),(6,5)} (C)=2 > PC) age ear 
Experiment: : 
A bag contains 40 balls out of which 5 are green, 15 are black and the remaining 
are yellow. A ball is taken out of the bag. Faisalabad 2008 
Events Happening: 
The ball is black 
n(S) = 40 
Green balls 75 
Black balls 215 
Yellow balls = 20 
; , ! _ kA) 15.3 
A represents “black balls n( A) =15 = P(A) WS) 40.8 


The ball is Green 
B represents the “ Green Balls” n(B) =5 


Pipa e! 
nS) 40 8 
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Sol. 


10. 


Sol. 


Sol. 


The ballis not Green 
C represents the “ Balls is not green” m(C)=35 
Pere, | Ss ae ge 
ya O37 
mS) 40 8 
Experiment: 
One chit out of 30 containing the names of 30 students of a class of 18 boys and 
12 girls is taken out at random, for nomination as the monitor of the class. 
Events Happening: 
Boys =18, Girls =12 
S={1,2,3, Sa svaatess 30} mS) =30 
The monitor is a boy 
A represents “monitor is Boy” (A) =18 
mA) 18 3 
P(A)= nA) ae enero ts 
mS) 30-3 


The monitor is a girl 
B represents “monitor is girl” n(B)=12 


pcp) 4B) _12 2 
WS). 30° 5 
Experiment: 


A coin is tossed four times. The tops show 
Events Happening: 
(i) All heads (ii) 2 heads and 2 tails 


Coins Tossed 4 times n(S) =2” = 2° =16 
S =| HHHH, HHHT, HHTH, HTHH.THHH TTHH, HTHTTHTH , HHTT 
THHT, HTTH,TTTH,TTHT,THTT,ATTT,TTIT} 


All heads 
A represents “all heads” A= { HHHH} 
P(A) = mA) _ | 

nS) 16 


2 heads and 2 tails 
B represents “2 heads 2 tails” 


B={HHTT,TTHH, THHT, HTTH, HTHT,THTH} ,n(B)=6 
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1. A fair coin is tossed 30 times, The tops show: 
Events Happening: 


Tally Marks Frequency 


HH HH Il 


i. How many times does ‘head’ appear? 
ii. How many times does ‘tail’ appear? 
ili. Estimate the probability of the appearance of head? 
iv. Estimate the probability of the appearance of tail? 
Sol. (i) Head appear = 14 

(ii) Tailappear =16 


Fe 4 
up eee 
nS) 30 15 
(iv)  P(Tail)= en el oe 
mS) 30 15 
2. A die tossed 100 times. The result is tabulated below. Study the table and answer 


the questions given below the table: 


vent Tally Marks 
Ba eet eS A ae ee 


i. How many times do 3 dots appear? 

ii. How many times do 5 dots appear? 

iii. How many times does an even number of dots appear? 
iv. How many times a prime number of dots appear? 

Vv. Find the probability of each one of the above cases? 
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Sol. 


Sol. 


(i) 3 dots appear = n(3) = 20 

(ii) 5 dots appear =n(5)=15 

(ii) | Evendots =n( Even) =17+18+16=5] 
(iv) Prime nos=( prime) =17+20 +15 = 52 


payee 201 

MS) 100 5 
(j-* aS 
mS) 100 20 


. 2 3 G 4 5 
POPriney Ae). <i nd P( Even) z mE£ven) _ S51 


—_ =— @ 
nS) 100 25 nS) 100 
The eggs supplied by a poultry farm during a week broke during transit as follows: 
1%, 2%, 5% 5% 1%, 2%, 1%. 


Find the probability of the eggs that broke in a day. Calculate the number of eges 
that will be broken in transiting the following number of eggs: 


(i) 7,000 (ii) 8,400 (iii) 10,500 
‘ ied 18 9 
Eggs broken in week=1 %+2%+1—%4+-—%+1%+ 2M+1M =—%=9% = — 
2 2 2 100 
a aS 


Eggs broken in one day = 100 “9 = 700 
7,000 

Eggs are 7,000 then Broken eggs = 7000 = 90 
8,400 

Eggs are 8400 then brokeneggs = 8400x—— = 108 
10,500 


. 9 
Eggs are 10500 then broken eggs = i er =135 
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Formula: 
P(AUB) = P(A)+ P(B)—P(AMB) Gujranwala 2009 
If sample space S = {1,2,3, asco vic 9 »Event A= (2; 4, 6, 8} and Event 
B={1,3,5} Find P(AWB). - Sargodha 2009, Faisalabad 2008 


Sol. 


Sol. 


Sol. 


Sige ee 9}, n(S)=9 
A={2,4,6,8), n(A)=4 
B=}1,3.5}, n(B)=3 


MA) =O = PB) =A 3-1 Note as 
a BO Ret P(ArB)=404) _9 _ 5 
P(AUB) = P(A) + P(B) AS) 9 
4.1443 7 
=-—-—+-— => = 
93 9 9 


A box contains 10 red, 30 white and 20 black marbles. A marble is drawn at 
random. Find the probability that it is either red or white. 
Red = 10, White = 30, Black = 20 Sargodha 2011 
nCS:) = 60 
A represents ‘Red’ and B represents ‘White’ 
nA) =10, n(B) =30 

a) 10 j 
P(A) = i a 

mS) 60 6 
By Ta} 


ANB=o 


nS) 60 2 
P(A or B)= P(AUB)= P(A) + P(B) 
bP) 3 4g 
AR Te hs oe Baek 
6 2 6 ee 
A natural number is chosen out of the first fifty natural numbers. What is the 
probability that the chosen numbers is a multiple of 3 or of 5? 


S={1,2,3,4,....c0c0 50} Multan 2007 
mS) =50 

A represents “Multiple of 3” 

-A={3,6,9,12,15,18, 21, 24, 27,30, 33, 36,39, 42, 45,48} 
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Sol. 


Sol. 


nA)=16 5 Pia)= 2 
B represents “multiple of 5” 
B={5,10,15,20,25, 30,35, 40, 45,50} 
n(B) _ 10 
B)= Dabs 
n(B)=10=> P(B)= WAS) 50 
ANB ={15,30,45}, n(A\B)=3=> (ANB) = = 


P(A or B)= P(AUB)=P(A)+P(B)—- P(ANB) 


16-109 3 

50 50 50 50 
A card is drawn from a deck of 52 playing cards. What is the probability that it is a 
diamond card or an ace? Sargodha 2008, Multan 2007,2009 


nS) = Total Cards = 52 
Diamond Cards =”(A)=13 
Ace Cards =n B)=4 
(A) B) =1 (Because in diamond also one card is ace) 
P(AUB)= P(A)+ P(B)—-P(AMB) 
(4) r(B)_n(AB) 13,4 1 
nS) n(S) nS) 52. 32, 2 
13+4- te 16 4 


A die is thrown twice. What is the probability that the sum of the number of dots 
shown is 3 or 11? Faisalabad 2009, Multan 2008 
ms) =36 


2 
A represents “sum of dots is 3” => A={(1,2),(2,1)}, n(4)=2 => P(A)= 36 


B represents “sum of dots is 11” 
= {(5.6),(6,5)}, m(B)=2 
mB) _ 2 
P — ANB= 
8) ay 6 
P(A or B)=P(AUB)= P(A)+P(B) 
2: ors). ord 
—-—+— = —_ = — 
30 30 36 9 
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6, 


Sol. 


Sol, 


Two dice are thrown. What is the probability that the sum of the number of dots 
appearing on them is 4 or 6? 

nS) = 36 

A represents sum is 4. 

B represents sum is 6. 


={(1,3),(2,2),(3,D}, m¢A)=3 

= {(1,5).(2,4),(3,3).(4,2),,D}, a(B)=5 
WA) 3 

~n(S)- “56 


mB) _ > e 
it Care ANB= 9] 
Ce oe 


P(A or B)= P(AUB)= P(A) + P(B) =—+—=— 
y= Pl (A) PB) =F 
Two dice are thrown simultaneously. If the event A is that the sum of the number 
of dots shown is an odd number and the event B is that the number of dots shown 
on at least one die is 3. 
Find P( AUB) 
nS) = 36 
Arepresents “sum is odd” 
B represents “one dice is 3” 


= {(1.2), (1,4), (1,6), (2, 1).(2,3), (2, 5),(3, 2), (3, 4),(3, 6), (4, D, (4,3) 

(4,5),(5,2),(5, 4), (5,6), (6.1). (6,3), (6,5)} 

n(A) _ 18 

n(S) 36 

= {(1,3),(2;3), (3, D, (3, 2).(3,3),(3, 4), (3,5), (3.6). (4,3). (5,3), (6,3)} 
mB) 11 

n(B)=1=> algo ers 

AB =\(2,3).(3,2).(3, 4), (3, 6).(4,3), (6,3)}, "AAB) =6 
MAB) 61 

PAD saa ae aa 

P(A or B)= P(AUB)= P(A)+ P(B)—P(AMB) 

_18 11 6 _23 


“3h 36 36 36 
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P(A) = 


* 


nA) =18=> P(A) = 
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8. There are 10 girls and 20 boys in a class. Half of the boys and half of the girls have 


blue eyes. Find the probability that one student chosen as monitor is either a girl 
or has blue eyes. 


Sol. Girls =10, Boys =20, (S)=30 
A represents girls —> »(4)=10 
B represent students have blue eyes >> 77(B)=15 and n( AB) =5 
PAB) = 22, M2) an) 
WS) nS) n(S) 
10,5 _ 5 m2 
30 30 30 30 3 


Note: “Playing Cards” 
Total 


S 
Red Blac 
fake ag £9 
[13] 


Heart Diamond Club Spade 
Each Type (Heart, Diamond, Club, Spade) 
Consists of one —Ace 

one — King 
one — Queen 
one — Jack 
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Formula: 


Sol. 


Sol. 


Sol. 


P(A and B)= P(ANB)= P(A).P(B) 

The probability that a person A will be alive 15 years hence is 5/7and the 
probability that another person B will be alive 15 years hence is 7/9, Find the 
Probability that both will be alive 15 years hence. 


5 7 
P(A) = qt lB) = 9 
5 P'S 
79 9 
A die is rolled twice: Even £, is the appearance of even number of dots and 


P(A B)= P(A).P(B) = 


even E, is the appearance of more than 4 dots. Prove that: 

c= {(1.1), (1, 2), (1,3), (1, 4), (1, 5), (1,6), (2,1)(2, 2), (2,3), (2,4), (2, 5), (2,6), 
(3,1), (3,2), (3,3), (3, 4), (3, 5),, 6), (4,1), (4,2). (4,3), (4, 4),(4.5), (4,6), 
(5,1), (5,2), (5,3), (5, 4), (5,5). (5, 6), (6, 1), (6,2), (6,3),(6, 4), (6, 5), (6, 6)} MS) =36 

E, =\ (2), (2,4), (2,6). (4,2), (4,4), (4.6),(6,2).(6.4),(6,6)}, (EB) =9 

E= {(5,5),(5,6), (6,5), (6,6)}. mE,)=4 

EAE = {(6, 6)} 


mE) 9 ME) 4 
P(E. [Se P — 
ey ee nS) 36 
PUR PGE j= a 

1 36.36, 36%36,..36 
PER EN Sa OD aliiedos) 

in n(s) 36 


From I & II 

P(E, 0 E,)= P(E) P(E) 

Determine the probability of getting 2 heads in two successive tosses of a 
balanced coin. Gujranwala 2009, Rawalpindi 2009 
S={HH,HT,TH,TT} ,n(S)=4 


Let A represents 2 heads. 


= 2 one 
A={HH}, n(A)=1>P(A)= as 
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Sol. 


Sol. 


T ICS-I PERMUTATION, COMBINATIO & PROBABILITY 


Two coins are tossed twice each. Find the probability that the head appears @the 
first toss and the same faces appear in the two tosses. 
S =| HH,HT,TH,TT} ,m™S)=4 
Let Arepresents “head appears first” 
A={HH.HT}. n(A)=2 
Brepresents “ Same faces” 

B={HH,TT}, n(B) = 2 
P(AQB)= P(A).P(B) 

A) MB) _22_1 

AWS) WS) 44.4 
Two cards are drawn from a deck of 52 playing cards. If one card is drawn and 
replaced before drawing the second card, Find the probability that both the cards 
are aces. 
nS) = 52 
Let Arepresents “aces” 


B represents “ aces” 
mA)=4, n(B)=4 


mA) 4 1 
SPY ake Sees ee 
i nS) §2 13 
mB) | 
ys ees bee’ SE 
is nS) 13 


| Sa Col 
1313 169 
Two cards from a deck of 52 playing cards are drawn in such a way that the card is 
replaced after the firs draw. Find the probabilities in the following cases: 
First Card is king and the second is a queen. 
LetArepresents “King” 
mS)=52, nA)=4 
B represents “Queen” ,(B)=4 
P(A B)= P(A).P(B) 
et, oe 1 


§2.52 1313 169 
Both the cards are faced cards i.e. king, queen, jack. 
A represents face Cards 
B represents face Cards. 


P(A B) = P(A).P(B) = 
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Sol. 


Sol, 


ol. 


n(A)=12,. no(B)=12 
P(A B) = P(A).P(B) 
AIS ARE NS oo 


~ §2°52 13°13 169 
Two dice are thrown twice. What is probability that um of the dots shown in the 
first thrown is 7 and that of the second throw is 11? Federal 
ns) =36 
Let Arepresents “sum is 7” 
Brepresents “sumis 11” 


A={(1,6),(2, 5), (3,4), (4,3), (5,2),(6. 1}, n(A)=6, P(A)= ee 5) = P(A)=— 


B={(5,6),(6,5)}, (B)=2, P(B)=—— =— 


P(AMB) = P(A).P(B) 
Le Ae 


“3 3% 108 
Find the probability that the sum of dots appearing in two successive throws of 
two dice is every time 7? 
nS) =36 
Let Arepresents “sum is 7” 
B represents “sum is 7” 


= {(1,6),(2,5), (3,4), (4,3), (5, 2).(6, 1}, nA) = 6, ge 


B={(1,6),(2,5),(3,4),(4,3),(5,2),(6.))}, n(B)=2, P(B)=— = 


Phi 4 
P( ANB) = P(A).P(B) = >.> =— 
( )= P(A).P(B) er 
A fair die is thrown twice. Find the probability that a prime number of dots appear 


in the first throw and the number of dots in the second throw is less then 5. 
= {(, 1), (1, 2), (1,3), 1,4), (, 5), (1,6), (2, 1)(2, 2), (2, 3), (2, 4), (2,5), (2,6), 
(3,1), 3,2), (3,3), (3,4), (3.5), G, 6), (4, 1), (4,2), (4.3), (4, 4), (4, 5),(4,6), 
(5,1),(5,2),(5,3),(5, 4). (5.5), (5, 6), (6, 1), (6, 2), (6,3). (6, 4), (6, 5), (6, 6)} WAS) =36 
= (2, 1), (2, 2), (2, 3), (2, 4), (2, 5), (2, 6), (3, 1), (3, 2). (3,3), (3, 4). (3.5) 
(3,6), (5, 1),(5, 2), (5,3), (5,4),(S, 5), (5, 6)} 
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nA) _ 18 
n(A)=18, P(A) =— 
i cape =¥, 


B= \(1,1),(1,2), (1,3), (1,4), (2,1), (2,2), (2.3), (2,4), 3, 1), (3, 2), (3.3),(3, 4), 
(4,1), (4,2),(4,3), (4, 4), (5,0), (5,2), (5,3), (5, 4).(6, 1), (6, 2), (6,3), (6,4)} 
mB) _ 24 2 
nS) ~ 36 =% 
12 1 
PLAMB) = PlA)P(B) = 5.5 => 
10. A bag contains 8 red, 5 white and 7 black balls. 3 balls are drawn from the bag. 
What is the probability that the first ball is red, the second ball is white and the 
third ball is black, when every time the ball is replaced? 


Hint: be se Aa th babili 
int: 20 }\ 20 | 30 is the probability. 


Sol. Red = 8, White = 5, Black=7 
n( Red) = 8, n (White) = 20, n(Black) = 
P(Red, White, Black) = P(Red). P(White). P(Black) 


Sls are 
20 /)\,20 )\ 2: 8000 200 


n(B)=24, P(By= 
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eT AVAIL] 
TEST YOUR SKILLS Marks: 50 

Q#1. Select the Correct Option ; (10) 


l 
i. For two events A and Bif p(A) = pP(B)= a then PIA B) =is: 


a) b) 


Cr] 


af 
4 
l 


c) d) 
ii. If "Cy =" ©), then n= 
a) 4 b) 8 
c) 12 d) 20 
iii, If A and B are disjoint events then P(AUB)=? 
a) P(A)+ p(B) b) P(A)— p(B) 
c) P(A)+ p(B)— p(AMB) d) None 
iv "C= 
a) oy, Sa b) ye 
c) x Coy d) : oe 
Vv. For an event E, the range of its probability is: 
a) —l< p(£)<1 b) 0< p(E) <1 
Cc) Os p(E)<!1 d) -l< p(E)<1 
vi Value of "F is equal to: 
a) 12 b; a 
c) 6 d) 8 
Vii. The set consisting of all possible out comes of a given experiment is called 
a) Events b) Sample Space 
c) Combination d) Probability 
Vili. What is the probability of an ace from 52 cards: 


a Ms b) i, 
oh 8 ae d 


Pakistan and India Play a cricket match then number of possible outcomes are 


a) 1 b) 2 
c) 3 d) 4 
x. P(E) equals 
a) 1+ P(E) b) P(E)-1 
c) ]1— P(E) d) 2—P(E) 
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Q#2. Short Questions: (10 X 2 = 20) 


Define permutation and write formula of "P : 


How many triangles can be formed by joining 8 sided polygon. 
A die is rolled what is the probability that dots on top are greater then 4. 


A box contains 10 red, 30 white, 20 black, marbles, A marble is drawn. Find the 
probability it is either red or white. 
v. How many necklaces can be made from 6 beads of different colours. 
vi. A card is drawn from deck of 52 cards, Find probability card is king. 
vi. — Findn when '"'P =11.10.9 
vii, How many arrangements of the letters of PAKISTAN taken all together can be made: 
ix. if P, "| P, =9:1 Find n? 
, Pakistan and India plays a Cricket match What is the probability that match is 
draw: 
Long Questions: (2 X 10 = 20) 


Q#3. (a) Show that "°C, +'°C,, =" C,, 


Q#4. (a) Find mand rif ""C,," C.""C 


(b) Show that aot ress ae 20s =" c 
r+t = 3 : 6 ] ] 


(b) How many signals can be made with 4 different flags when any number of 
them are to be used at a time? 
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Mathematical Induction and 


Binomial Theorem 


Exercise 8.1 


Example:6 showthat 4" >3" +4 for n>2 (only for n= 2,3) Multan 2007,09 


Sol, 


S(n): 4" >3" +4 

Forn=2 

S(2):4 >3? +4516>137rve 
Forn=3 

S(3):4 >3°+4>64>31 True 


Use mathematical induction to prove the following formula for every positive integer n. 


1. 


Sol. 


145494... +(4n—3)=n(2n-1) Multan 2008, Sargodha 2008 
S(n):14+54+9+........: +(4n-—3)=n(2n-1) 

C-1: Putn=1 then S(1): 4(1)-—3 = 4-3 =1= 1(2(1)-1)=2-1=1 

C—lis satisfied 

C—2:Let it be true for n=k € N then 

S(K) 14+54+94...000 +(4k —3) = k(2k —1)——>( A) 

For n=k+ statements is 


S(K +1) 145494... +(4(k +1)—-3) =(kK+1(2(k +1)-1) 


. or 14S 49+. .ecosees +(4k +4—3)=(k +1)(2k+2-1) 


or 145494... +(4k +1) =(k +1)(2k +1) ——>AB) 


Adding both side 4k +1 in (A) we get. . 
14+54+9+4...0000 +(4k -3)+(4k +1) =A(2k-1)+4k +1 


=2k? -—k+4k+1 
=2k? +3k+1 
=2k°+2k+k+1 
=2k(k +1)+1(k +1) 
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=(k +1(2k +1) 


Which is 8, so it is true for n= A +1, C—2is satisfied. 
Hence given statement is true for every +ve integer n. 
20 143454... +(2n-lh=n’ Multan 2008 
Sol. S(#)214+34+5+4......... +(2n-l=n 
C—1: Put n=1then S(1): 2(1)-1= 2-1=1=(1)? =1 
C — lis satisfied 
C —2:Let it be true for n=keN then 
S(k) 743454... +(2k -1) =k? —_5(A) 
For A=k+1 statements is 
S(K +1) 143454... +(2(k+1)-1) =(k4+1) 
1434540000000... +(2k+2-lh=k?+2k+41 
L4+3 +5 tocserseent(2k +1) =k +2k+1— 9B) 
Adding both side 2k +1 in (A) we get. 


1434542... +(2k-1)+(2k +) =k? +2441 
Which is (B), so it is true for every +ve integers n. 
2. 1444-74 3e—2pe Be 


Sol. C-I: Put n=1thenS(1): 3(1)-2= 3-2-1 

1(3(1)-1) 3-1. 2 

= 2 a => C-lis satisfied 
C’—2: Let it be true for n=k EN then 


k(3k—1) 
2 


S(A) TAS +7 4 cccccene +(3k-—2)= —(4)} 


For n»=k+1statements is 


S(KAN) 1444.7 4 cocsccce +(e F1)=2)2 EDO) =) 


(k+1)(3k+3-1) 
2 
(k +1)(3k +2) 
2 


144474000. +(3k+3-2)= 


144474... +(3k +1) = — +B) 


Adding both sides (3 +1)in (A) get. 
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14+44+7 4.00.00. +(2k-2)+ (3k +) =“ F=2 4-41 

3k? —k+6k+2 . 3k? +5k+2 
2 2, 

3k? +5k+2 3k? +3k42k42 


1444-7 $occcrosss +(3k-2)+(3k+1)= 


2 
_ 3k(k +1)+2(k +1) _ (k+1)(3k +2) 
Cg ees ee 
Which is (B) so it is true for n=k+1 
C—2is satisfied 
Hence given’statement is true for very +ve integer n. 
4. 14+ 2444.0 t2"! =2"-1 Sargodha 2008 
Sol. = S(m):14+24+4+ - 42"'=2"-1 
C—1:- Put n=1thens(1): =2''!=2°=]=2'-]=2-]=] 
C—lis satisfied 
C-2: Letit be true forn=keN then 
S(k) 1AZ+4 +... 2'T = 2 1 —_9( A) 
For n=k +1 statements is 
Sk +N 142 +4 + occoccsess or et I 
1424440... +2° =2*"! ~J =p) 

Adding both side 2‘ in (A) we get. 
24845... +241 42% = 9-149 

=2'+2'-1 

=2.2'-1=2""'—] 
Which is (B) so it is true for n=k+1 _ C-2is satisfied 
Hence given statement in true for every +ve integer n. 


gf 69 re +i ies ! 
; 24 ae0eeeeee i 2" Multan 2009 
ae | ] 1 
i: S@itsasece. +— =2}]-— 
” ”) 24 ae =| 


C-1: Put n=1 then S(1): pd ee 
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C —lis satisfied 
C —2: Let it be true for n=k e N then 


| | 
S(K) A= At ecccccceeeee +—— =2| ]-~— A 
For =k +1 statements is 


S(k +N 14244 cscs +gar7| a 
24 


ieee a 4. =2{ 1-35 Jege 
ae gt tS af toe 
oe 1 
a da Rs 


Which is (B) so it is true for n=k+1 C—2is satisfied 

Hence given statement is true for every +ve integer n. 
24+4+6+........+20 = n(n+1) Sargodha 2009 
S(): 2444640000 +2n=n(n+1) 

C—1: Put n=1 then S(1): 2(1) =2 =1(14+1) =1(2) =2 

C —lis satisfied 

C—2: Let *e true for n= ke N then 

S(K) 2244464. 000000 +2k =k(k +1) ——( A) 


For =k +] statements is 
S(K+1):24446+4+....00. +2(k+1)=(k+1)(k+14+)) 


24+44+6+.....0... +2(k+1)=(k+1(k+2)——AB) 
Adding both side 2(k + 1) in (A) we get. 
24+44+64.......... +2k +2(k +1) =k(k+1)4+2(k +1) 
=(k +1)(k +2) Which is true 
Which is (B) so it is true for n=k+1 C—2is satisfied 
Hence given statement in true for every +ve integer n. 
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7. 246418 + cercees +2x3"'=3"-1 
Sol. S()2 2464 1B torrerceeee soggy fi 
C-1: Put n=1 then S(1):=2x3'' =2x3° =2x1l=2 =3'=1l=3-1=2 
C'—lis satisfied 
C—2: Let it be true for n=k EN then 
S(kYi 2464984 S060. +2x3*! =3' -1—(A) 
For n=k +1 statements is 
S(k+1):24+64+18+.......... 42x30" = 3" ~] 
246418 4.00.00. +2x3* =3'*' -1_(B) 
Adding both side 2x 3’ in (A) we get. 
246418 +... +2x3''+2x3' = 3 -1+2x3' 
= 3 +2,3' -1 
= 3*(1+2)-1=3'.3-1 
Which is (B) so it istrue for n=k+1 =3*'-1 


C —2is satisfied. 
Hence given statement in true for every +ve integer n, 


8. 1x342%543%7 4 win t XCON+D) = ae) 
Sol. S(t): 1X3+2X543%7 torso tx (Qn) =) 


C-l: Put n=1 then $(1); =1x(2(1)+1)=2+1=3 
_ 10+1X40) +5) _ 209) _ 18 _ 
6 6 6 
C —lis satisfied 
C—2: Let it be true for »=keN then 


S(K) 21x34 2854 374 cree hx (Qk +1) = DORA) __ egy 
For n=k + | statements is 
S(k+1) 2134254374 ore +(k-+1yO¢k-+ 1+) = EE 
e) 
134.2% 543% 74 scene +(k-+1)x(2k+2 +=“ EE 
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1x3+2%543%7 tosses +k +1)x(2k+ 3)=E 2 MEE GE) 4B) 
Adding both side (k + 1)x (2k + 3) in (A) we get. 


1x3+2x5+3x7+.....4+4x(2k-+1)-+(k-+1)x(2k+3) = een +(k+1)x(2k+3) 


=(k nf 9 
=(k+ vp] AES baba + (2k +3)] =(k+ eral 


= eso) wae eee ee “8 


a 


6 6 
= esl) 21449) 
6 6 


Which is (B) so it is true for 7=k +1,C —2is satisfied. 
Hence given statement in true for every +ve integer n. 


9, PDA 23+ 3X4 wea t(D) = MED) 


sol. S(n):1x2+2x34+3x4+........ tme(n +t) = AO?) 


l 
C—I: Put n=1 then §(1): 1x(1+1)=2 =2G+DG+2) _ 2x3 _ 


3 
C—1 is satisfied 
C—2: Let it be true for n=keN then 
S(k)1X24+2%343x44000000. thx (k =O) A) 


For n=k +1 statements is 


S(le+1):1X2+2x343x44.0.00. #1) + 41) =< MT) 
1x242x343x44...0, +k +I) (h-+2) =< EE M9) 4B) 
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ssi sa) a fabat aed 


- CD ak +1)+3(k +2) =k + 2)(k+3)] 


_ (k+1)(k +2)(k +3) 
= ethane 
Which is (B) so it is true for 7 =k +1,C—2is satisfied. 
Hence given statement in true for every +ve integer n. 


10. 1x2+3x4+5x6+......... + 2n—Ixdn= TOG =) 


Sol. . S():1x2+3x445x64.ccc. +2n—Dx2n= VG) 


C1: Put n=1 then $(1): (2(1)—1)x2(1) =(2-1)x2=2 
i 1(1+14(1)-1) _ 203) me: 

3 3 
=> C-lis satisfied 


C—2: Let it be true for n=ke N then 
S(t) 1%243x445x64 ccc. (2k 12k = AEG) 


For n=k+1 statements is 


S(K+1):14243x445%6+...04+(2k+1)- baer = SE AED =D 
1x2+3x44+5x6+ 0000+ (2k+2— )xAk-+1)= ies ree case 


1x24+3x44+5x6+4..... + (2k +1) 2(k +1) = EAE NA+) ép) 


Adding both side (2k +1)x 2(k +1) in (A). 
1X2+3x445x6+......... +(2k-1)x 2k +(2k +1)x 2(k +1) 


= SEED + 2k +1) 24k 41 
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=(k+ p| AEP 204 +0] 


2 
~(4 9] HE cata] Drag —k+12k +6 | 


- FD [ak 411k +6] = Oo [4k? 48k 43k +6) 


e Oe [anh +2)+3(k+2)] 


Ri FM es 2,48 +3)]= (k +1)(k + 2)(4k +3) 
3 3 
Which is (B) so it is true for =k +1,C—2is satisfied. 
Hence given statement in true for every +ve integer n. 


1 1 1 1 I 


11 BBE BES Ss NS a 


eesccecce 


a 
1x2 2x3 3x4 n(n+1) n+l 
| 1 sss | ] 


Sol. RS tee + oh esas 


Ix2 2x3 3x4 n(n+l) n+l 


1 | 1 
C-1: Put n=1 then S(1): d+) 2 gia We 
C—lis satisfied 
C-2: is scat ke Nthen 
1 1 1 
S(k ): os eae, hae SR Ta stinethns "KEtD 1 A) 
For n=k + |then statements is 


S(k+): PENS AE, F. eee ae pee et —»B) 
Ix2 2x3. 3x4 (k+1)(k+2) k+1+1 


i i Prac see ‘ 
Adding both side (k+1Xk+2) in (A) 


+ + WPacusaes Ppa Si a a Sg Rael 
Ix2 2x3 3x4 k(k+l) (k+1(k+2) k+l (k+1Xk+2) 


“1 t- re OS ese ae 
k+l (k+1k +2) (k+1)(k+2) 
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12. 


Sol. 


me eo RS 6 oO 
(k+1(k+2) (BT(k+2)| ke +2 


Which is (B) so it is true for 7=k+1, C —2is satisfied. 
Hence given statement in true for every +ve integer n. 


1 1 1 1 fe 
+> = + sesecsvee fF ———____—_- — h 
1x3 = 5x7 " (Qn=1)2n+1) 2n41 Sargodha 2009 


1 l | n 
S(A) tt tcc, 2 ne ee ae Sen 
ah 3x5 5x7 (2n—1X2n+1l) 2n+1 


: 
C-1: = 20)-120) +1) 2-DQ+ 3 
Put n= 1 then (1) (20)—1(2() +1) (2-1(241) 3 

] 1 l 


“He 244 3 
C—lis satisfied 
C2: as ese n=keN then 


1 1 ] 7 
7 ie IS Sah Ok+) 2ka1 
For n=k+Ithen statements is 


S(k+1): ee oe eee + sith 


1x3 3x5 5x7" [aka] Ukr )aD 
ee kt 


—_ > HH + __ 
fe ereewas 


+——+ 
Ix3 SxS" “Sx7 eee 2k+3 


Adding both side in (A). 


(2k + vik +3) 
l l ] l ] 


— —+ 
we eeeneee 


ast + + __________ 
Ka aus 57 (2k-IX2k+1) (2k +1)(2k+3) 


k 1 l 1 
=—— +¢§ — = G5 

2k+1 (2k +1 2k +3) aa “| 
_ 1 | 2k +3k41 _ 1 | 2k? +2k+k+1 
(2k+1)} (2k+3) (2k +1) (2k +3) 
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[maapeueey l eet k+l 


~ (2k+i) (2k+3) (Qk1)| 2k +3 2k+3 


Which is (B) so it is true for 7=k+1,C —2 is satisfied. 
Hence given statement in true for every +ve integer n. 


13 os oe + . pete? SF alee aE. 
2x5 a 8x11 (32—1)(3n+2) 2(3n+2) 
] ] 1 n 
sol. S(n): ——+—+—-+......... oie te PR Sa, REPTE LAE 
or 5x8" 8x11 (3n-1)(3n+2) 2(3n+2) 


1 1 1 
C-1: Put n=1 then S(1): (0) 1X3) +2) OX) I 
~ l a. Me 
A3)+2) 25) 10 
C’-lis satisfied 
C-2: . it be true for n=k EN then 
l 1 1 k 


S(A).: —— +—— 4 — nnn. +—————__—_ = ——__ 
es 5x8 8xll (3k-1)3k+2) 2(3k+2) 
For n= aria statements is 
Ce oe Se Cees Oe ee eee Oe 
= ee 8x11 a I[3(k+1+2] 2(3(k +1) +2) 
Ging ES . 7k44 
2x5 5x8 8xll ”" Gea3- Eee (3k +3+2) 
tea as ees Sag DEE: 
2x5 5x8 &xll (3k +2)(3k +5) 2(3k +5) 
Adding both sare in (A). 


l l ] ] ] 


Oe eew ween 


——+ +——_—_—_—__. + —_______ 
2x5 5x8 8xll (3k-1(3K+2) (3k +2X3K +5) 


k ] | k l 
= tT] OC LS — +——— 
2(3k +2) Eee ee at 
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2) | 3k +5k+2] 1 [3k 43K42K 42. 
(3k+2)} 2(3k+5) (3k +2) 2(3k +5) 


_ 1 | Sk +1) +24) ]__ NG ks 
(3k+2)}  2(3k +5) ~ 2k (3K-+5) Y(GK+5) 2(3k+5) 

Which is (B) so it is true for n =k +1,C —2is satisfied. 

Hence given statement in true for every +ve integer n. 


1,0 PHP TP tose ti" = -—) re 
Sol. S(M) FHP HP tones spate 
—r 
I-r') r(l- 
C1: Put n=1 then S(1): r' =r = n Mine} rdl-r) =) 
oa d l-r 


C—lis satisfied 
C —2 Let it be true for n=k EN then 


> Ds Sas 
SK) Ir tr tr toc. +r =———~—_( A) 
‘i : 
For #=k+1then statements is 


Sk +) 1 rt +P 4c. +F 


Adding both sider” in (A) get. 
3 ee r ior. 


i=7 eal 4 l-r 
Which is (B) so it is true for 7 =k+1,C —2is satisfied. 
Hence given statement in true for every +ve integer n. 
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15. A+(A+d)+(d+2d)+ cso a+(n—1)d] =5 [24 +(n-1)d] Faisalabad 2009 


Sol. -S(n): Let at+(at+d)+(a+2d) +e... [a+(n-d] = [20+ (nN 
C-1: Put n=1 then $(1)}: a+(l-l)d=a+0.d=a 
1 Pe 2a 
=5l2a+-Dd] = [2a+0d]=—=a 


C —lis satisfied 
C—2: Let it be true for n=ke N then 


S(k+1):a+(a+d)+(a+2d)4o.0.... ahd) =( aaa] 
Adding both side a + kd in (A) get. 
a+(a+d)+(a+2d)+........ +(a+(k—l)d)+(a+kd) 
=S[2aH(k-Dd] ated 
=F [2athd—d) +k 


2 oe 
2 atk 
_ ak +k’d—kd+2a+2kd 
Se ae 
_ 2a+2ak+kd+kd 
ower ga; 
_ 2a(l+k)+kd(1+k) 

2 
(1+k) 


ee et) 
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Which is (B) so it is true for =k +1,C —2is satisfied. 
Hence given statement in true for every tve integer n. 


16. 11+ 24+3)3..........+ln=|n41-1 
Sol, = S(n): 1+212+3)3.......... +nn=|n+1-1 
C-1: Put n=1 then S(1): Ill =|n+1-1 
=|n+1-1=|2-1=2.1-1=2-1=] 
C—lis satisfied 
C-2: Letit be true for n=ke N then 


S(k): W1+224+3)3.. +k k =|k+1-1——»(A) 

For n=k +1 then statements is 

Sk +1): Wl+22+3)3.......... +(k+Ik+1=|k+14+1-1 

1+3124+3)3 SNe +(k+Dk+1=|k+2—-1—(B) 
Adding both side (K +1)k+1in (A) get. 

Il + 2]2+3)3.......... +Alk+(k+Dk+1=[k+1-14+(k + K+] 
=|k+1+(k+Dk+1-1 
=|k+K(1+k+1)-1 
=|k+ik+2)-1 
=(k+2)k+1-1 
=|k+2-1 

Which is (B) so it is true for 7 = k +1,C —2is satisfied. 

Hence given statement in true for every +ve integer n. 

17, 4, =4,+(-Yd When a,,a, +d, a, +2d.........form an AP. 
Sol. =, =a, +(n-l)d 
C-1: Put n=1 then S(1): a, =a, +(1-l)d=a, 


C —lis satisfied 
C-2: Letitbe true for n=ke N then 
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S(K):a, =a, +(k- 1)d ——> A) 


For n=k+| 
S(k+1):4,,, =a, +(k+1-ld =a, +kd 
LH.S=a,,,=a,+d 
=a, +(k —l)d +d(use (A)) 
=a,tkd-d+d 
=a, +kd =R.H.S 
Which is (B) so it is true for 7 =k +1,C —2is satisfied. 
Hence given statement in true for every +ve integer n. 


18.0 4, =@r"" When 4,,4,7,a7",...0...form an G.P. 
Sol. S(t): Let a, =a" 
C—I: Put n= 1 then S(1): 4, =ar"! =ar° =a(l)=a, 
- €~lis satisfied 
C—2: Let it be true for »=k © N then 
S(k):a, =ar* '—+( A) 
For n=k+l1 
S(k +1):a,,, =ayr"""' = ar! —B) 
tee L.H.S=a@,.,=a,F 
=a, 9p 
=a," =ar' =R HS 
Which is (B) so it is true for #=k +1, C —2is satisfied. 
_ Hence given statement in true for every +ve integer n. 


4n’° -1 
19, +P 484. .+(2n-1P — Faisalabad 2007 
Sol. — StF 4S a 4 +(2n-1P = — D 


Se ee ee pe 
C1: Put n=1 then $(1): (20-17 = =1= SO 
C’-lis satisfied 
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C2: Letit be true for n=k eN then 
SR) E ae as det Bh +@k=1 =D 
For n=k+1the statement is 
S(k+1): 437+? 400000000. +2 +1) 17 =< EEUMD 


_ yp _ (A +14 +2k +1)-1) 
3 
+(2k +1)? = cee) 


_ (K+ 4K +8k+3) 44 +847 43k 44 48K43 


3 3 
PP 4selie th. Hk +y7 EAH 
Peas: sides (2k +1)’ in (A) we get. | — 
ee kD +k? AD, oe 


cy: a¥5 ye 419 
4k be aeci dt kK +12k? +12k +3 
3 3 
4k 412k? +11k43 
3 


Which is (B) so it is true for A= k+1,C —2is satisfied. 


Hence given statement in true for every +ve integer n. 


A ,{"t+2)_(a+3 ; 
20, 3 3 ry liars 3 = 4 Faisalabad 2008, Sargodha 2009 
Sol. Let S(n): ()-(3)-(3)+ Rete Tenis 
3 3 3 3 4 


1+2\ (3 1+3) f4 
C’-1: Put n=1 then S(1): | 3 Gl 3 ae 
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21, 


Sol. 


C -lis satisfied 
C—2 Let it be true for n=k €N then 


tas) $) {ome} (2) 


For n=k+lthe statement is 


3\ (4) (5 k+142 k+14+3 
S(K +1): ‘ag: ae 5 PAs See + = 
Shale) 
3 4 5 k+3 k+4 
Rate sh = B 
Sh ——(S)('4} 0 
P 
Adding both sides |, 
8 ) () eg Ps (*) oe 
m + 5, Pry re + + = + 
3 3 3 3 3 + 3 
be k+3+] - k+4 
Ri ee 
Which is (B) so it is true for n= k+1 
C-2 satisfied Hence proved. 


Prove by mathematical induction that for all positive integral values of n: 
1” +17 is divided by 2. 

C-1: put 2=1 then I? +1=14+1=2 is divided by 2. 

C—lis satisfied 

C2 Let it be true for n=ke N then 


Jr (A) we get. 


Sok +kis divided by2 => k° +k =20 (A) 


For n=k+1 the statement is 
(k+l) +k+l=k? +2k+14+k41 


=k? 4+2k+k+2 

=(k’ +k)+2(k +1) 
(k° +k) & 2(k+l)are separately divisible by 2. 
So =20, C-2 is satisfied. 


Hence proved for all +ve integer values n. 
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li. 5" —2" is divided by 3. 
Sol. C-—1: put n=] then 5'—2' =5-2=3 divisible by 3. 
C—lis satisfied 


C—2: Letit be true for n=k mean 5‘ —2' is divisible by 3 


=> 5‘ -2' =30 (A) for n=k+1 


Sha = 5 5 2 = $434. 2)-2*9 
=3.5' +2(S* =2")=30, C-2 is satisfied. 
Hence it is true for all +ve integral values n. 
iii. 5” —T is divided by 4. 

Sol. C-1 putn=1 thenS'-1=5-1=4 divisible by 4. 
C-1: is satisfied 
C—2: Let it be true for n=k EN then 
5‘ —is divisible by 4=> 5‘ -1=4Q ———_+4) 
For n=k+I then 
5! 1554 5-1=5'(44+1)-1 
= 4.5 +5' -1=4.5* +(5' -1)-which is (A) 
Both terms are separately divisible by 4 

las 

C—2is satisfied. 
Hence given statement is true for all +ve integral values n, 


iv. 8x10" —2 is divisible by 6. Multan 2008 
Sol. C—I: putn=1 then8x10'—2=80-2=78 divisible by 6 
C—lis satisfied 
C-2: Let it be true for n=k mean 


8x10 —2is divisible by 6=>8x10* —2 = 69——(A) 


For n=k+]1 
8x10"! -2=8x10'.10-—2 
Adding and subtracting 20 
=8x10' x10-2+20-20 
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Sol. 


22. 


Sol. 


=8x10' x10+18—20 
=8x10' x10-20+18 
=10(810* —2)+6x3 
Both terms Of R.H.S are separately divisible by 6 so = 60 


C—2is satisfied. 
Hence given statement is true for every +ve integral n. 


n° —1n is divisible by 6. Sargodha 2010 
C-1: putm=1 then (1) —1=1—1=0 is divisible by 6 
C—2: Let it be true for =k meank’ —k is divisible by 6. 
For m=k+l then (k+ly —(k+l)=k +3k°4+3k41—k-1 
=(k —k)+3k? +3k 
=(k-k)+3k(kK+1) —-k(K + Dis evenso put k(k+1)=2m 
=(k°—k)+3(2m) . 
=(k*’-k)+6m 
Both terms of R.H.S are divisible by 6 separately (k+1)° -~(k-1)=60 


C —2 is satisfied. 
Hence given statement is true for every +ve integral n. 


: 4 bit 1 
ASF crevvesneece +— = —| J—— 
3 3 


tai fe t4fa24 
Let SUNY =F vovcsessas.. +— =—| ]-— 
Ois*z | | 


; i OM rae Re es ln ip 9 
C-1: Put n=1thens(1): a as ae sabe Iola = 


R.H.S C — lis satisfied 

C—2:Let it be true for n=keN then 
a: ] 

then S(k): Serre ira ec Pi pac +— =—| 1-— —»A) 
3 3 Ey | a 

For #=k+I1then 
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ers shia ty rig se + : 31 | 
ce 2 


ha Siar arf ne Sa —= =3|!-z : 

cee ay Eee comer sic | EM a Se na 
oy ae eae ae ae l 
uo oF sees) 
48-2 .4 4 


Which is (B) so it is true for n=k +1 C—2 satisfied. 
Hence given statement in true for every +ve integral n. 


_yyrl 
3, PHP 4P <0 40 eto “uae 


Sol. Let S(n): P-27+3?-47 + 


Feet eeeee 


+(-1)" = (~ 1)" n(nt 1) 
2 


CI: Put n=1thens(1): (-1) PP =(-1).1=1.1=1 
_ CN 1d+1) (9.1.2 


2 2 
C-—lis satisfied 
C—2: Let it be true for n=keNthen 


ecyeie Mas 
2 


=1.1=1 


SR) Fa Pa FP oe ee 


——A) 


kel-1 1 
Sk +1): P27 437-4 4.4 (IE 417 =O este) 


Ps? 4 ee 


HAY Geri = ENE) 


Adding both sides (—1)‘(k +1) in (A) we get. 
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24, 


Sol. 


T $4 452 | MATICAL INDUC? 


k-1p, 
easy 


_ (1k +1) 
- 2 
=r cken] Ea +0| 


=(+ 1) co eed 


See bed 
=(-1) (evn) 5 a 
=A nen) #22) 


rat (A +1)(K +2) * (-1)‘(k+1\(k +2) 
2 l 


+(=1).(-1) "(kh +17 


=(-1) 


Which is‘(8) so it is true for n= k+1 C—2 satisfied, 


_ Hence given statement in true for every +ve integral n. 


P43 $3? + senor + (20-1) =n" 2n?-1] 
S(n): PEP AS + cclessnivn +(2n-1) =n? | 2n’ -1] 
C-1: Put n=1 then $(1): (2(1)-1) =(1) =1 
=1[20y -1]=1(2-1)=1) =1 


C-—lis satisf ! 

C —2:Let it be true for n=k Ee N then 

SOE ee ae a +(2k-1)' = [2k -1] 4) 

For =k +1 the statement is 

SCR) PFI SS + cela +(2(k +1)-1)° =(k+1)"| 2(k +1) -1] 


PoP EP eek. +(2k+2-1) =(k+1)¥ [2 +2k+1)-1] 
PtP ee tS +(2k+1) =(k+1)[ 2k +4k+2-1] 
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P4F Hk +(2k-+1)" =(k+1)*| 2k? +4k+ 1 
=(k? +2k+1)=(2K +4k+1) 
=P +4 +k? +4 48h? 42k 42 4k + | 
=2k* +8k +117 +6k +1——3B) 
Adding both sides (2k +1)’ in (A) we get. 
P+e 4Ste5 2) +(2k+1) +(2k41P = [ 2k? =1]+(2k+1) 
=2k*-k +8 +12 +6k 41 
= 2k" +8k? +11k? +6k +1 
Which is (B) so it is true for m=k+1, C—2 satisfied. 
Hence given statement in true for every +ve integral n. 


25. X+1 isa factor of x*” —1; (x#-1) 


Sol. X+lis a factor x7” —1 
C—1: Put n=1then 


xe x} =(x-I)x+1) clearly x+1is factor of x2” —1—+(A) 
letitbetrue forn=k € N thenx+lis factor of x** -| 
For n=k+1 thenx***) —] = x? _] aig =f 
Adding and subtract x 
Se Oe 4x] 
=x°(x* -1)+1(x7 -1) 
= x°(x" —1)+(x-1Xx+]) 
x—lis factor of both term so (x +1) is factor of RHS C—2 satisfied hence proved 
26. = -X—Y isa factor of x" — y"3(x # y) Sargodha 2011 
Sol. = X— y isa factor of x”—y” 
C-1:Put ‘n= 1 thenx' -y' =x-y clearly x—y is its factor C~lis satisfied. 
Let it be true for n=keN 
X— Vis factor of x‘ —y* —— A) 
For n=k+l, k*"!—y'! = xt ¢_ yk y, 
Adding and subtracting xy" “ 
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=x xm +ayf — Ay = a(x — y+ A (x-y) 
So (X—y) is factor of R.H.S C—2is satisfied 
Hence proved. 


27. X+y is a factor of x” + yx #y) - Faisalabad 2008 
Sol. X+y isafactorof x"'+y""" 

C-1: put n=1thenx +7! =x4y 

So X+ isits factor, C—lis satisfied. 

C—2:Let it be true 7=kits mean 

x+ y is factor of x! + y*'! 4) 


For n=k+] 

xe gree = + yee 
Rx ahah? + 
Stil, 2 yy 


Adding and subtracting x” yo we get 

= oe a: 
=x yt tye y 

axtes $y)" -y) 


=O + yi ')— Px y+ y) by using A 


2k-| 2 2 
SXOT SEX 


Clearly X+y is factor of R.H.S C—2is satisfied 


Hence proved. 
28. Using mathematical induction to show that: 


14242? + rccsvveee +2” = 2"! —1 for all non-negative integers n. 
Sot, 142'+27 4230! +2" =?" A] 
C-1; for n=0, s(1): 2?=1=2°'-1=2-1=] 
C lis satisfied. 
C—2:Let it be true for n= kthen 


142 42742 cccccnn +2* =2*"' -1| (4) 
For n=k+\ then 
LEP SP es BS ses acelin 


142 274-2) +2") = 9? 1B) 
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29. 


Sol. 


30. 
when 


Sol. 


Adding both sides 2°"' in A we gét. 


142° 437427). +2 424+! = okt _ 1 phe 
= Deel iF ohei = 
ae ce | 
= 2? _] 


Which both (B) so itis true for m= kK+1,C—2 js satisfied. 

Hence given statement is true for all non negative integral. 

If A and B are square matrices and AB = BA, then show by mathematical 
induction that AB" = B" A for any positive integer n. 

Given AB= BA to prove 

AB" = B'A 

C—I:put m=1,then AB' = B'4=> AB= BA——5] 

C —lis given satisfied which is given 

C—2:Let it be true for n= then 


AB* = B‘ A A) 

For n=k+1, ABN! = Bg 

L.H.S = AB" = AB B 
= B AB——>use (A) 
= BB A——_>use ] 
=B'A=RHS 


tis true for n=k+1C—2 js satisfied. 
Hence it hold for any +ve integral n. 


Prove by the Principle of mathematical induction that n’ —1 is divisible by 8 
nis an odd positive integer. 


n —1 is divisible by 8 (n is odd +ve.) 

C—I:put n=1,then I? —1=1-1=0 is divisible by 8 C — lis satisfied. 
C~2:Let it be true for n=k then k° —1 is divisible g. 

ee =8Q—+A) For n=k+2then 

X+1 is even so put n= k +2 which is odd. 

(k+2P -1= +4k+4-1 
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31. 
any 
Sol. 


32. 


=k’ -1+4(k +1) k +lis even so Take k+1=2m 
=k? -1+4(2m) 
(k+1y -l= (Kk —1)+8m by using A clearly R.H.S is divisible by 8 
=80,C—2 is satisfied. 
Hence given statement is true for all odd +ve integral. 
Use the Principle of mathematical induction to prove that 4n x" =n én x for 
integer 1 2 0 if x is positive number. 
inx"=nlnx, n>0 
C-I:put m=1,then nx’ =(1) tnx > (nx= (nx 


C —lis satisfied. 
C—2:Let it be true for 7=kthen 


tnx =kinx ————»( A) 
Forn=k+l1 

(nx! =(k+1) (n xB) 
Adding {nx on both sides of A. 
(nx' + (nx=knx+tnx 

(n (x‘ x) =(k+1) (nx 

tnx’ =(k+l) nx 


Which is (B) C —2 is satisfied. 
Hence proved. 


Use the Principle of extended mathematical induction to prove that m!>2"—1 
for integral values of n2>4 Multan 2009 


n!>2"—-] For n=4 


C-l:put n=4, then 4!> 24-1 4.3.2.1 >16-1 => 24>15 which is true. © 


C—lis satisfied. ‘ 
C —2:Let it be true for n=k => 4 then 


k!>2* -]—_A) “ 


For n=k+lwehave 
(k +1)!> 2"! -1—_yB) 
*x' (A) both sides by (& +1) 


(k+k!>(k-+D| 2*-1] 
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33. 
Sol, 


Sol. 


(A+1)k!>2(2* —I replace k +1 by 2 because £+1>2 
(kK +1)!> 2,24 - 

(K+ Dts 2-4-1 

(k+1)!>2**! -] (-/gnore) whichis(B) 


C —2is satisfied. Hence proved. 
nw” >n+3 for integral values of m>3 Gujranwala 2009 
nw >nt3 n23 


C-l:put 2=3, then 3° >3+3>9>6true 
C'—lis satisfied. 

C2 :tet it be true for n=k >3then 
Pkt A £53 

for n=kK+1 

(k+1)° yy Seneca a 
Adaing both sides of (A) 2k +] 


+ 2k+1>2k+1+k43 

or (k+1)9 >k4+442k 

(kK+1f >k+4 Ignore 2k because 2k > Owhich is (B) so 

Itis true for w=k+1, C—2 is satisfiég, ° 
Hence proved. 

4" >3" +2"! n22 


C=I:put n=2, then 4° >3? +2?! => 16>9+2— 16>] ltrue 
C—lis satisfied. 
C' —2.:Let it be true for n= k>2then 


< > + boa) 
or, n=k+I then 4! 537! 4 pe 
mee os us —insmspl JF) 

'<' both sides of (A) by 4. 

4.4 > 403 42!) 

4! 5 4.3* 44.9 

4" > (3413 +22. 

4) 53.38 44 3h gee? 
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35. 


Sol. 


36. 


37. 


Sol. 
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ae > Sa +3" re Ain 

4!" 53" 494 (Because 2"! > 2 replace 2‘*' by 2 and ignore 3 ) 
Which is (B) so it is for m=k+1 C—2 is satisfied. 

Hence proved. 

3" <n! for integral values of 1<6 

3" <n! n<6 


C-l:put n=7then 3’ <7!=52187< 5040 true ‘C—lis satisfied. 
C—2:Let it be true for n=k 


3 <3! k <6——» A) 

for n=k+I then 3°! <(k +1)!—(B) 

‘x' both sides of (A) by 3. 

3.3 <3.k! because k+1>3replace3 by k+1 


- 3 (k+l)! 


3"! <(k+1)! which is (B) It is true for n=k+1 
C —2 is satisfied. 
Hence proved. 


n!>n’ for integral values of n> 4. 

ni>n n>4. 

C-Ivput m=4then 4!>4° 24516 Hint: 4!= 4.3.2.1=24 
C —lis satisfied. ' 

C—2: Let it be true for n=k >4 then 

k!>k? k24—»A) 

for n=k+I then 

(k +1)!>(k +1) ——(B) 

'x' both sides of (Kk +1) we get. 

(k +1) k!>(k+1).K k’ >k+1 so replace k° by k+1 

(A +1)!>(K +1 A +1) 

(k+1)!>(k+1) which is (8) C —2is satisfied. 

Hence proved 

3454-7 + .cccccccsveee +(2+5)=(2+2)(1+4) for integral values of n>—I1. 
SHIT Hila wlless +(2n+5)=(n+2)n+4),n>-1 

C—-|:put n=] thens(1): 2(-1)+5=-24+5=3 =(-1+2)(—1+4) =(1)(3) =3 
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C—1 is satisfied. 
C—2: Let it be true for =k then 
34547400. +(2k+5)=(k +2)(k +4) A) 


for n=k+] 
34+54+7 4.0.00... +(2(k +1) +5) =(k+1+2k +144) 


3+ 547+ ose. +(2Kh+2+5) =(k +3 +5) 
34547 + csset(2K +7) =(k +3 k +5)——(B) 


Adding both sides of (A) 2k +7 we get. 
B+SAT + osssseet(QK+S)+(2K+7) = (K+ 2NK+4)4 2k +7 


=k +4k+2k+8+2k+7 
=k’ +8k+15 
=k’ +3k+5k +15 
=k(k+3)+5(k+3) 
=(k+3\k+5) 
Which is (B) so it if true for 7=k+1, C—2 is satisfied. 
Hence proved 
38. I+mxS(1+x)" for 22 and x>-1 
Sol. = (14+. x)" >l+nx . 
C-1:put n=2then (l+x) >1+2x 


=> 14+2x+x >142x true 
C'—lis satisfied. 
C—2: Let it be true for 7 =k >2 then 


(1+ x)‘ >1+4e—»A) 

for n=k+1(1+x)'" >14+(1+k)x——(B) 

'x' both sides of (A) with (1+x) 

(1+ x\(1+x) > (14d) +x) =14 let xthe 
(1+x)"" >1+(1+4)x ignore ke? >0 

Which is (B) so it is true for n»=k +1 C—2 js satisfied. 
Hence proved 
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Binomial Theorem 


Statement: If a & x are real numbers and n is natural then prove that Sargodha 2011 


(a+ xy =|" atx eT atx +f Yate a] late 
0 1 2}. 3 
n n 
nee ae Ae +( Je eae {" Je Sil Se cies + Jew 
r-l r n 


Sol. Put 7=1then 
1 l | a) Ol) 
C-1: $(1): (a+x) =a4+x= 0 ax + ax =at+x 


C —1 is satisfied. 
C—2: let it to be true for 7 =k € N then 


ke k k BS oe clade winters 
(a+ky’ -( gx H. le el woes los 
0 2)° 3 
: k ‘k k): 
+: ccicswhaetettive -{ Jatrny +| FES 5 aR “f a’x" ——+(A) 
r=¥) \r \k 
Forn=k+1 
(a+ky* ! a k+l Wet D k+1 dh! k+1 ght? 4 k+l  bibmee 
0 oY 2 3 
VEPs Bia) oes + ne nr ee of ‘Se id So a + ie ax 
r-| r k+1 
k+l] k+l k+1 Pare i ess a 
(a+ky" ay? 4 é ax! + 3 at x44 i ad’ ?*x? 
0 1 2 3 
k+l . k+1 k+1 
i cpvBeysane Pi he aca ee oat shel a’x**' —_»B) 
r—| r k+] 


k 
(a+ky" Sa . + x : 24 A ot ‘: 
0) ] 2 Yee | 
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ae : k : : = 
Qo ke ee ee ff dxf ax+ ‘ atx? + ‘ a? 
r k 0 l 2 


k 
PAT Rate See ee eee 
k+l) (ik) (k) (k+1 
=> r + = 
k+1)'(0 1] ( J 
ee : ; tee 
(a4x)"" =| ; Nae t ee a‘x! + aif oe Hh os uf FP giemy 
8 | 2 [ 


4 


~ (k) (k+l) (k 
ie lk 


4 
ats 


Which is (B) so ite true = k+) C- 2 is caticfied. 
Henee given .tatemont fs true for all natural number a. 
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Example 3: — Find the term involving x° also find fifth term in the expansion of 


Sol. Its general term is 


"EE Cale ot 
Ce UTE 


i, Compare Exponent of x with exponent of x° 
H-—2r =5 = 2r=11-$=6S3 763 Sargodha 2009, 2010 Multan 2007 
putr=3 


IH) 203)" aE Ere hee GO 
Val =. Sr =: Be bi-6 = ee ae 
Ihe Sf Ix 2) 3) 318!” & } I) 5) 


} ore 
10.9.8! 3 95x 243 OS. 
fe eee 2 fda 16 — FI ccc iNT 
3.2.1.8! Zz 256 256 

ii. For fifthterm put r =4 Faisalabad 2007, 2008 

ates emo) "(-4Y 11.10.9.8.7f (2 } as 1) 4455. 

: 4 ) z) 3) ASOAM AOS oe 
3 Using Binomial theorem, expand the following: 
i. (a+2b)° Multan 2008 


Sol. (a+2h) = -(} le (2b) + {e (2b)' a eye (2hy' + 5)@0r acannon 


= (I)a°(1)+5a’ (2b) + 10a’ (4b?) +10a7(86°) + 5(a\(16b") + (1)(1)(325") 
=a +10a°b+40a°b’ +80a°b’ +80ab' +32" 


~ FOTO OE 08) 
-2) )) OS) 06 
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x r\4) (eV 8 x° 16 
0 5 ele (2) S }ras|= & \* 20 I 3} (8) 
4 
12 


a) ool) 


x” Sx*- 45°20 68 96 
a ae 


3x" 15 20 60 had 
ee SFE: x'? 


iii. 3a —-— Sargodha 2008 
3a 


8 
x 4 
Seal ee lal el Se at ey 
Sol. a *) -(5 Joo { *) [ca x) “[? \a *) 
4 | x : 4 0 x ‘ 
(3 }o0i(-) e(iJee(-) 


4 
= (1)(81a* (1) + 4(27a° {2} +6004 igs +) +460{ 3 | a (xo ia] 


4 
=8la'-36a*x +6a’x ter d 


9a° 81a’ 


seca alc itil 
Go) I on oe 


= (1)(128a’ (0) + 7(64a° (= = | 21¢20/ ) 2} +3506" (= - +350! (2 =) 
a 


a x'* 
+21(4a° (= = }+100( “|+eo{ —2 F =) 


xl? 
= 128a’ - 448a' x? + 672a°x’ — 560ax® +2802 rae 
a 
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[= 
“ © 
~~ a 
Als ats 
ee a eae =< 
re 
2 =~ 
RQ ®1G Pmabee - 
7 oe a Ee es “ 
Gls 6a Gene Be eS 
| com Cc OO 2 | 
oo eS ee Lad “ 
a ee coe ONY an ea 
* “NN cae a | CX Rs 
ee | “ + a 
a ~ | | 1 ca ATL 
OO SY Nae NS ty eh is 20) 5 
ute caer ar a 
<—. »| #1 fo 1 
ot ee ee a S * S 
di co MN 8O MM 90 Co Ny, fe Nee Le | & 
I VS fT Q 
ES + + + _ oS 
la = a ia + : 
* 
N ® © 
Seoul a» a a S = 
v it ete Ne ge 
7+ — 
ie a le ie AS 
a Je #/Q |G IS 
Po ee yn ee 
Me #2 See ee SS SS Se * 


oa ES Atm ea, a 
Neat Na + + + Il 


COLL 


Sol, 


Sol. 


Sol. 


te 


HEMATICS-1 cack ©=MATHEMATICAL INDUCTION & BINOMIAL THEORM 


-o0() eo+e(Z) (2) sas(2) (2) «20(2) "(= sfe) (2) 


2 


(3) (S) off) 


3 $/2 V2 2 3/2 2 /2 5/2 3 
epee all Ts Gx% 204 Pie nee Go eg 2 
x x a’ a ep x oF ‘ 


m 2 3 
“5-65 = iss -20+15=-67 47. 
x a a ad 
Using Binomial theorem, expand the following: 
(0.93) Faisalabad 2008 


(0.93) =(1—0.03)' 


‘ | Jorco.osy (Ho (-0.03)' [3 Jo'o.03y +{ Je" 0.003) 


= (1)(1)(1) + 3(1)(-0.03) + (3)(1)(0.0009) + 1(1)(—0.000027) 
= 1—0.09 + 0.00027 — 0.000027 

= 0.0910243 

(2.02)' Faisalabad 2009, Multan 2008, 2009 


(2.02)* =(2+0.02)* = Woxcy +{ Par coa) +[) ar cooy 


4 ~ ; 
(3 Jor +(3 Jor*coay 
= (1)(16)(1) + 4(8)(0.02) + 6(4)(0.0004) + 4(2)(0.00008) + (1)(1)(0.0000006) 
=16+0.6400 + 0.0096 + 0.000064 + 0.00000016 
= 16.6496 
(9.98)" Sargodha 2009 


4 4 4), ; 
(9.98)* =(10—0.02)* -[} Jaor-o02y -{ Je0y(-02) «(3 Ja (-0,02)° 
4 ‘4 | : 
«(5 }00y'-002y +{}a0y-0.09 
= (1)(10000)(1) + 4(1000)(—0.02) + 6(100)(0.0004) + 4(10)(-0.00008) 


+(1)(1)(0,0000016) 
= 10000 — 80 + 0.24 — 0.00032 +0.00000016 = 9920.2397 
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iv. 


Sol. 


Sol. 


(2.1) 
5 5 5 5 0 B) 4 u 5 3 Y. 
(2.1) =(2+0.1) -(5|@ (0.1) (Jo (0.1) Plo (0,1) 


Z 2)°(0.1)° + : (2)'(0.1)' + : (2)°(0.1)° 
+ JS) 00.1) 4 (0. 5 |! : 


= (1)(32)(1) +5(16)(0.1) +10(8)(0.01) +10(4)(0.001) + 5(2)(0.0001) + (1)(1)(0.00001) 
= 32+8+0.8+0.4+0.001+0,00001 = 40.84101 
Expand and simplify the following: 


(a+2x)' +(a- J2x)* 
4 4 “(dy 4 4 
=|) Jeol? { Jeo {easy +f aaxy {jel 


={ a (Mavis) {Sey {sl (-V2x)} Skee 


= (1)a*)(1) +4a° V2x + 6a? (2x? )+ 4a(2v2x*) + (1)(1)4x4 +(Da‘*(1)+4a° 
(-V2x) + 6a? (42x7) + 4a(-2V2x*) + (1)()(42") 


P 3 
=a +4a° Vx +120°x? +8a)8e +434 +a" 4a? PI +1202? — BedSa +43" 


= 2a’ + 24a’?x* +8x4 


(2+V3)° +(2-V3)° 
5 5 5 2 see 
-(5 ero +f Jor + Jorsy ae JF Way 


(fars } +{ Jaros) 
5 
+ ores +( Panay orgy (Saray 


5 
(ora +{ Jara 


= (1)(32)(1) + 5(16)(-/3) +1 0(8)(3) + 10(4)(3V3) +5(2)(9)+ (1193) 
+(1)(32)(1) + 5(16)(—V3) + 10(8)(3) + 10(4)(-3-V3) + 5(2)(9) + (1)(1)(-9V3) 


=32+ 8093 +240+ 1263 +90+ 905 +32- sod +240— 26/5 +90- 9% 


= 64+480+ 180 = 724 
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u 
° 


w 
o 


Sol. 


MATHEMATICAL INDUCTION & BINOMIAL THEORM 


(2+i)° -(2-i)* i=? i=(-1l)i=-i Similarly =1&i =i 


{5 of Pasa (3) Se (je (syer 
9) ] 2 3 4 5 

5 ‘ 5 5 ros = = 5 ) 
ai Ee NG a4(_ +)! 37 2 27_7\3 7-7)" O75 
(Gz i) fe i) ( i) of i) (3) (-i) off an 1) 


= 32 + S(16i) + 10(8)(—1) +10(4)(—a) + 5(2)(1) + AA) — 32 — 5(-167) - 
10(4)(+7) — 5(2)(+1) - (1I).(-) 

= ¥2 +80i— 96 — 401+ W +i- 34 +801 + 80 -40;- W +i =82; 

(xtvVx?-1)) +(x-V x? -1 1) 


-(j}eoe—o'+( Mec «()sPay +() oly 
{pra (Tcle=i's Bay (3 Je Vx? =1) 


= (x (1) + 33241) + 3x? 1) 4) (DOT)? 


H(I)x (I) -3 x61) + 3x(x? =1) - (Der Z1)? 
=2x° +6xVx7-1 


Expand the following in ascending power of x: 
(2+x-x’)' 


(2+x-x°)' =[2+n-%] 
4 te aent* az tae, f4 a” FN4 
-[5 e+ (—x") f Jew (-x") [Seem (-x°\ 


4). 3.44 
(JJeenier) (fle +x)°(-x?)' : 


= 1x (2+ x)'(1)+4(2+ x)'(—x7) + (6)(2 + x)?(x4) 4 4(2 + x)(-x°) + (I)(1I)(x*) 


4 4 4).,, (4 4 : 
(eee ex (ee (3a {te —4x°(8+12"+6x" +x°)+ 


6(4+4x +x" x") -8x° — 4x7 4° 
=16+32x-+24r +8x° +x! ~32x7 48° — 247" —4y' +.24x! +240 +6n° Bx —4y? 4! 
=16+32x—-8x" — 40x? + x4 +20x° —2x°—4x7 +38 
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ii, (i-x+x7)' 


Sol = (I-x+x")* =[(-x)tx°] 
‘4 we, Te ca “eas 
=| |(l—x)'(x°)P +} dx?) +] 2 PP 
0 1 2 
4 5 4 > 
“(3 Ja-n'o"y +{ {a= 
= I(1—x)' (I) + 4(1—x)' (x?) + 61 = x)’ x? + 41 — x) + (A(x) 
4 4 0 4 3 1 4 2 2 4 } 4 0 4 2 2 
=| Pe) HP 4. IPO Hae 4} (a) +41 - 3 4:3? — 3°) 
@) l pairs 3 4 
+6x"(1-2x4x7)+4x°(1-x)+x° 
=1-4x+6x? —4x° 4.24 +47 = 12 +12x4 +.6x4 - 12%? + 6° + 4° — 4x" +x° 
=1—4x+10x° -16x° +19x* -16x° +10x° —4x’ +x° 


iii. (1-x—x’) 


Sol. (i-x-»)* =[(-1)-¥ ] 
il? (1-x)*(-x*)? + : (l—x)'(-x°)' + : (l-x)°(-x" 
0 1}: 2 


4 1 2,3 4 is) 2\4 
“(3 Ja-9 (-x*) +{fJa-n x} 
= K(l—x)*(1) +41 =x) (=x?) + (1 — x)? (x*) + 4(1 = x (=x) + (D(x) 
1—4x+6x? —4x° + x4 — 4x? (1-3x 43x? —x*) +x" (1-2x +2") -—4x°(I-x) +0 
=1—4x 46x? —4x° +.x4 49? 412° -12x' +.4x° +.6x' —12x° + 6x° —4x° + 4” +38 
=1-4x4 > *4+8x?-5x'-8x°+2x°+4x7 +x° 
Ls Expand the following in descending powers of x: 
i. (x? +x-1) 
Sol, (x +x-1) =[x° +(x-1) | 
=|) loro" {Jorre-n) [eve (Jerre 
0) 1 2 3 
= (1)(x° (1) + 3(x7 (x = 1) + 307)? — 2x +1) + (I) (8° = 3x? +3x-1) 


= 1°43 — 30 4 90 6° 4 3¥ 42° — 3% 43x21 = x°43x° =5x° 4+3x-1 
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3 
ii. [x-1-4) 
x 
Sol. [x-1-2] -|o--4 
x x 
3 ty f'3 eee ty 3 =f) 
=| l(x-1))| —  Mx—1?| — -1)'|— -1)°} — 
Je ¥( =) {Te (=) «(3 (=) + 4) (=) 
= (I)(x* —3x? + 3x-1)(1) +307 -2x+0{ 1} +3-0( 5) +03) 
x x? Lx 


sete ph-1-H 46-249 31 
Pi so < 


=x? -3x° ma 
Bey 
6. Find the term involving: 
i, x" in the expansion of (3-2x)’ Faisalabad 2007 
Sol. (3—2x)’ 


Its general term is 
7 T-r r 7 q-r ror 

=| _ |(3)""(-2xy =|” 1G)""2yx’ —s 
r r 

Compare exponent of x with 4so r=4 put r=4in / 
7 7 

rh e. ay ty ae 3°(-2)* x? 

4el AC (-2) P (-2)"x 

7, = 35(27)(16)x* =15120x4 


13 
ss 2 
ii. x” in the expansion of (« - 3) 
x 


Sol, Its general term is 


r= [Per (= 
r x 
13 
-( Joey (=| 
r x 
ee (-2)’ [Pecan 
Fe r 
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Compare exponent of x with power —2 
15 
13-3r =-2->134+2=3r > 15=37 tS SS p ao 


Put r=Sin J 


13 
"oF -(; jroo 


1BE isis 312.11.10.9,81 


————_(-32) x? 
~ 518! 5.4.3.2.1,94 Nar 
T, =-41184x" 

2 9 

iii. a‘ inthe expansion of (2-«] Sargodha 2008 

9 
Sol. (2-4) - @=? 
x 


Its general term is 


rl eof) 
r s, r x 


Compare exponent of a with power4 => r=4 


eg Oe _ 9.8.7.6. ( 2) 
toe (2) care e288 


28.7.6. 32 ope 4032. a 
43.2.1 x x 
iv. y° in the exnansion of (x- Jy)! 


Sol. (x-,/y)!' 


Its general term is 


Ti. -(| oo (-yy)’ 
r) 


i i 
y Jono" ee i 


Put Power of y equal to 3 so 


=3=>r=6s0 Put r=6 


Ldhips 
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Sol. 


Sol. 


1 eae: 
(4) Joay'*(—p8y” 


11! 
t= Sisit OY 
Aes! 10.9.8.7,61 5, 
5.43.21 43216 ° 
Find. the Coefficient of: 


* in the expansion of G eee 


=) 


Its general term is 


=462x°y? 


MATHEMATICAL INDUCTION & BINOMIAL THEORM 


Faisalabad 2007, 08, Multan 2009, Sargodha 2009, 10 


Cobain wecumenees Xwith x° => 20-3r=5-3-= Se Sr =5 


Tea = (3 oe = 


_ 10.9.8,7.6.54 ( | -243) 28 
*" 543.219 (32 


Coefficient of x° is 


x" in the expansion of ( ye 


Its general term is 


{She ©) 


dane 


Put 4n —-3r =n => -3r =n—4n 


—15309 


y 


. 2 
ES ae 
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Sol. 


Sol. 


MATHEMATICAL INDUCTION & BINOMIAL THEORM 


=>-3r=-3n>r=n 
Put r=n in J 


2n 4n-3a yn (2n)! oe aa (2n)! noe (2n)! noon 
ae (-1) ior oe ae fea age 


Coefficient of x” is ca, 
(nly 


m 3 w 
Find 6" term in the expansion of G -3) Sargodha 2006, Multan 2008 


Its general term is 


» ies ay 
ra=[) foe" (=| 


Put r=5 

0) at 2) 
Ty 

-{'S |e" sie | 2y 


10! | 
“515i os 2) 4 
- 10.9.8.7.6.54 (28) I 

$.43.2.1.98 


32 )x 
=-252x = e 
15309 , 
La x x 
8 
Find the term independent of x in the following expansions. 
lw 
(x-2) Multan 2007, Sargodha 2011 
x 


Its general term is 


10 W-- l 
= (x) e - \-2y 
x 


{he (2y' (") (ay 57 


r r 
Put power of x=) so 10-—2r =0 
=2r=10Sr=5 
Put r=5 in J 
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OLLEGE MATHEMATICS.-1 MATHEMATICAL INDUCTION & BINOMIAL THEORM 


et 10 10-2(5 “ered 10! Pl a 
T, = -252(32)x° = S064): =—8064 


ut ene 

Sol. Its ice term is 
er la 

anal 

(Pl “G)— 

10-—5r 


: =0>10-5r=0>5r=-10 >r=2 
Put r=2 in / 


relay * (3) 


Put 


1 4 
i. avay(x+4) 

x 
243 ty rya( L+x° é 

Sol. (1+ x") A =(I1+x°) —— 

ec, 5 
4 
) 


x 
‘ 7 7 
; 
1+x? ES ae ees * Sie 
~) ed | ae ee ee iat Sa eed p: aie err 
ne, x x x x x 


Its general term is 
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J\ s226r_8r 7\ s2ror-8r TY. s2-14 
paca es be gs x 7 
r Ve r 
ua = 0=>42-14r=0 
=> )4r=42 =r =3 
Put r=3in J 
‘Qy\ 42-1413) " 42-42 
A Se os =x! 
: 3 31.4! 
e. 
sis A = 35(1)=35 
“3.2.1 
So term independent of x is 35. 
10. Determine the middle term in the following expansions: 
> \i2 
i. t-) Faisalabad 2008, Sargodha 2008, 2009 
Xia oe 
Sol. Its general term is If power is 12 then it has 13 term so middle term is 7 


\F ee 
Put r=6 
12) | 12-6 _y 6 
ta=| 2 ee 
6) x} \ 2 


12! (1 le 
ees 


_12.11.10.9.8.7,61 1 {=| 


6.5.4.3.2.1,61 x°\ 64 
ies 
64 16 
6 
So middle term = =7, = 231x 
16 
3 I n 
i. (3s-3.)] Federal 
2° 3x 


Sol. its general term is 


mal) 


It has twelve (12) term in expansion so middle terms are 6" & 7" for 6" term 
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COLLEGE MATHEMATICS- 


Sol. 


Put r=5 


1 
5)\2 


Re 


~ 51.6!( 2 
_11.10.9.8.7,44 ( 729x° ( -I 
$.4.3.2.1.6 | 64 }\ 243x° 
- gg th. 
64 32 


} & 
eg 


For 7" term put r=6 


ETE 


5 $ 
= 462{ 3) sa ;)=46o{ 2B 
2) \729x 32 


Its general term is 


0 ae iy + ‘Jasre (-} 
r 2x 


r (2m+ ‘pene t) 
2x 


a6 “t r 


2 
T -( ancy 


for (m+1) th term Put r =m then 


a = fig + Jerre 


m 
‘s . (2m+ 
m(2m+] 


e (2m+1) 
(m+1)!(m)! 


1)! 
—m)! 


: 2x(-1)” 


For (m+2)th term 


Put r=m+l 


ace 8 


(2x (-1)” 


475 THEMATICAL INDUCTION & BINOM 


Lj 2 
729x° ) 48x 16x 


. |Its power 2m+ 1 is odd 
so middle term are(m+ 1) & (m+ 2) 


Note : If power is odd then 
n+l. nt+3 


middle term=— & —— 
2 2 


putn=2m+) 


2m+\+1 » 2m+1+3 


middle terms are = 


2 
e 2m+2 o 2m+4_ Z(m4 1) » Alm+2) 
Naatte: Z Z 
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COLLEGE MATHEMATICS.-1 EYd-my §=MATHEMATICAL INDUCTION & BINOMIAL THEORM 


Paws [Janeen 
m+l 
(2m+1)! 2m+1-2m=2 ms! 
. (m+1)!(2 +1 saan CD) 
_ (m+)! 
*  (m+1)'m)! 
* (Qm+t)! 1 


aS =f mot 
(n+ I)\m)! Dx | : 


(2xy'(-1)"" 


Sn 
11. Find (21 +1)th term from the end in the expansion of ( =H] : 
2x 


an 
] 
Sol. For (2 +1) th term from beginning, the question become [-s+ x] 
x 


Its general term is 


cE AV eae pee 
La= & x 
is Lr J\ 2x ( ) 


Put r=2n 


(3n / = 3n-2n FG 
Be -(() (x) 
3n! -| r 2a 
“Tia aE) 
Hon— LW)N\ 2x 


= eat" {) {4} 
2utn! \2 x 


3)! 
= (3n)! ("Le 
2nin! 2 


__Ga)! (-1)'" 
Qnijnl 2" 


1.3.5.......(2—1) 
! 


a. 


12, Show that the middle term of (1+ x)?" is Py" 


Sol. Its general term is: 


(2 2u-r 
T., =| "lu" x 
r 


Put r=n 


Power 2n is even so middle term 


a@t2— 2n+2 Zin+l)_ 


5 > Z n+) 


This book was uploaded by www.educatedzone.com 


THEMA AWZERAE watemarica, inpuction & somal THEoRM 
ta =() "ares a “i (2m)! Ix" 


~ nlQn- —n)! 
= OM on <2 QN= Mi SA 321 123A Svrscoe(QN- )2n 
nin! nin! nial 
[PB Seseeoee(2=D](2-4.6..0.0..2) et LF Seeceee(Q = WML.2.3..0)2" x" 
nin! nin! 


be [1.3.5..ese(2n=D]2"ntx" _T3S....:{2n=B) 2" 
nin! vg 


Hence proved. 

13. Showthat {3}. (2}+ Siesas tr } ag 

Sel. We know that 

(1+x)' -(Slor#s {| rors ' (So sf ; 

(1+x)" -{ }: ; s}ee( Se (jes wins re ey 
[ 


«lies er }eo+(S}en'+{ Je oe fF jersey 
mOnOKO nO uae 


+ 
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— 


AC) GH 0-4 


"i 7 n n 
> ls aa Eb ave =2”""' 
f ED he, n—-| 
art 
14 Show that je4(P)-4(7)-4(3) eoseoes wet ("a2 : 
2\1 S27 8X3 n+1\n n+1 
] n ] n gah | 
+— ee ee + = 
4\3 n+l\n n+l 


” 1(n) ifn 
Sol. + = i 

oralr se 
tinge! “lant lee eats Pate Sy 

0} 2h) *3l2)* als nein 


1 n(n—I(n—Z)! at UF, n(n-l)(n—- 2)(a-S)l pew 


ataes 7 es ee 

3. 2n-Z)! 4.3! (n-3)! n+l 
ee n(a-l) n(n—1)07-~2) =a 
ae ee © i Aina +5 


' & =! by (nt) 


(n+1) 2! 3! ‘4! n+l 
1 
: Bae AP gag OT gl ore ks oe #"'C, | 
(n+l) 2 3 nel 
ae (1+ xy" —+l Cc, (yxy? gat Cy" "(x BV ac. C. Qt 
vigils, Se ae 33 ne stl NR aes. 
Put x=1 
Ch ya Ce Cnr ees HE 
get = 1 al c Sa) fa gent G shots oS 3,08 "ies 
ahi | —it+l C att ef, yin on pl gs Cc, Ul 


Use Il in | then I become 


n l{n 1(n 1 Ni 1 mal 
ire Sites prerele 1] 


Hence proved. 
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COLLEGE MATHEMATICS-| nwacte = MATHEMATICAL IN BI IAL THEOR 
Exercise 8.3 
m Faisalabad 2008 
Example 7:- If m and n are nearly equal Find value of —-__— 
m+2n Sargodha 2009 
Sol. Put m=n+h (where his very small that its higher power can be neglected) 
m — nth —_ nth. (nth) 
m+2n n+h+2n 3n+h_ 3n anf 1+ 4 
3n | 
h ) ; n ih 
~inomyst(iet (2 Jue ya ne ect | 
3n\ 3n) —\3n cn ia. 
be. A h task 2h oe 
=|- j-— = 3 On! tn oer eee 
3" 30 3n 3 On 3n On 


gh hk) Shee tk 


+ = 
3 3n On 3 9n 3 On 
1. Expand the following upto 4 terms, taking the values of x such that the expansion 


in each case is valid. 
i. (1-— x)!” Sargodha 2006, Faisalabad 2007, 2009 


\ 
i pla alata 2) 
sol. © (—x)'9S14 =) 4 a as eee 
2 2! 
x ( ie} + (2]- i(-2 
=1-~+ =| — || = |x°+—| - - 
2. 22 a 2 | 
=l---—- IG Rom (valid if |-x| =|x|<1) 
ii. (1+2x)' Faisalabad 2008, Multan 2008 
Sol. (1428)! =14(-192x) + POD any Oo l-2) 5, 


CVE) (et 4 LCN) 9.35, AAs: ¥ 
2 3.2.1 
Z 


- 6 


(4x?) -— (8X7) + cseseeee 
=1-2x+4x" -8x° to. (valid if xl <t=>)x| <>) 


=]-—2x+ 


=]-2x+ 


6 
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Sol. 


Sol. 


“adulbeg -{(-4-1) -{-4-1f3!-2) 
esyMate{ tee SF = eet 3 AS) 3 3 <> 


alle AF: 
32k. 3h 3 Jee BEY Tay ir 
St Bint (valid if |x| <1) 

rad Wier diiaee ce 
(4-3x)'? Multan 2007 

hide aif 3x)? 
4-—3x)'? =4'?/ 4 sy" =2 *(1-) 
(4—3x) J F 
“sey 33-942) 
2 + blame 3 
waynes( x) ay ala a fae 
4 2! 4 3! 4 
ateue tor ee en 
S 293K" 3 Nae BZIN2AR= 2 ON Be 
3 G 2 BY , 

= 2) l—-=x4—— 9" Se 

8 128 1024 | 

3 te Se 3x 4) Faisalabad 2008 
=2-—x¥4+—-= 4 alid if —|<] me 

4°” 6 sm / : 12 a =|4<4) Sarg odhci 2009 
(8-2x)" Faisalabad 2009 


: 2x" 1/ x)! 
8-2x)'=g'[j_2*) 1 f,_ 
wide ( “5 i( i] | 


Lier. =), CId=D(-*Y  (--1-1(-1-2) +) 
pie Hf 4 }-e» 4 } came nasa | 4 Ws beaeos 


vgs + e2 2 cuenta), a | 
Bl cd 2 16 3.2.1 64 


~ 
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vi. 


Sol. 


vii. 


Sol. 


LLEGE MATHEMATICS-1 PERI MATHEMATICAL INDUCTION & BINOMIAL THEORM 


2 3 
a raare eu ; i |= <1ah4<3 <3 | 


Sargodha 2009 
2 ? 3x 

(2-—3x)° =27| 1-— 
reea 


gs slic (= SIs Pec — Ds) oo ieee ane eae Ao | 


<4f are ERED(H) Cats Hf 20) ee 


2 3 
Be laren ety jester valid if | 
4 a 3 2 


(1-x)" 


<I=)<2) 


ise ) =d=27'0437 


=| tee PEED =x) OO ay ey 


(-x) 
«| apr AEOD 2 HP WCB-2) 3, br 
-| 14x42 gD) aps Baie I. 
3.2.1 
[ ~2x4 CY hy SO aS | 
3.2.1 


<fieaiea Teeet [12x 43x" ae ee Rees | 
=[1 —2x+3x" 4x +x 2x? +39? —4x3 4.97 - 2° 43x! 49 4.7 2x4 43x —4y" | 


oS ee ee es re (valid of |x| <1) 
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COLLEGE MATHEMATICS-1 PY-YMe =MATHEMATICAL INDUCTION & BINOMIAL THEORM 


ps Sargodha 2011 
ed ge (1+2x)'?(1-x)" 


oops 202) peg 2222) 
pie ae eee 


=| Ie = (2x)+ Ae (25F ge Sey ss 


viii. 


Sol. 


Reser es a tae 


leet Dae HY le 
vest )arresh (2S) 2) eeneb 
1 : | 


ee (—1)(-2)x + DO BY —xY +... ; 
2 3 
=| 14+ x—-— 4a x(l+x4x° +2 +.. 
Sea 
iss tx 4x¢x 42° 4x Pees ee ee ] 
3x 2° lit 
es 
(44+2x)'? 
ix. Be Es 


L 
Sol. (44+2x)"" - 41428)" (2-x)" 
2-x 4 
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a se al 


jglty Bakes, 
SF) eCROD (a) CCE De Daal | 
(+- 0G -GE4 R82 

[F(z }nea(S)(Z-acaral-s) 


ae ae to 3 
=| 1+——-— +— 4 0. x} += 4+— + — 4... 
4 32 128 2 JA OS 


x 


X24," Fe x po Pe 
SEN wg oe ae — +— + - — 4+ — + 


4, 4% —§% 32 8 16 64 128 
2x+x  8x74+4x7-—x?  16x° +8? -27° 433 


=|]+ St on 
4 32 128 
2 3 
oppo pei Valid if \~ <1=3|x|<2 
q, 32 128 2 
x. (l+x-2x’)!? , 


Sol. (1+-x-2x")!? =[14(x-22")]” 


l = . 2 2 2,2 2 2 2 3 
=1+5(-2x )4 5 (x 22°) A oa ocr rica a > 
eian eng GF }e —4x? 4+ (FFF) 

2 v5 al ae Sod 2I\..2 JX 2 


(x? — 6x" +12x° 8x") + scssssses 


slice whee ~Ax? tyne — 6x" +12x° ~8x°) toc. 
2 8 16 
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Sol. 


a: 


Haig eninge -af) — 3h Fe — a8 
a tend sae ee poe eee he 
$~-2 2) GB SE 2 
gg a) ae ae a x Oy? Ox? Fe" 
=I1+—-x —-—+—+—-— -— $ ., = ]+——-—— + —— - ——4......... 
So Se o. 8 36 ft 
x 9x7 9x 
= 1 ts Valid if -— <x <1 Because sauify|x 2x°| <1 
2 816 


(1-2x+3x’)? 
=[(+(-2x43x? yy” 
! 


Kas GEN ae ca 
“oh +3x° Mg BAe 2 : (-2x+3x")? ee ~2x+3x°)' + 


LEje= hk }~= 


ae ae 36x! _ 54x° 27x° 
+—x - + 

Boe es a 16 16 16 

3x7 =x" 3x3 — 2° — 36x" 18x" 54° 27° 
= |—x+———— + ——— + ——__ - ——__ + Fissscet 

2 2 16 16 16 
9 27 . oS aa Syed 2 
=l-x4xr' 44 429" — +—x* +. . | Valid if — <x <1 Because|-2x + 3x'| <1 
8 16 3 

Using Binomial theorem find the value of the following to three places of decimals 


V99 Rawalpindi 2009, Multan 2009 


weeeee 


ps 
Nee Oe ip 


see eeeee 


sol. 99 =(99)"? =(100-1)” =100"*(1-2) ; 


1(1 
1 (3-1) 
=10(1—0.01)'* =10 ie ai ara Pea. 


- of -0,005+ 2°22) 


= 10[1-0.005-0,000125+........... | =10(0.9499) = 9.499 approx 
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COLLEGE MATHEMATICS-1 BEEGH) YATHEMATICAL INDUCTION & BINOMIAL THEORM 
li. (0.98)? Sargodha 2008, Faisalabad 2009, Federal 
1f1 
! Ae % J 
Sol. (0.98) "* =(1—-0,02)'? =1 +5 (0.02) +S (0.027? Pica 


=1-0.01 COICO?) (0.0004) + Fotusate 


= 1—0.01—0.00005 = 0.989 = 0,990 (approx) 
iii, (1.03)"> —s muttan 2008 


7 (0.03)" +......... 


=1+0.01 {1 3\(Z}cc.0000). neh, 
N33 


it) 
Sol. 1.03)" =(1+00)" =1+{ }(003)+3 3 


=1+0.01-—0.0001+............. = 1.010 (approx) 
iv. 265 Sargodha 2008 


3 
sol. 65 =(65)'? =(6441)" =64"(1 +a 


! 
=4°3(1+0.015625)" 


1(1 
1 (5-1) 
=4/1+ 3 (0.015625) + Sr (0.001 SEY bcos ccccrussatis 


e 4) 1--0onsa083 + 1{ 1) -§ }eooonaasrs 


= 4[1+0.0052083 - 000027126] 
= 4(1.005181173) = 4.021 (Approx) 
v. V17 Faisalabad 2009, Sargodha 2011 


so, V17=(17)"* = (16+1)" =16'(14 : 


V4 1 
=| =2'°4(1 40,0625)! 
16 
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vi. 


Sol. 


vii. 


Sol. 


ee 
= a1 +7 (0.0625) }» 54 (0.06259 Paget 


= 2(1+0.15625+5( 2] -2 }.0n390025) 
2\4)\ 4 


= 2(1+0.015625 —0.00036621 +........... ) 
= 2(1.0525) = 2.31 (Approx) 
731 Multan 2007 


Ws 
31 =(1)"* =(32-1)"" =(32)" [igs 


| (1.4) 
sar 1/5 1 5\5 
=2 °(1+(-0.0321))° =2 i ae a 


= 2(1—0.00625 — 0.000077 +......... ) = 2(0.9936) = 1.9873 (Approx) 


Federal 
igs 


Tea" om 


2 -WV/3 1 
= (1000)? | 1 | ne Ree ee 
Sie ( a“ (1000)'2(1+(-0.002)) '° 


—__998)""° = (1000-2)? 


es 
| 1+ t(-0.002) +4 343 (0.002)? 
ad 2! 


10° 


= il + 0.00066 + 0.00000088 +........ | = 
= 0.100 (Approx) 
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HEOR' 


COL 


viii. 


Sol. 


Sol, 


Sol, 


l 
{252 oe 


THEMATICS-| ; MATHEMATICAL INDUCTION & BINOMIAL THEORM 


1 
252 


———; (252) = (2434.9) 


-W5 
= (243) (14) = Gyr +0037) 
aes 
aoe 1+ -t}o03+\ A$ oos7y bes 
Su 5 2! 
3 ‘| 7 


=$(1-0.0074 +.0.000167-... 
= 0.331 (Approx) 


One eeeeee 


= 1—0.0625 - 0.001953 
= 0.935 (Approx) 
(.998) 


(.998)""° = (10.002)? =[1+(-.002)] "* 


- ot coupeithe oa Kittie 


= 1+ 0.00066 + 0.00000088 +........... = 1.0006 (Approx) 
= 1.001 (Approx) 
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COLLEGE MATHEMATICS.| EGG) atHemaricaL nouction & Binomia THEORM 
| 1 
xi. > 

1486 
= = = (486) "" = (480 +6) "°(1+0.0104) "* 

he) 
ari 6) 6 { 
~ Ga8)* 1+{ = oo104)+ SP (0.0104)? + onrann 


Sol. 


=—_(1-.0.0017+0,00001051+.......) 
2.7981 


= 0.3573(0.9983 1051) = 0.3566 (Approx) 
(1280)"* 


4 
(1280)'" = (1296 -16)'* = (1296)"" | (se) 


a 
=6 ‘[1+(-0.0123)]'* 


i) 
=6 1+ F-00123) +#A4 “(-go125) eee 


= 6(1 - 0.00208 —0.0000142—......... ) = 5.981 (Approx) 
Find the coefficient of x” in the expansion of: 
l+x? 
(l+xy 
l+x 2 3 
(+x) =(l+x 1+ x) 
(+84) 1+(-2+- POD g eee Oe 
<2 (toe BD MID 2) 


=(14+x° (1+(-1)'(2)x! + (-1)?.3x? + (1) (4) +... (-1)"°(n-1) 
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COLLE THEMATICS.1 THEMATICAL THEORM 


x"? + (-1)"' nx” +(-1)"(n 4+ Ix”) 
=1+(-I2xt...., +(-I)"(n + 1)x" +x? +(-1)2? $0000... +(- 1)" 
(a —1)x” +(-1)""' mx"! + (-1)"(n 4) x"? 
Coefficient of x” are = (—1)"(n+1)+(-1)"?(n-1) 
=(-D"(n+1)+(-D"(- D7 (n-1) 


l 
=1 
my (n-1) 


ee 


= (-1)"(n+ +P nt) = (-1)"[n+1+n-I] = (-1)"(2n) 


(+x) 
(1—x)’ 
(l+x) 
(l-x)? 


Sol. 


>= (1+ 2x4+x°\(1-x)? 


1+(-1)° ‘2x+(— 2p, Kea, = 
301% te 


= (1+2x+x7)[1+(-1)?.2x4(-1)'3x? +(-1)4x" +... +(-1"")(n-1) 
x"? + (-1) ge! +(-1)"(n+1)x" | 

1+(-1)?2x 4.00.0... +(=1)"(n+ Ix" + 2x4 (-12 4x2 Hoesen + (=)? 2px" 

+x° +(-1)?2? 400.0000... +(-1PP ? (n-1)x" 

Coefficient of x” are = (- 1)"(n+1)+(- 1)" n+ (- ) iaaiied 1) 

=(-1)"(n +1) + (1)? 2+ (-1)""(n— 1) 

=(-1)"(n +1) +(-1)?"(-1)? 2n+(-1)'"(- A (n—1) 

z(n-1) 


2n+(-1)" 


> 1 
= (-1)"(n+1)+(-1) 
sss C y C - 


=(-1)"(n+1)+(- pn 2" Pkt pe! "aan 1) 


9a algae et aeds (Because (-1)"" =1) 
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COLLEGE MATHEMATICS-1 4 90 MATHEMATICAL INDUCTION & BINOMIAL THEORM 
be (1+.x)° 
i. 

(1-x)’ 


Sol. = (1+ x)*(1—x)? 


=(1+3x? +3x+4 ef +(-2)(—x) COA 2? Somer 


+x° +2x! +...4(n=2)x” 
co — efficient of x" =(n+1)+3n+3(n-1)+(n—2) =n4+14+3n+3n-3+n-2: 
=8n-—4=4(2n-]) 


; (l+x) 

iv, (i-x) | 

Sol.  =(1+x)'(l-x)” 

—3)(-3-1 —3-—1\(-3-2 
=(1+2x+x° {1+ -3\(- Bae a A ex x) See 
=(1+2x+x’) reife Ae ae 

23 2343 : 

=(1+2x4+x° nf er ey ET + ET 2 ee ees (x&+by2) 

: 3! 2 5h nlx”? — (n+1)Ix""— (n+2)!x" 
1+2x+ 1+—+x t+ XM Hees. $$ ¢ 
eg a 2.1! + OM ish, 34a a) ores Wnt 

atl" 3x? (n+1)1.x" 

= Cet a Hoe. — 
rive SP Rihas abo eK (n—1)! 
> ate nix” 

+X" + Ht .. 

2! 4! 2(n—2)! 


(n+2)! (n+1)! | n! 

In! (n-1)! 2(n- 2)! 

_ (n+ n+ ED) ott n(n=1) (e259 
ees” sere ot may 


Co.effecents of x" = 
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Sol. 


Sol. 


E 


ee 
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2 2 
W+n+2n+2 , n= 
= ——— +r ++ 
2 
_W+3nt+2+2n +2ntn-n 4° +4n+2 
2 2 
2n? +2n+1 g 
_ 2 (2r! +2n+1) ~ ) = 2? +2n41 
¢ Ee os ae ae y 
(LAX 407 =X? Hccecseres y 
Suppose 


see eeeenee 


(l+x)' =14+(- ee ce 2, If-1-IX-1-2) soy 
2! 3! 
(l+x)' = ene bas al , EDE2IC3) os 
2 3.2.1 re seeeee 


(14x) =1oe4-97 =2 40s 


Squaring both sides 

(+x)? =Qsx4x7 2) $cc: Bs 

So (l= x47 = 2? tH orccccsces y? =(4xy" 

= {stow ae = D2 + eens ners 
= [44-24 Semecee 2a 3) Pi Sec) 851 Meiivecices 


3.2.1 
=1+(-2)x joe os +(-1)' 4x? toc. +(-1)"(n+1)x” 


Coefficient of x” = (—1)"(n4+1) 
If Xis so small that its square and higher powers can be neglected, then show 
that: 
1-x 3 


w1-—x Multan 2008, Sargodha 2010 
Vl+x 2 


=(1—x\1+x)"” 


L.H.S= eis 

— ee 
—] 

=(l- ofa(S Jot neglecting» & higher paver | 
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x x x? 
=(1 -»)| | i pe (neglect) 


(1+ 2x)" 
(l=x)” 
= 1+ *(2x)+ neglecting x° & higher por wr + [F}e9 + neler 


-=(14+2x)'"*(l-x)"" 


Sol. L.ts= 


es yield | 
mi 2 5 7 (neglect) 


=(1+[ 14 


3x 
=1+—=R.HS 
5 


V1 } 2y 3 


Hence ot Se pee § 
vl-x ze 


(9+ 7x)? -(164+3x)'"4 1. 17 


iii. y———- X 
iii SS emeN aS cs 4 Lahore 2009 
7 fi ] V4 - 
Sol: Ghee x) 06 34) =| (9+7x)"? -(16+3x)"" ](4+5x) | 


H, 
(HE 
3 M4 5 ] 
ve 3s) ) -1e[142 s| posi (ie8 
16 4 
52 ie 3} mater (ni {3 Ps 1+(-0) 3 ete 
2\9 4/\\ 16 4 4 
ie )-of 8) 8) 
64/14 4 
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(2+ eS) ¢-8) 


- ee Ca 
6° 32)\4 16 


ae 
6 32/4 16 
a | =] 
= pO eae et Hee _--— 
| 


192 4 16 


a 1 =) al l 4 
go ee eal ie ee 
192 J\\4 16 96 4 16 


-+-{ ee) 1. 17x 


384 «| «64 3R4 


=w2+—x Multan 2007 
(I-x)y 4 ies 


| pa \ \ V2 
Sol. Lise Taos an) -ay? 4" (12 | (l-x)? 
=X 


du! * V2 
=) 2114—|) (l-x)° 
ak » 
l/, 
= I 4 3{ } +m Bi, 3)(—x)+neglect] 
x Seek 
=2| 142 34 = 2) 14+3x+—+— 
8 8 8 


76 
= a) + ise Ee + neglect | = af 23 = 242% spas 


8: 4 
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(8+5x)'? 6 


(1+x)'7(4-3x)? - ef ay" a 5x)" 
I, .4.$ = — —__ = (1+ x)" 4" | | —— 8 1+— 
Me eee co 4 8 


=(I +x)?.2 [ “ a) 25 [ a)" 
4 8 
=|} l 3 3 —} 1 5x 
-| +50) mega |2 3 ( Sema Cee ; Feneles 
={145 }a{i-2)2f 2) 
2 sf 


Federai 


= 
2 
w(t) 1-2) (1421-22) 
2 24 2)" 24 
wit 15S} a 142) 
2 24 


(l= x)"(9-4x)" 3 . 
(8+3x)> «2 48 


~W3 
Sol. = L.H.S=(I—x)"” (t= “y 8 “(142 


{eevee ote 


vi. 
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babe Sete 
2 Ne 8 2 3A2 16 
2 — — 
-(1-3) 3_3x_x x =(1-$ [See ei 
2A2 16 3 24 2/\2 48 


x\3 25x) _3 25x 3x 
a i oa =—-——-— +neglect 
22 48) 2 48 4 


0 —25x —36x ~3_ Slx 
48 2 48 
V4—x+(8-—x)"" 
(8—3x)'? 
a V4—x+(8—x)"? ah 
a (8—3x)'3 12 
V¥4—x4+(8—x)"? _ (4=-x)'7 +(8— x)? 
(8—3x)' (8—3x)'? 


i x 2 es x 1/3 ax! + W2 V3 
47%) 4g(y-%)  9%3(1_2) 4 9%(y_2 
oe ee eS 4 8 


(8- -x) (8—x V3 


-2}1+3(-2) oe) Jeet |s- 5 Vee 


wt Itan 2008 
2 Multan 2 


L.H.S = 


] 
ed cere 4-2 $+) 
12/\2 48 3)\2 48 


wit ee Ne Glee aay A ha ae 
2 48 6 144 12 6 2 
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5. If x is so small that its cube and higher power can be neglected, then show that: 


i. Vl-x-2x° w1- 5x29 
Sol. Lus=Vi-x-2x =[1-(x+2x*)]" 


=1-—(x+2x")+— {3 |e vee eae 


+ (4x+2x))+ (4x+2x°)¥ + neglect x° + higher power 


~~ 


bh 


=] -— —~x° ——+neglect 
Di x --8 +x i x 9x’ sos 
2 8 2 oS 
14+: 
ii dial. SPE hg ace 
l-x 


= =(1+x)'"A- xy W2 


ol. ie 
ea 2 2 r ; 2 ; 2 


oe 


(—x)° + neglect 


x x x 3x MUP eee MR aL city 7 
=| 1+--— |] 14+—+— |=14+—+— += 4+— 4 

28 Zz 8 O28 2 UNE BS 28S 16 
Sag cae 
Ta oe 8 4 Ignore 

xX4+xX 3x°4+2x?-x 2x 4x x 
= ]4+4— + _ = 1+ — +— = 14 x4+— =pu5 

2 8 2 8 p. 
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6. If x is very nearly equal 1, then prove that px” —qx’ =(p—q)x’™ 
Sol. = px” —gx" =(p—q)x"™ Lahore 2009 
Take x =1+h where A is very small 
L.H.S= pA1 +h)” —q(1+h)! 
= p{l + ph+ ignore] —q[1 +qh+ ignore] 
= p{1+ ph|-q[1+gh| 
= p+ph-q-qh 
=(p-q)+(p -g nh 
=(p—q)+(p-qh pth 
=(p=q)[1+(p+q)h] 
RHS =(p-q)l+h)" 
=(p—q)[1+(p+q)h+ Ignore] 
=(p-q)[1+(p+q)h] 


So L.H.S = R.H.S 
Zs lf P—q is small when compared with p or g show that 


(2n+1)p+(2n-1gq (at) 
(2n—1)p+(2n+1)q 2q 
(2n+l)p+(2n-lq_| p+q ss 
SEE Ba 
Take p—q=h=> p=q+hwhere his very small 
(2n+1\(q+h)+(2n-l)q 

; ”" (2n-1g +h) +(2n+Dq 

< 2nq+2nh+  +h+2nq— 4 

‘ 2ng +2nh— ¢ —h+2nq+ 


sag | 2m) 


Gujranwala 2009 


Sol. 


4ng+2nh+h 4nq 
4ngq+2nh—h 2nh—-h 
j+——~+ 
$y 4ngq 


This book was uploaded by www.educatedzone.com 


+ ret |= 14(-0[ nem # higher power 
4nq 4nq 


«(72 )a}f-(=)p) 
4nq 4nq 
2n+1 2n-1 2n+1 \{ 2n-1)\,, 
=] A~-|—— [i= ail |” 
{ 4ng 4nq [ 4nq I 4nq sas 
ne( 24 (2!) 
4ng 4ngq 


au Ga saad 


4ng 
7 
he oy cae 
-  2ng 
- 2 +h+ os 
Now R.HS=| =| oe 
2q 2q 


Va Vn Va 
2q 2qg 24 2q 
lf h h 
=| 1+—| — |+neglect h? | =1+— S 
fz) & oa So L.H.S = R.H.S 


pide ice es 
ow that n+N) N) on—-N Naber? Where n and N are nearly equal. 


n oo 8n —ont+N 
2An+N) 9n—N 4n 


Federal 
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i/2 
n 
=| ——— | Take N=n+ 
| ake hwhere his very small. 


‘ ta) 2 stn) § (2)" On) i) iis 
2(n+n+h) 2(2n+h) 2 

- (2) (wA)" On” 

“A 2n 


_(n 1/2 “1 h : 1 
-(3] 14 r |x) rete h’ & higher power tn 


‘ 1 ny"[ hy 1 rad ae 
“arls) | niger 2) 
=(1-Z}- 1h 
2 4n}) 2 8n 

were Ce 8n _nt+N 
9n—-N  4n 


8”  ntnt+h 8” _2nth 


=e OU —- = 


9n—(n+h) 4n Qn-n—-h 4n- 


=e OU 


8n-h 4n (8n—h)(4n) 
_ 32n° —16n" +2nh-8nh+h° 
= 4n(8n—h) 

_16n* —6nh _ 2n(8n- ~3h) __8n-3h 
“2(8n-h) — 4n(8n—h) ~ 2(8n—h) 
_8n-h-2h_1[8n-h 2h 
~ 2(8n—h) =e h 8n- ;| 


=3|1- 2h 44 2h 
2, 8n-h} 2 2(8n-h) 


8n—h=8n because h is very small. 


eee L.H.S = R.H.S 
2 8 5. : 
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neglect hr 


co 


Sol. 


MAT S-l 


Indentify the following series as binomial expansion and find the sum in each case. 


(5) 1.3 (1) - Aral 
1-—| — |+—-x} — + seesccccccce 
214) 21.4 (4) 3:8l4 
(4) 3 (4) 33(1) 
1-—— — |j+—| — -_-_ | bs po ee ee 
2\4) 2414) 3184 
Comparing with 


nWn-l) 5 


(L+x)" = 14 me +" tune. 
2! 
m=(-5)5}--2 To>nx gies Il and 
2)\4 8 64 
n(n—1)x" x (5) Il 
2! 2!.4\ 4 
3 


Dividing 1 by II mate, = 4 


cyl re a ep 1=3n => -l=3n- n 
n 64 «1 


=-1=2n=|n=-1 put value of nin I. 
(a) goe(a)- Hep 3 
—=— |x=-—=> x=] -—|| --|=>]/x=—- 
2 8 8 ] 4 
Se oe WO eR ler: 
S 1 ¥ "= 1 — =| =ji— =ji— reas 
uss (+3) ( 4 (3 (5 5 
(4 (2) - 13.5(1) 
1-—| — |+—| — ee ins 
ZN 25) (ZAN 2 2.4.6 2 


Comparing with 


(4x) 14 m+ MD esisra 
nx = — (5 tp tee ug de I 
FY 1 4 16 
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n(n-1) 2 _ 13 1 
1) eine SF 


3 
Dividing by 11 MO~D* a K6 
wx + 


I 1=3n—>-1=3n-—n=2n 
n IG: - 3 
“5 |=2n|n=-1 
2 
] ( | | 
Put n=—--— inl =>|--|x=—> 
2 4 


2 
I = }=3 1 
7>x=] ——-— || -— SE ra x= 
(a 
=1/2 12 -172 1/2 
So asx =(143) -(72') -(3} (=) = 2 
: 2 2 2 3 3 


3 35 S57 


ii. me face —— ————— +, seveeseeres F i | 
iii 4.48 4812 . aisalabad 2008 


Sol. Comparing with 


(1+x)"=1+m+———x ier ca 


Shnins tit See III 
Dividing 1! by LH 


15 
_, n=) _16_15, 
9 16 


n pe z 
16 


= 5 i 
PbS 3p) Sns 0-32 50-9 3250-30 3=2n>)n=—3| 
3 


oe 
9 3 


n 
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Put »=— in] 
G(-Se=3 
—~-xX=—>x=| =|] -= IIx =--— 
4 4 3 2 
Py del oR, 
N 1 "= j-~ =| —— =| — = 2 , =? 2 
pa dk ( ;) ee 3) sn 
=2'3"” 299 
11 L(y 1,3.5(1) 
iv. l+-,—+—| —- +s sscccctciae 
23 2.4\3 2.4.6 3 
Sol. Comparing with 
(4x) =1+ m+ 2 Rice 
pred. s. fares. I 
2 3 6 36 
2 
ond MD (3) 
2! 2.4\3 
=> n(n-1)x? sed hi 
Dividing /// by I 
1 
nner 42. 1 36 
tf ae ae ae 
36 


=3=> -l=3n>-l=3n-n= pice 
Putin] pias -(-2}(-2]= apt 
2 6 6 l 3 
-2 -1/2 -W2 
So (tay (143) -(24) -(3| 
3 3 3 


(1+x)" -(3) = 3 = v3 
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COLL 


10. 


Sol. 


11. 


Sol. 


een all 


MATHEMATICS.-| AL INDUCT! INOMIAL THEORM 
} #23..338 
Use binomial theorem to show that bet ‘48 482°" eh = /2 
ie. ake 3. £35 
|l+—+— “FL ceases = /2 ha 2 
ron g. 48.12 Faisalabad 2009, Sargodha 2008 
Comparing with 
(l+x)" a1+me+ a) Manan 
nx =— l>nx =— il 
4 16 
nd ie Pe ao i Aes ai $2 9 SBR Lory 
2! 48 48 16 
ice 
ividin Vv 5 “ae 
eae oe ee 
16 


Nae ee eee 1=3n>-1=3n-n= 2n=a|n=—4 
n 16 1 


(Put values of in] K-3)x = ox=4{ ake (2)f 


W2 -W2 -V2 
wore) 88)" 4Q) oar 


2 3 
w=5rea(s] 185(2) + cconiaseine sthen prove that »’ +2y—2=0 
3 ZA\S 343 
aye (2) H33(t) 4 Seebbsonviny Faisalabad 2007 
i ee 3! \3 


Adding both side 1. 

13/1) 
1+y=14+3+— ;| HG assunnors 
2!\3 

Comparing with 


ee 
(1+x)’ “lems SiRises Sme=5-I=prts! = 2-1 
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2 
aoe =) (>| 3 lin 
ZS 9 3 
1 
MarcYxe (4 oh 9 
Dividing II] by I a es | arr 
9 


12. 


8 ee ee 
n 


=|n=-4]« ut nina basheand 

a aoe 3 
2 ~2 co /2 (2 1/2 

l+y=(14+x)' =| 1-= =}— =|- 
record) Ee hi tal 


1+y=(3)? =v3 
Square both sides 
(1+ y)? =(V3) 3 14+2y+y? =3 > y? +2 +1-3=0 
y =2y-2=0 
1 IS4- 435 1 “be 
aie ae See Gy 3! "ye seevene then prove that 4° +4y—1=0 
] 31 135 1 


2y= SS ES oe ans Federal 


Comparing with 


(Lexy <1 me Do oe 
ee | > 
nx =— =— l>nx =— II 
ze 4 
and a ee at > nn(n-1)x° Be: Il 
2! 2t-2 8 


Dividing III by {I 
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oF 2 


Noh gayttee ieee -1=2n3|n=-4 
n a 


(Punint)—Fx= Faox= Hf 2) 3 =>\x=-—— 
fe 4 


1/2 -72 W2 
racoated) EYE 


1+2y=(2)"? =/2 

Squaring both sides 

1+4y+4)° =2—> 4)? +4y4+1-2=0 
4y’+4y-1=0 


3 _2,13 2) +138 2), 
: y a ae apis) P 


Sol. Adding both side 1 we sci 


£3(2Y 135/2) 
beypedee > +——| —| +....... “ 
Risa 5 SIS 


Comparing with 


mn-l) , 


(1+ x)" = 14900 +— Foe. 
2! 


3 

An 1) Si6=, 3 16 
uy 
16 


nx -< l>nx =— i 
n(n-l) (2) : (4) 
also x =—S] -— | >aAln-))x =3) — 
vAl 2S hal 25 
nn—1)x* =— Il 
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| 12 
Dividing Ul by {ij ———;--- — Da _ 25 _12 25 
ape. #8 
23 


5 

(= 4 + 
aSx=-| — | =-— x=-—|. 

he, 5 5 

4 -W/2 5-4 -1f2 

Sol+y=(1+x)"=|1-=| =|— 

er ae 

1 1/2 
+y=(2) =>1+y=5" =J/5 
Squaring both sides 
1+2y+y =S=>y' +2y+1-5=0 
=>y +2y-4=0 
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Vv. 


vi. 


Vii. 


Vili. 


Xx. 


MEQ MATHEMATICAL INDUCTION & BINOMIAL THEORM 


TEST YOUR SKILLS 


Select the Correct Option 


(10) 


General term in the expansion of (a+ x)" is: 


n+l ner , 
a) a”’’x 
r 
n ain? , 
c) Fs alg 
r+l 


b= 8 tac +(=1)8e" ea. 
a) (l-x)' 
c) (l+x)" 
The expansion of (1+2x)~ is valid if 
a) |x| < 1/2 
c) |x|] <2 


: 
Kine * 1 “ 
The number of terms in the expansion of [2 -4) is: 


b) Pa =x)" 
d) (1+) 
b) |x| <1 
d) None 


x 
a) 2 b) 7 
c) 8 d) 14 
The middie term in expansion of (a+ b)° is: 
a) T, b) T, 
c) I; d) qe 


The method of induction was given by Francesco who lived from: 


a) 1494-1575 
c) 1498 —1575 


n° >n-+3is true for: 


b) 1500-1575 
d) 1494-1570 


a) n>3 b) n20 

c) n2=2 d) n>=\ 

2" > 2(n+1)is true for all: 

a) n2\ b) n=2 

c) n=2 d) n>4 q 
The sum of exponent a & b in every term in the expansion of (a+))” is: 
a) Zero b) 1 

¢} n+ d) n 

34+64+94. 0.0... +3n= (when nis +ve) 
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9) ee Sa = b) oe +) 
<j 3n(n+l) d) 3n(n +1) 
3 4 
Q#2. Short Questions: (10 X 2 = 20) 
i. Show that (x— y) is a factor of x° — y°; n=1,2 
Tg 
ii Find 6" term in the expansion of Gi ee 
x 


iii. State Binomial Theorem for Positive integer n. 


iv. If x is so small that its square and higher power can be neglected then show that 
= =] eee 
Vl-x 2 
V. Find the value of 3/17 to three places of decimal by using binomial theorems: 
vi. Expand (1—2,x)' ‘up to 3 terms. 
vii. Show that 7° —nis divided by 6 for n= 2,3 
viii, Prove that 2+4+6........ +2n=n(n+1) for n=1,2 
ix. Evaluate (9-98)! * by Binomial Theorem: 
A For what value of x, the expansion (4—3x)'’ is valid: 
Long Questions: (2 X 10 = 20) 


~ 


10 
Q#3. (a) ‘Find the term independent of x in the expansion of [x =| 
x 


10 
(b) Find the Co-efficient ox’ in the expansion of G ~ +) 
x 


QH#4, (a) Use the Mathematical induction to show that 
| 


ese of see 


l bahis 3 | n 
ies 35 SH? 


a "+ On=DQnth  anel 


(b) Use Binomial to show that lett sasuas = 2 
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Fundamentals of 


Trigonometry 
The word trigonometry has been derived form three Greek words 


trei (three) Goni (angles) and metron (measurement). It means measurement of triangle. 


Angle: ~ Two rays with common starting point form an angle. 


Bet If the circumference of circle is divided into 360 equal parts in length, the angle 


subtented by one part at the centre of the circle is called a degree. 


Faisalabad 2008 


A radian is the measure of the central angle of an arc of a circle whose length is 


equal to the radius of the circle. 


exagesimal system: Sargodha 2011 


As this system of measurement of angle owes its origin to the English and because 


90,60 are multiples of 6 and 10 so it is known as English or sexagesima! system. 


m radian = 180° => 1 radian= al 
x 


Theorem 1: Prove that ( =r @ 
Proof: Here ¢ =arc length 


@ = Central angle 


r= radius 


We know by elementary geometry that measure of central angles of arcs of a circle 


are proportional to the length of their arcs. 


m<AOB mAB_ @rad_ ( ( 
Se Sa e- & (= ror == 
m<AOC mAC lrad r r 
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Theorem 2: Prove the sin?@ +cos?@ =1 Faisalabad 2008, Lahore 2009 
Proof: If ABC is right angle triangle then by Pythagoras theorem B 


a+be=c (Divide both sides by c”.) 


=> Sin? @ +Cos’@ =1 


Theorem 3: Prove that 1+ tan’0@ =Sec’@ 


Proof: We know that sin’ @ +cos’@ = 1 divide both sides by cos?@ 


sin’ @ | cos’ @ l 


cos’@ cos?@ cos’@ 
or tan’@ +1=sec?O = 1+ tan’@ =sec’O 
Example 2: Convert 21.256° to the D°m’S” form 
Sol: 0.256° = 0.256(1°) = 0.256 (60’) 
= 15.36’ 
and.0.36’ =0.36(1')=0.36(60”)=21.6" 
Therefore 21.256° =21°+0.256° 
=21° +15.36’=219+15'+0.36’ 
=21°+15'+21.6"=21°15'22” 


9B Express the following sexagesimal measures of angles in radians. 
i. 30° ii. 45° 
Xr 4 
Sol. = 30x 1° = 30x ——rad= —rad Sol. 45°= 45x 1° = 45x if rad= ~ rad 
180 6 180 4 
ili. 60° iv. 75° 


t 5 
Sol. 60° = 60x 1° = 60x oe. rad= 7 vad Sol. 75°= 75x 1° = 75x —— rad = —~ rad 
180 3 180 12 
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v. 90° vi. 105° 


dst - Ob 2 bin at a Gu axe tad bedhead Oe se no a0 <o Ocad 
180 2 180 12 
viii, 150° 
vil, 135° . : 
z Sol. 150° = 150 x1° = 150x —-rad= >” rad 
Sol. 135° = 135 1° = 135x ——rad 180 6 
180 x. 35°20’ 
= 3 ad 0 
= Sol. 35°20’ = (35+22) 
ix. 10°15’ 60 
t 1¥" 10541)" 
Sol. 10°15’ = (10+) : - (35+3] : 3 
60 
ry 41\" > 106 * 106 x1" 
- er = * 3 3 
=D pad = rad ; aCe : 
4 180 720 xii, 54°20” 
xi. 120'20” : 
120 40 \) Sol. 154°20” = [15442 | 
Sol. 12040” = | ——+ 360 
60 60x60 : 
1 27721 
0 v = |154+-——| = 
2 [245] “ (| ( | (7 180 ) 
“iy ay 27721 
* - 1? 
- 181 ay ad = 181 rad 180 i 
90 180 18200 27721 x 277212 
= ———x-— rad = rad 
180 180 32400 
xiii. 0° xiv. 3° 
Sol. 0° = 0 x ——rad = 0 rad “Sol. 3” = } (a) 
eee a ; 60x60 1200 
] Fa = 
= = ——-X—— 76 
1200 180 
a 2 rad 
21600 
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2. Convert the following radian measures of angies into the measures of sexagesimal system 
T 1 
ed ac 
8 6 
; ] 7 
Sol, 3 BS graves Sol. oa & 180 degree 
8. pe ot 6-697 
80 = 30 degree = 30° 
= —— degree = 22.5 degree . 
ae n 
ive 
= 22°30’ 3 
ra 1 
ier = sot. = = Xx" degree 
4 3 3 
? t ) = 60 degree = 60° 
Sol. Fey = = 45 degree = 45° i 
4 4 is 27 
VE 
X 3 
Vv. > 
Sol. i. x —— degree 
a m 180 3 ES Pate 
Sol. < — x—— degree 
2 2 2 = 120 degree = 120° 
= 90 degree = 90° ee 
vii: — 
ae é RK 6 
Vil. ey 
; Sx Sr 180 
Sol. — = oF = depree 
3z 3a 180 6 Os yr 
Sol = —x— degree 
4 4. = 150 degree = 150° 
= 135 degree = 135° 9 
x. = 
: 1% 5 
ix. — 
12 : 9x Ox 
Sol. —- = —x— degree 
7x Tx 180 5 5 
Sol. —— = —-x—— degree 


M2: ote ee = 324 degree = 324° 


= 105 degree = 105° 
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AE . re 
xi. — xii. 
27 
llz Ilr 180 
Sol. —— = ——x——degree Sol. 
27 a 
= 73.333 degree 
= 73°20’ 
xiv. 
17z 
xii... —— Faisalabad 2007 Sol. 
17x 17x 180 
Sol. —— = ——x— degree 
24 24 2 
= 127.5 degree = 127° 30 sande 
Sai; — 
= 
Sol. Angle in\2 hours = 27 
2 x 
Angle inone hour = =o =—rad 
1 ae 
Angle at 4,0 clock = se laos ee rad 
4. Find 8, when: Sargodha 2006, Multan 2008 


i. £€=1.5¢em,r=2.5 cm li. 


Sol. @ =?, €=1.5¢em,r=2.5cm. Sol. 
=f? => ect - ita 
PS 2S 
= 0 =O06rad 


FUNDAMENTALS OF TRIGONOMETRY 


137 

16 
13z 137) 180 
—— = ——x— degree 
16 16 Zz 
= 146.25 degree = 146°15 
252 

36 
25a 25a 180 
—— = ——x— degree 
36 36 
= 125 degree = 125° 

19x 

32 
19 19x 180 

= ——x— degree 

32 B23 


106.875 degree = 106° 52’ 30” 


What is the circular measure of the angle between the hands of a watch at 4 O'clock? 


nel 4 
oe ee 
9° 3 
oS 

se al 


£ =3.2cm,r=2cm, 


£=3.2m,r=2m, 0=?, 


3.2 
— =1.6rad 
2 
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5. Find 2, when: Multan 2008 
i. @= radians, r=6cm 
Sol. 6 =?, 0 =a rad,r=6cem 

( =r@ =6 =6 (3.1416) 


( = 18.84 cm 
6. Find r, when: Faisalabad 09 


i, L=5em, 0 =; radian 


544 FUNDAMENTALS OF TRIGONOMETRY 


ii. @=65°20’,r=18mm 
Sol. @ = 65°20’, r=18, f=? 


9 “ 0 
= (65420 -(6542] 

60 3 
; st) (28) 


_ 196 rt 497 


Sargodha2010 


—— rad =——rad 
* 80" 135 
Now f=r@=18 (Fee ]=205 mm 
135 


ii. £=56cem, 6 =45° 
Sol. £=56cm, 6 = 45° r=? 


Rawalpindi 2009 


£ 5 
fs—- £——> FP =Sx— 
@ 1/2 @ = 45 x rad =0.7854 rad 
r= 10cm 180 
ee = 71.30cem 
0 0.7854 
7. What is the length of the arc intercepted on a circle of radius 14 cms by the arms 
of a central angle of 45°? B 
Sol. i =?,r=14cm, 6 =45° 
@ =45x Tgp "td = 0.7854 rad AY A 
£ =r =14 (0.7854) = 10.99cm 
8. Find the radius of the circle, in which the arms of a central angle of measure 1 
radian cut off an are of length 35 cm. 
Sol. r=?, O=Irad, f =35 re c= 2 250m 
9, A railway train is running on a circle track of radius 500 meters at the rate of 30 


km per hour. Through what angle will it turn in 10 sec? B 


Sol. V=(30km/h), r= 500, @ =? 
s=(=vt 
( =(30km/h) x t 


D\, 
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10. 


Sol. 


11, 


Sol. 


12. 


Sol. 


13. 


Sol. 


i 30 x 1000 


? 
(10)m/sec= Le 
60 x 60 3 


£ 2250/3 250 ] ] 
= —S=——_ = — x—_ 56 == rad 
r 500 3. $00 6 


A horse is tethered to a peg by a rope of 9 meters length and it can move in a 
circle with the peg as centre. If the horse moves along the circumference of the 
circle, keeping the rope tight, how far will it have gone when the rope has turned 
through an angle of 70°? 


r=9,@=70°, £ =? 
@ =70x ——rad=1,22 
180 


Length of rope 
f=r9 =8 (1.22) = 10.99 m become radius 


The pendulum of a clock is 20 cm long and it swings through an angle of 20° each 
second. How far does the tip of the pendulum move in 1 second? 


8 = 20°=20x — rad =F rad t=20,£=? Faisalabad 2008 


0 =1@ =20 (= =6.98.cm.. . 20cm 


Assuming the average distance of the earth from the sun to be 148 x 10° km and 
the angle subtended by the sun at the eye of a person on the earth of measure 9.3 
x 10° radian. Find the diameter of the sun. 
r=148 x 106, 6 =9.3 x 10° rad 


f=r@ 
= 148 x 10° x 9.3 x 10° = 1376.4 x 103 
M 2 
- 1376400 km anon earth 


¥.3x10” rad 


A circular wire of radius 6 cm is cut straightened and then bent so as to lie along 
the circumference of a hoop of radius 24 cm. Find the measure of the angle which 
it subtends at the centre of the hoop. 


r= 24 (of Hoop), 0 = ?r=6 (of circle) Be, 120 
€ =2nr=22(6)=127 Pigs 
¢ ASA 
b= Se 
} 24 2 
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14, Show that the area of a sector of a circular region of radius ris 1/2 r’@, where @ 
is the circular measure of the central angle of the sector. 

Sol, Let A = Area of sector 
O = Centrel angle 


r = radius B ' 
we know by elementary geometry that 
Area of sector: Area of circle=@ : 2a Dy 

c 


Area of sector _ @ 
Area of circle 27 
= BS = 4 => A4=—xar> wale 
3 apm 4 2a 2 
45. Two cities A and B lie on the equator such that their longitudes are 45°E and 25°W 
respectively. Find the distance between the two cities, taking radius of the earth 
as 6400 kms. 


m4 > 
Sol. @ =45°+25°=70° = 70x e044 =1.2217,r=6400, f =? 


/8\ 10° 


( = r@ = (6400) (1.2217) = 7818.8 km SLY) 
= 7819 km (approx.) 


16. The moon subtends an angle of 0.5° at the eye of an observer on earth. The 
distance of the moon from the earth is 3.844 x 10° km approx. what is the length 
of the diameter of the moon? 


4 
Sol. 6 =0.5°=0.5x 780 = 0.008726 rad 


r=3.844x10°km, f =? 


( =r = 3.844 x 10° x 0.008726 
= 3354 km 
17. The angle subtended by the earth at the eye of a spacemen, landed on the 
moon, is 1° 54. The radius of the earth is 6400 km. Find the approximat 
distance between the moon and the earth. 


Sol. @.= 1°54 = { + 34) = (ie = Us ee rad = 0.033rad 
60 60 60 180 


( =2r=2 (6400) =12800,r=? 
an 12800 


r= —: 


= = 385992.6km = 3895993 km 
@ 0.033 
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517 | 


1. Find the signs of the following. 


Exercise 9.2° 
Sargodha 2011 


(i) sin 160° 
Sol. sin 160° + ve 


(ii) cos 190° 
Sol. cos 190°-—ve 
(iii) tan 115° 
Sol. tan 115°—ve 


(iv) sec 245° 


Sol. sec 245°—ve 
(v) cot 80° 
Sol. cot 80" +ve 


(vi) cosec 297° 
Sol. cosec 297°—ve 


2. Fill in the blanks. 

i. sin (—310°) =.... sin 310° 
Sol. sin (~ 310°) =—sin 310° 
iii. tan (— 180°) = .... tan 182° 
Sol. tan (— 182°) =—tan 182° 
v. sec (— 216°) =.... sec 216° 
Sol. Sec (— 216°) = + sec 216° 


90 =% 2? 


S 
‘ A(all + ve) 
(Dine + ve) 


) 


T C 


(Case + ve) 


[For remember Read (CAST) start from 1V quad 


ii. “cos (— 75°) =.... cos 75° 

Sol. cos (- 75°) =+ cos 75° 

iv. cot (— 173°) =.... cot 137° 
Sol. cot (— 137°) = — cot 137° 

vi. cosec (— 15°) = .... cosec 15° 


Sol. cosec (— 15°) = —cosec 15° 


3. In which quadrant are the terminal arms of the angle lie when 


i. sin @<Oandcos 6 >0 
Sol. lies in quadrant IV 
iii, tan 0 <Oandcos @ >0 
Sol. lies in quadrant IV 
Vv. cot d >Oandsin 6 <d 


Sol. Lies in quadrant Ill 


ii. cos 0 >Oandcosec G >0 
Sol. lies in quadrant I 

iv. secO<Oandsin@ <0 — Sargodha 2008 
Sol. lies in quadrant HI 
vi. cos 9 <Oandtan 8 <0 — Fsa 2008, sga 2009 


Sol. lies in quadrant Il 
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4. Find the values of the remaining trigonometric functions. 
12 
(i) sin 8 = rr and the terminal arm of the angle is in quad. I Sargodha 2010 


12 
Sol. Sind = A @ inI quad. By Pythagoras 
P+yer = er-y’ y 


= (13)’-(12)? =169-144=25 


=> x=+5 => x=5 (Because on + ve x — axis) 


“13 
Cosec 0 = 2 : 
12 x x 
we Brea 
13 : 
eer ee ee eee y’ 
5 12 
” 9 : ; 
(ii) cos @ = 4“ and the terminal arm of the angle is in quad. IV. 


Sol. Cos@= ra @ in IV quad by Pythagoras 


Y+yr=r? = yer-x 
y= (41) -(9) = 1681-81 = 1600 => y=+40 
y = — 40 (Because on —ve y — axis) 


Sec 0 = —, Sin 0 = ——, Cosec 9 = cs 
-—40 
Tan G« ,Cot B= 4 
9 40 
ae 3 
(iii) cos O=— = and the terminal arm of the angle is in quad. III. 


Sol. Cos@=- = (Ain Il quad ) by Pythagoras, 


Vtyet= yer-xX 


y= (2)/?-(- V3)? =4-3=2 
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y=+1 = y= —1 (Because on negative y — axis) 


2 -] ] 
a Tan = Trapp Sere 
Sin 0 = > Cot@ = V3 
Cosec@ = - 
(iv) tan 9=— ; and the terminal arm of the angle is in quad. II. Multan 2008 


Sol. tan@=- : (@ in Il quad ) By Pythagoras 


rax?+y’ 
= (-3)+(1)! > r=94+1=10 


r=+V10 = Vi0 (always + ve) 


Sin @ = a ,Conec@ = V10 


-3 — 10 
Cos@ = ——,Sec@ = —~— 
Os Vio ec 3 


1 
(v) Sin@ = - a and the terminal arm of the angle is not in quad. III. 


Sol.  Sin@ = - an (@ not in III quad) 
Sin @ =—ve given and Sin@ is—ve in II] and IV but Biven not in III. Its means Sin@ is inIV quad 
By Pythagoras y 


Kty=P => WspP-y 


v= (2 P= [=4P 2 (wo 409 


x=+1 = x=1 (Because on + ve x-axis) x' 
] 
Cos@ = —,SecO = V2 
v2 
at = 
tans = ae eae i ae aa 
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Sol. 


Sol. 


FUNDAMENTALS OF TRIGONOMETRY 


15 
If cot 9 = rs and the terminal arm of the angle is not is quad. I, find the values 
of cos @ andcosec @ . Multan 2007 


15 ; 
Coté = = (@not in1) Because cot @ is + ve so @ in III quad 


8 
=x’ ty? = (-15)° +(-8) 
= 225 + 64 = 289 
r=+17 y=-8 
r= 17 (Because r is always + ve) : 


Cos0 = ra , Sin@ = bes Cosec 6 = ies 
17 17 8 


a | 


m (4 
If cosec ? = and m>0O ( 0<@0< ), find the values of the remaining 


trigonometric ratios. Sargodha 2008, 2010, 2011 


fo <@< =| Its mean @ in I quad. 


m +1 


Cosec@ = 
2m 


=> Sin@ = ann 


m +1 
Veyer’ 
Y=? 

x? = (m? + 1)? —(2m)? = m4 + 2m? +1- 4m’ 
¥=m*+1-2m? => x’ =(m?-1)? 
X = +(m?-1) =>x=(m*?-1) (Because on + ve — axis) 


es 2 
Coso = - seco = 

m+] e 
Ten@=—— Cot? = Ms 
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yf If tan O=1/ v7 7 and the terminal arm of the angle is not the IIfquad, find the 
cos’ 6 — sec’ @ 


values of 
cos’ 6 + see’? @ 


Sol. tan@ = J. (@not in III) tanis+ve so @ isinI 


Jt 


Pexsys (/7) +(1)?=7+1=8 


r= +8 Sr V8 (always + ve) 


Sin@ = ae => cosec @ = V8 
V8 


B 


Cos@ = v7 = Sec@ = —— 
v8 7 


cn ON ae 
cos ec*@—Sec*O V7 7 A _48 
6 


3 
Now SFE ESS = = =-— 
cosec”@ + Sec*@ »{¥8), gy® 5648 4 
(V8y+] ef 8, 7 
Wj. 7 
8. if cot @=5/2 and the terminal arm of the angle is in the I quad, find the values 
3sin@+4cos 0 


of Multan 2009, Lahore 2009, Faisalabad 2009 
cos 6 — sin @ : 


Sol. Cot@=5/2(@inquadrant /) 


Stand ==, Pex'+y? 


= (5) + (4)? = 25+4=29 ZA 


r=+V29 >re /29 (always + ve) 
2 
Sin Sam te 
V29 


a( 6+ Bw 
3Sind + 3SinO + 4C ‘080 eae: 
Now 


“COsd — sind 
ss = mee 
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Nee 
1. Verify the following: 
(i) Sin 60° Cos 30° — cos60° Sin30° = Sin30° Sargodha 2009 
Sol. —_L.H.S = Sin 60° Cos30°— Cos 60° Sin 30° 


af fof i8 fA) (EVE Beto dt 
ee ee Pe 2 m4 EB t= 4 ~- 4 2 
Pan ee 
R.H.S = Sin 30° = — 
2 
Hence L.H.S=R.H.S 
(i) ‘Sin? — +Sin? ~ptané— «2 
‘6 3 4 
Sol. L.H.S = Sin? — e+ Sin? = 7 +tan? = = 
6 3 4 
l l 3 1+3+4 
Cie 3] Ft Speer Pk lata pa Bh 
2 ra) 4 4 
Bl gS ee. 
(iii) 2Sin45° + — Cosec 45° = —— Faisalabad 2008 
2 V2 
Sol. L.H.S = 2 Sin45° + 1/2 Cosec 45° 
. ] l vs} 2 ] 
= 2:Sin' 45° +-—_—_—. = 2. —— + = — +t 
2Sind5" AED singe V2 2 
* 2 


This book was uploaded by www.educatedzone.com 


COLLEGE MATHEMATICS-| 


Bee Hae, 
2 ee S Bios aye 
(iv) Sin? ©: Sin’ = : Sin? = 3 :Sin? = =1:2:3:4 
Sol. L.H.S = Sin? = :Sin® — :Sin? — S sin? = a 
: 3 2 
] ] 5 
= ( )*: sree fs aes f : 1 2 
Ae (1) 
Ppa agi 
424 
Multiplying by 4 
1 I 3 
=Ax—>:4x—: Ax :4x1=1:2:3:4 
AOR eg 
2. Evaluate the following 
Yaa <Ton™ {~Tan’* — 
i 6 i. 
14+-Ton” Tan 1+ Tan?” 
3 6 3 
tan” ~tan Ce. Sol. 1-tan” #13 1-3} 
Sol. - = 3 l+tan? 2/3 1+(/3) 
1+tan — tan 1+,/3. 
V3 eeu 
ae 4 2 
Bie sams 
1+] 3 Pa 
3. Verify the following when @ = 30°, 45° 


i. Sin20 =2Sin @ cos 0 
Sol. When @ = 30° 

L.H.S = Sin2 @ = Sin2 (30°) 
v3 
e 


= Sin 60° = 


R.H.S = 2Sin@ Cos @ 


ii. Cos20 =Cos*@ -Sin’@ 
Sol. When @ = 30° 


L.H.S = Cos2 @ = Cos 2 (30°)= Cos 60° = 


R.H.S = Cos’ @ —Sin’ @ 
= Cos”30° — Sin?30° 


Faisalabad 2009 


N|— 
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- = 2Sin30°Cos30° (8 , 1 r 3 e. /4 
PS aege 2 2 ne te 
=o aay Nee 
(ey) 2 y Sh 2 
L.H.S = R.H.S + 4 2 
When @ = 45° L.H.S =R.H.S 
L.H.S = $in20 = Sin2 (45°) When @ = 45° 
= $in90° L.H.S = Cos 2@ = Cos 2(45°)= Cos 90° = 0 
=1 R.H.S = Cos’ @ - Sin’ @= Cos’ 45° — Sin’45° 
R.H.S = 2Sin0 CosO 755, ae ear att ne OS a 
{oF = epgillneate = 0 
= 2Sin 45° Cos45° ee. | ae ae 
1 ; L.H.S -R.HS 
=2(—=)(—=)=2(=)=1 
V2 42 2 


L.H.S = R.H.S 


iii Cos2@ =2Cos’@ -1 

Sol. when @ = 30° 
L.H.S = Cos2 0 = Cos2 (30°) = Cos 60° = 1/2 
R.H.S = 2Cos’@ —1 = 2Cos*30°-1 


L.H.S = R.H.S 
When @ = 45° 
L.H.S = cos2 0 = cos? (45°) = Cos 90° =0 


? 


RNS =2008'0 -1= 208 s9-1=2( J] -1 =2(2)-151-1=0 


V2 
L.H.S = R.H.S 
iv.  Cos26 =1-2Sin’d 
Sol. when @ = 30° 
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L.H.S = Cos2@ = Cos2(30°) = Cos60°= 1/2 


Nile 
Ni|- 


] 
R.H.S=1-2Sin’@ = 1-28in'30°=1-2(5=4-2(5)=1- 


L.H.S = R.H.S 
When @ = 45° 
L.H.S = Cos 20 = Cos? (45°) = Cos90° = 0 


l 
R.H.S = 1—2Sin*?O = 1-2sin'asta1-2(fPa1-2(, )=1-1=0 
L.H.S = R.H.S 
v. tan20 = ——__ ‘ 


Sol. When @ = 30° 


LH.S = tan2@ = tan2(30°) = tan60° = 3 


1 2 2 
23 ee oo 
alice La. 5) BB 1 Bok Lf 
Ag i 1—tan2 30° 1 2 _! 2 3 
3 a2 es 
LHS =R.HS 
When @ =45° 
L.H.S = tan2@ = tan2(45°) = tan 90° = «© 
¢ i 9 
Kise be eee ai a) iL en 
l-tan?@ 1-tan’45° 1-(d)y 1-1 0O 
4, Find x, if tan?45° — cos”60° = x sin 45° cos45° tan60° = Sargodha 2008, 2009, 2010 
Sol. tan’45° — cos*60° = x sin 45° cos45° tan 60° Multan 2009, Faisalabad 08 
| ET ae 
1)- Ree a ee 
(ayP-() Fax 5 V3 
ra ag a ee Oe ae eee 
)\—-=— = 4. 3 OS ex = == a oe a er 
re i ear 2 ie a See, See 
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5. Find the values of the trigonometric functions of the following quadrantal angles: 
i. -2 ik 3x 

Sol. «\* —-z7=7+(-1) 27 =7, k=-1 Sol.-327 =-427 +7 =(-2)27 + 7=2 


Values of Trigonometric functions at — 7 
and 7 aresame 

Sin (-77) =Sin z =O 

Cos (-7)=Cos # =-1 


Tan (-7)=tan 7 =0 


l 
Cott-te) Seek a ea ar 
tanz 0 
] 
Sec (- 77) =See z = = SL] 
cos7r —-] 
l l 
Cosec(-)= Cosec f = ——_ = —= 
int 0 
5 
iil. —2 
2 
5 
Sol. Soya cep 
2 2 


Values of Trigonometric functions at —3 zr and 
7 are same 

Sin (-3 7) =Sin wz =0 

Cos (-37)=cosz =-1 


tan (-37)=tan z =0 


Cot (-3 7) =Cotz =1/tanz = aed 
1 
Sec (-3 7) =Sec 7 = 1/cosz - end 
: 1 
Cosec (-3 7) = Cosec 7 = 1/Sinz = alas 


: . ; $x 
Values of Trigonometric functions at ae and 2/2 are same 


5x 
Sin — 2Sin~ =4 
2 2 
57 Fa 
tan —— =tan = 0 
2 2 
57 
Gite cueee ee eee 
2 2 tana /2 
$x ra l 
Cosec —— = casec — = ——— 
2 / 


2 2 = sinz 


ae 


5 
bag 2 =Cos 0 
2 2 


=1 
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] 
bes Sec Ae PSE re ce 
2 cose z/2 0 
9 
iv = =F 
2 
3 
Sol. -97/2=-67 + = 
3 3 
a3) 204 —— 4a 
2 2 


Values of Trigonometric functions at - 9 7 /2 and 37/2 are same 
Sin (- 92/2) =Sin32/2=-1 
Cos (-9 7/2) =Cos32z/2=0 
tan (-9 7 /2)=tan327/2= 0% 

I I 
tan3z/2 
1 


Sec (-9 2 /2) = Sec 3.2/2 =. = - =o 
cos37/2 0 


Cot (-9 7 /2) = cot 37/2 = =) 


oe 


Cosec (—9 7/2) = Cosec 32 /2 = —___ = =-1 
sin3z/2 —-1 
v. -15z 
Sol. -157 =-l67 +a =(-8)27+7=27 i k=-8 


Values of Trigonometric functions at - 157 and z are same 


Sin (-15 7) = Sinz =0 
Cos (-157)=Cosz =-1 
Tan (-157)=tanz =0 


Cot (~15r)=cot er « =o 


1 
tanz. 0 


Sec (-15 7) =Secz =1/cosz = = =-1 


Cosec (-15 7) = cosecz =1/Sinr = — = 
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Sol. 


viii. 
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1530° 

1530° = (4x 360°) +90°)=90° , k=4 

Values of Trigonometric functions at 1530° and 90° are same 
Sin (1530°) = Sin (90°) = 1 

Cos (1530°) = cos (90°) = 0 

Tan (1530°) = tan 90° = 2 


l 1 
Cot (1530°) = cot 90° = z= =0 
tan90” 
> 1 ] 
Sec (1530°) = sec 90° = > FTE @ 
cos 90 0 
2 = 1 ] 
Cos (1530") = cosec 90° = ———~> =-=1 
sin 90 ] 


— 2430° 


—2430°= — 7x 360° +90°=90°, K=-7 

Values of Trigonometric functions at — 2430° and 90° are same 
Sin (— 2430°) = Sin 90° = 1 

Cos (— 2430°) = Sin 90° = 0 

Tan (— 2430°) = tan 90° = «© 


Cot (— 2430°) = cot 90° = : = a =0 

tan90°° —# 
Sec (— 2430°) = Sec 90° = : zs * 

cos 90 0 
Cosec (- 2430°) = Cosec 90° = = =1 

Sin90° 1 
= 5 4 Faisalabad 2008 
235 
—a=1l6r + ae oes 27 + oy Kod , k=58 
2 2 2 2 


1 3x 
and ane same 


: 23 
Values of Trigonometric functions at 
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PO pg fade -1 
2 2 
Cos ( — )=cos ie =0 
2 D 
2352 3a 
Tan (———-) = tan — = 00 
2 2 
235 
Cot ( Diag a gt 
2 2 tan 37/2 
Seni bene = = PS < = 0 
Pe, 2 ‘eos3z/2°, 9 
¥ 
Cosec ( pias ) = Cosec Bid = me 
2 2 Sin32 / 2 
407 
ix a 
2 
Sol. pad = 2027 + —=101x 2” + 3a 
2 2 
Values of Trigonometric functions at sath 
Sin {eye oe ee 
2 2 


Crise ba ca — =0 
2 2 


4072 3 
)=tan — 
2 


u 
8 


tan ( 


407 
) = cot (— 
2 2 
4077 
Cc —— 


Cot ( Le 


3x ] 


Se = Sec 


4077 
Cosec = cosec 


3x 1 


2 2 cos37/2 


2. Sintr/2 


1 


Soren bid ae SEE 


FUNDAMENTALS OF TRIGONOMETRY 
: K=101 


3z 
and = are same 


- 
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Sol. 


Sol. 


Sol. 


390° 
390° = (4) x 360°+ 30°=30° K=1 


Eg FUNDAMENTALS OF ONOMETRY 


Find the values of the trigonometric functions of the following angles: 


Values of Trigonometric functions at 390° and 30° are same 


1 
Sin (390°) = Sin 30° = , 


Cos (390°) = cos 30°= 3/2 
Tan (390°) = tan 30°= 1/3 


| ] 
Cot (390°) = cot 30° = =——— = /3 
Hack tan30" 1/4/3 
1 


7 1 
$ 390°) = Sec 30° = ———_ ——— = —— 
= dit Cos30° V3/2 3 


] 
Cosec (390°) = cosec 30° = — - 
Sin30° 1/2 


— 330° 
— 330° = — 360° + 30 = (— 1) x 360°+30°=30° , 


Value of Trigonometric functions at — 330° and 30° are same 


Sin (— 330°) = Sin 30° = : 


Cos (— 330°) = Cos 30° = 3 /2 


Tan (- 330°) = tan 30° = 1/3 


Cot (— 330°) = cot 30° = = ats ae i 
t 


Sec (— 330°) = Sec 30° = 


l 
Sin30° 1/2 


Cosec (— 330°) = cosec 30° = 


765° 
765° =2x%360°+45°=45° , k=2 


Value of Trigonometric functions at 765° and 45° are same 
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_— 
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Sin 765° = Sin 45° = a 
J2 


1 
Cos 765° = Cos 45° = —— 


Wp} 


Tan 765° = Tan 45° =1 


Cot 765° = Cot 45° = 1/tan45° = ; =e 
js s 1 1 
Sec 765° = Sec 45° = re wd Pe 
Cos45°—1/,/2 


Sin45° 1/42 


2 


Cosec 765° = Cosce 45° = 


- 675° 
~ 675° = (-2) x 360°+45° =45°, k= -2 


Values of Trigonometric functions at — 675° and 45° are same 


l 
Sin (— 675°) = Sin 45° = —— 
V2 
1 
Cos (— 675°) = Cos 45°= —— 
7 v2 


Tan (— 675°) = Tan 45° =1 


Cot (- 675°) = Cot 45° = 1/tanas°= | = 4 


l 
1 1 
Sec (— 675°) = Sec 45° = eee 3 
Cos45" 4/,/2 
] ] 
Cosec (— 675°) = Cosec 45° = = = /2 
Sin45’ —1/./2 
ante Federal 
3 
~in =(-6n)+2 =-3x27 + 7/3 ZI k=-3 
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vi. 


Sol. 


132 nt 
Cosec BCs = Cosec 


oe) 
Nm 


. : F = Dit r 
Value of Trigonometric functions at and 3 are same 


ms 
ent een 2 ee 
3 ee 
-17 Sue | 
Cos ( )}=Cos — = — 
3 a7 eZ : 
Tan (— )=Tan = = v3 
Chih weet oe ee ee 
3 3 tanaz/3 V3 3 
Sect iaket = : eS ae 
3 3 eosxz/3 - 1/72 
-l7xz r 1 | 
Cosec Cie he Ss oe 
( 3 3 Sinx/3 J3/2 
13 
—r1 
3 
[Lge eS eee ita ee ke 
3 3 3 


? : ; 13z x 
Value of Trigonometric functions at x and = are same 


sin Moet ee 
3 3 3 
Cos sts! = Cos oe =1/2 
3 3 
13z n 
Tan —— =Tan —= V3 
3 3 
cn LE ly Bar ett 
3 3 tanz/3 V3 
Sac oan a : pele 
3 3” costs “T7'2 


1 1 2 
Snails J3/2 3 


3 
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COLLEGE MATHEMATICS-1 FUNDAMENTALS OF TRIGONOMETRY 


vii. Sn Sargodha 2008, Multan 2009 
Sol. an cige = biyIe Rab ae , k=2 
6 6 Ae 


: ; 4 257 a 
Value of Trigonometric functions at ——- and — are same 


ee 5 Wea, Sik 
Sin =Sin— = — 
6 6... ° 2 
Co 250 oy, * V3 
6 6 2 
Vis tn ee 
6% 6 3 
cut 2 ay ee 
tanz/6 1/3 
1 1 l 2 
Sec —— =Sec — = ———— = —— = — 
6 Cosz/6 3 3 
2 
toes ete | a oe 
6 6 “Sin he “1/2 
ie -71 : 
viii. “—* Faisalabad 2009, Federal 
Sol. = <i" 4+— St-eige4 Se 2 , k= -6 
6 6 6 6 


: ; : 4 
Value of Trigonometric functions at and es are same 


_,-Tlnz 
Sin ( 


-7T\n 
Cos ( 
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Tan{ —-- he tan = sty 
6 3 
Cit etek x J SEE UE 
6 6 tanz/6 1/3 
Sec (————) = Sec — = Pr gh Sr 
6 Cosxz/6 v3 3 
a 
1 ] 
Cosec ( )=Cosec — =—=2 
6 Sinz/6 1/2 
ix. — 1035° - Multan 2007 
Sol. —1035°=(-3)x 360°+45°= 45° , k=-3 


Value of Trigonometric functions at — 1035° and 45° are same 


Sin (— 1035°) = Sin 45° = 


Cos (— 1035°) = Cos 45° = —— 


Tan (— 1035°) = Tan 45° = 1 


Cot (— 1035°) = Cot 45° = see ] 
tan45° 1 

Sec (— 1035°) = Sec 45° = EA I ae 
Cas 45° «1/2 


— 


Oe 
Sn as’ wiz 


Cosec (— 1035°) = Cosec 45°= 
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; Exercise 9.4: ~ ai De 
Formulas 


(i) Sin? @ +Cos?@ =1 (vi)  Cosec = — 
Sin@ 
(ii) Sin? @ =1-Cos’9 (vii) Sec = : 
Cos@ 
(iii) Co’@ =1-Sin?@ (viii) Coté = 
tan 
(iv) 1+tan’@ =Sec?@ (ix) tan@ = Sing 
Cos0 
(v) 1+Cot’@ =Cosc’?@ 
Example4: —cot* 8+ cot” 0 =coseer"O—cosec?@ Mul tan 2009 


L.H.S = cot’ 6+ cot’ 0 =cot? 8 (cot? @ +1): 


= (cos ec’0—1)(cosec’0) =cos ec'O —cosec? = RHS 


Sol: 


Prove the following identities, state the domain of @ in each case: 
1, tan@ +cot@ =cosec@ secO 


Sol. L.H.S = tan@ + Cot@ 


Si ‘ eae. 2 
=——_ we + pow = se eTOre Coe , Domain= @ € R but @. + 
Cos@ = Sin@ Sin@ Cos@ 2 


] ] 1 
5 Sin8 Cos0 Sin@ Cos 
= Cosec@ Sec@ =R.HS 
val sec@ cosec@ sin@ cos@ =1 Multan 2008 


Sol. L.H.S = Sec0 Cosec@ Sin@ Cos@ , Domain = @ © Rbut @ a 


< 


] ] 
=——= —— Sin Co =1=RHS 
CosO Sin £ 
3. cos? +tan@ sin@ =sec@ 
2 
Sol. L.H.S= Cos@ +Tan@ Sind , Domain= @ € Rbut 0 = aad 
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2 Ne 
=Cos@ + Sint Sin@ = Cos@ + Sin“? 
‘os@ Cos@ 
Sey: oi 72 : 
= Cos" + Sin'@ = u = SecO R.H.S 
Cos0 Cos@ 
4. cosec@ +tan@ sec@ =cosec@ sec’O Faisalabad 2008 
Sol. L.H.S = Cosec@ +Tan@ Sec@ , Domain= @ € Rbut 6 # - 
Sind ] | Sin@ -Cos*?@ + Sin’@ 
GIRO Sere ee ee et ne 
Cos@ Cos@ Sin@ Cos Sin@Cos°0 
ee . 


bette i ee ET CTO a RS 
Sin@ Cos’?@ —Sin@ Cos?@ 


5. sec?@ -—cosec’@ =tan’@ —cot’@ 
2n+ 
Sol. L.H.S = Sec? @ — Cosec’ 0 , Domain = @ & Rbut 8 ne 
=1+tan’@ - (1+Cot?@) =1+tan’ 0 -1-Cot’@ 
= tan’ 0 -Cot’@ =R.H.S 
6. cot?@ —cos*@ =cot’@ cos’@ 
Sol. L.H.S= Cot?@—-Cos’d , Domain = @ € Rbut 86 + nz 
Casi = = Cos*@ —Cos?@Sin’@ 
= ; Cos 8 = ———_—— 
Sin’ @ Sin-@ 
Cor’ @(1-Sin’?@) Cos*@, 3 
=— es — Cos°@ 
Sin-@ Sin-@ 
= Cot?@.Cos’@ =R.H.S 
Z (sec@ +tan@) (secO —tan@)= 1 
(2n+1)z 


Sol.  L.HS=(Sec@ +tan@) (SecO -tan@), Domain= 8 € Rbut 0 + 


= Sec’ @ —tan’0 


=1+tan’@ -tan’?@ =1=R.HS 
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8. 


Sol. 


10. 


Sol. 


11. 


2cos’?@ -1=1-2sin’@ 
Sol.L.H.S = 2Cos’@ -1=2(1-Sin?@)-1 Domain= 6 € R 
=2-2Sin’@ -1=1-2Sin’?@ =R.HS 
1-tan’? 6 
cos’@ -sin?@-= wats Had Faisalabad 2009, Sargodha 2011 
1+tan’ @ 
l-tan?@ 1-tan’ 0 2n+ 
R.H.S = va Hea = BI ni , Domain = @ © Rbut @ gee 
1+tan* @ Sec’@ 2 
1 fg at Sin-@ 
is ee Cah ee Dare : 
Sec’ See’ CoP 
= Cos’ @ —Sin?@ =L.H.S 
or ss cot@-1 Nie ots 
cosO+sin@ cot9+1 
Cos@ 
Cot@-1 cpa 
« os ee : Domain= 0 € Rbut @ nz 
Cot@+1 Cosé ‘. 
Sin@ 
_ Cos@—Sin@ _ Sin@ _ Cos@—Sind Bef: 
Sin@ Cos@+Sin@ Cos0+Sin@ 
sin @ 
— + cot 0=cos ec Multan 2008 
l+cos0 
Sol. L.H.S = ee ua ‘ Domain= 7 € Rbut O # nr 
1+Cos@ 


Sind — ; CosO _Sin’@+Cos*6+ Cos0 
1+Cos@  Sin@ Sin@ (14+ Cos@) 


= Cosec@R.H.S 


(lt€o0s@) - 
Sin (1-C0sO) Sind 
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COLL 
2 

. =| ; 

pa aah aE 2cos* @-1 Sargodha 2011 

1+cot’ @ i 
Cor*@-1 Cot’e@-1. & 

Sol. L.H.S = pe Sai =———-  _™ , Domain= @ € Rbut 0 «nz 

1+Cot°@ Cosec’ 0 


Cor” *O ] 
Cosec?@ Cosec? 6 


“ stg SO Sino = Cos*@ -(1-Cos?@) 


=Cos’@ -~1+Cos’?@ = 2Cos?@ -1=R.H.S 


Sth cas: = (cosecO + cot @)’ 


13. —_——--— 
1 — cos@ 
Sol, R.H.S = (Cosec@ + Cot@)’ ‘ Domain= @ € Rbut 6 #7 
-( 1 " mea 2 (1+Cos0) 
Sin@ = Sin@ Sin’@ 
_ (1+ Cos0)” ___(1+ Cos)? 14+ Cos 
=LHS 


1 — Cos*é ~ (+056) (1 - Cos0) 1-Cos0 


ae 
14, (secO9 -tan@)’= y-5e Sargodha 2008, 2011 
1+sin9 


4 
Sol. L.H.S = (SecO —tand)’ : Domain = @ Ee Rbut @ yhont Dr 
-(a4 _ SinO ) — (+See) 
Cos@ Cosé@ Cos0 
_(-Sindy _ (-Sinoy 


Cos’@ 1—Sin’@ 


(1— Sind)’ 1—Sin@ 
= R.H.S 


(\-Sin@ \(l+Sin6@) \+Siné 
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_aaene = = 2sin@cos@ Multan 2007 
1+tan 1+tan?6 
tan@ 
Sol. LHS = PP awed i Domain = @ &€ R but G P silitand 
+tan?0  Sec’0 2 
= 2tan@ Cos?@ = 2Sind Cos*@ =2Sin@ .cos@=R.HS 
‘Cos0 


1-sinO _—_cos@ 
cos@ 1 +sin@ 
1—Sin@ _1—Sin@ | 1+Sin@ 
Cos Cos0 ” 1+SinO 
_ 1-Sin’é Cos’ 0 CosO | 
~ Cos0(1+ Sind) Cos0(1+Sin@) 1+Sin@ 


16. 


Sol. L.H.S = ; Domain=@ € R 


17. (tan@ +cot@ )*=sec’@ cosec*@ Multan 2008, Lahore 2009 


nt 
Sol.  LHS=(tan@ +Cot@)? , Domain = 0 € R bul 0 + a 


fi ( Sind cet _( Sin?0+€os°0 Y 
Cos@ — Sin@ Cos@ Sin@ 


1 : 1 1 
: = =a) ~ Cos*@ Sin’0 
= Sec’@ Cosec’@ =R.H.S 
18. tne eee t =tan@ +sec@ Faisalabad 2007 
tan 8@-sec6+1 
tan 0+ Sec@-—1 (2n+1)z 


Sol. UNS = : Domain= @ € R but 6 # 
tan @—Secd +1 


_ (tand+Secd) - (Seo" 0- tan’ @) 
(tan@ — SecO +1) 
_ (tand+Sec0) - (Sec + tan@)(Sec — tan@) 
(tan @ — Sec@+1) 
_ ((tan@ + Sec) [l— (See — tan @)]) 
i (tan@ — Sec@+1) 
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pein iste (tan 0 + Sec) (= See+1and) = tan@ +Sec@ =R.H.S 
(ta. +1) 
19. es hy - . = u  Weeaien Sees Multan 2007,2008 
Cosec9-Cot@ Sin@ Sin@ Cosec0+Coté 
Sol. L.H.S = ; : 


CosecO—CotO SinO 
1 


sin@  =Sin@ 

1 ae Sin@ 1 _ Sin® *@- 1+Cos@ 
“T= Cosé Sin 1—Cos@ Sind Sin@ (1—Cos8) 
Sin@ 


_ 1=Cos?9-1+Cos0 _ Cos0-Cos*@ _ Cos (1- Cos0(\- Le) _ Og 
Sin@(- Cos@) ~ Sin@(1- “Cos0) Sin@ (1- -Co) 
1 l 


R.4.S = —— - ——_——_—_ 
Sin@ CosceG+Coaté 


1 1 
E Sind 1 , ©osé 
Sind” SinO 
on en Pe 
~ Sind 1+Cos0 ~ Sind 1+ Cos0 
Sin@ 
E 1+Cos@-Sin’@ mes 1+Cos@-(1-Cos’@) 
~ Sin@(1+Cos0@) —-SinO (1+ Cos8) 


_ 1+Cos@-1+Cos’@ — Cos@ (1+Cos@) 
Sin@ (1+ Cos@) Sin@ (1+ Cos@) 
L.H.S=R.H.S 


=Cotd 


20. _—sin®@ —cos’@ =(sinO -cos@)(1+sin@ cos@) 


Sol.L.H.S =Sin?@ -Cos*@ , Domain=@¢«R 
= (Sin -—Cos@) (Sin 6 + Cos’ 6 +Sind Cos) 


= (Sin? —Cos@) (1+ Sin@ Cos@) =R.H.S 
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21. 


Sol. 


22. 


Sol, 


23. 


Sol, 


24. 


Sol. 


sin’@ -cos°O =(sin’?@ -cos*@)(1-sin’@ cos?@) Fsd 2008, Sgd2009, Lhr 2009 
L.H.S = Sin°@ —Cos®@ = (Sin?@)*?-(Cos’@)?,, Domain= 9 e R 

= (Sin? @ —Cos’@) ((Sin?@)? + (Cos*@)* + Sin? @ Cos’ @)) 

= (Sin? @ —Cos’@) [(Sin?@)? + (Cos? @)? + 2Sin?@ Cos’ @ - 2Sin’ A 

Cos’ @ +Sin’@ Cos’ @] 

= (Sin? @ -—Cos’@) [(Sin’?@ + Cos’ A)? -Sin’@ Cos’ @] 

= (Sin? @ —Cos?@) (1-Sin’@ Cos’@) = R.H.S 

Sin’@ +cos°@ =1-3Sin’@ Cos’*>O GER Rawalpindi 2009 
L.H.S = Sin®@ + cos°@ = (Sin? @)’ +(Cos?@)’ 

= (Sin? 0 +Cos’@) [(Sin’ @)’ + (Cos’@)’ —Sin’ @ Cos’ 4] 

= 1. [(Sin? @)’ + (Cos? 0)’ +2Sin’ @ Cos’ @ -2 Sin’ @ Cos’ -Sin’?@Cos’ 9d) 
= (Sin? @ + Cos’ @)*? — 3Sin’@ Cos’ = 1-3Sin’OCos’O =R.H.S 


; a 
| _,_1 Lage 1 sec 
+Sin@  1-Sin@ 


l 1 1- Sin +1+ SinO 


L.H.S = + = ,Domain=@eER 
1+Sin@ 1-Sin@ (1+Sin@)(\—Sin@) 
Le —= =. -2 2 }: 2Sec’@ =R.H.S 
1-Sin-@ Cos@ Cos-@ 
Cos@+Sin@ Cos@—Sin@ ¢ 2 


Sn eee a Faisalabad 2007, Sargodha 2009 
Cos@—Sin@ Cos@+Sin@ 1-2Sin'@ 


ze Cos@+Sin@ 3 Cos @-Sin@ 

CosO0-Sin@ Cos@+Sin@ 
(Cos@ + Sin)’ +(Cos@-Sinoy 

~~ (Cos0—Sin0)(Cos0 + Sind) 
_ Cos’ + Sin’0+2 Sind Cos0 + Cos’0+ Sin’0-2SinO0 Cos@ 
‘3 (Cos@—Sin®) (Cos@ + Sin@) 
a 2Cos?@+2Sin?@ ‘ 2(Cos*@ +Sin’@) . 2 
~ |-Sin’@-Sin’?@ —-1-2Sin?@ ~——«1-2Sin*@ 


(2n4+1)xz 


L.H.S ,Domain= 0€ R but 0 + 


=RHS 


This book was uploaded by www.educatedzone.com 


COLLEGE MATHEMATICS-1 542 FUNDAMEN TRY 


/ TEST. YOUR SKILLS Marks: 50 


Q#1. Select the Correct Option (10) 
i in one hour, the hour hand of a clock turns through radians: 


a) ty, b) a), 
c) 4, qd) if, 


ii. if Tan@ < QO and Cos@ > 0 then terminal arm is in quadrant: 


a) I b) I 
c) HI d) IV 
iii if the terminal side lies on x—axis or y—axis then angle is called: 
a) Central angle b) Quadrantal angle 
c) Co-terminal angle d) Acute angle 
iv Domain of Sin@ and Cos@ is set of 
a) Integers b) Natural numbers 
c) Real numbers d) None 
37 f 
V. —— radian equal to: 
a) 270° b) 90" 
c) 180° d) 60° 
vi. Cosec* @—Cot’@ equals: 
a) ] b) 0 
c) 2 d) —| 
vii, Which one is true: 
a) | radian <1" b) | radian> \° 
c) | radian= 1° d) Sradian=2° 
viii. Sin390° is equal to: 
2 MB 
c) d) 5 
ix. The value of Sim420” is equal to 


a) ae b) \, 
V3 


c) d) V3 
x: The 60" part of one degree is called one: 

a) Second b) Radian 

c) Minute d) Degree 
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Q#2. Short Questions: (10 X 2 = 20) 
i. ~ Write the Sign of Trigonometri¢ functions in // and JV quadrant: 


~Tan’@ 
1+Tan’@ 


iii. Find x if Tan?45’ —Cos*60° = xSin45“.Cos45’.Tan60" 


ii, Prove ihe Cos’ @ -Sin’@ = 


iv. Find /when @ = 60°20' and r =18mm 
V. Verify that Sin60°Cos30° —Cos60° Sin30° = Sin30° 


vi. In which quadrant terminal arm lie if Cos@ <Q and Tan@ <0 
: 3 Sine 
vii. Cos0 = Fs <@< tf, ) Find remaining trigonometric functions. 
viii Prove that (SecO —-Tan@)’ = ae 
1+ Sin@ 
ix. Define Radian 
Prove that Cosec@ + TanOSecO = Cosec 0.Sec’0 
Long Questions: ; (2 X 10 = 20) 
a#3. te) Showthat “tSeco range ta" 
1+ S19 


2 
(b) Cosec@ = mae m>OQOand 0<@< i, Find value of the remaining 
2m 2 


trigonometric ratios: 

Cos@ + Sin@ : Cos@—SinO _ z 
Cos0-Sin0 Cos6+Sin@ 1-2Sin°@ 

(b) Prove that Sin°@—Cos°@ = (Sin’@—Cos*@)(1 — Sin’? OCos*@) 


Q#4. (a) Prove that 
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Trigonometry 
identities 


Fundamental Law 


heorem: 


Cos(a@—8)=Cos @ Cos f +Sina@ Sin Sargodha 2011(only statement) 


Proof: 
Consider a unit circle with centre at O. 


Where<AOD=a@ , <BOD=8 


<AOB=<COD= a — f 


B (Cos {}. Sin [3 ) 


C (Cas (ce — |} ),Sin (ue =f.) 


Now AAOBand A COD are congruent then |AB| = |CD| => |AB|? = |cD|? 


Use distance formula, we have 
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COL z TRIGONOMETRY _ IDENTITIES 
(Cosa@ —Cos/?)’ + (Sina -Sin B)* = (Cos (a - f )-1)’ + (Sin(a - 8 )- 0)" 
Cos’a@ +Cos’ B —2Cosa@ Cos f +Sin’a@ + Sin? 8 -2 Sina Sin B 
= Cos’(a-8)+1-2Cos ((a-f)+Sin’ (a-Z) 
Cos’a +Sin’a@ +Cos’f +Sin? B -2 (Cosa Cos B + Sina Sin 2) = Cos'( a -f) + Sin’ 
(a-B)+1-2Cosia-f) 
1+1-2 (Cosa Cos +Sina Sin B) =1+1-2Cos\a-£) 
2-2 (Cosa Cos f + Sina SinB)=2-2Cos(a-f) 
Subtract 2 from both sides 
-2(Cosa@ Cos 8 + Sina Sin 8) = 2Cos(a -f) 
~ Divide by — 2 from both sides 
Cosa@ Cos 8 +Sina Sin B =Cos(a-f) 
or Cos(a—-£)=Cosa@ Cos f +Sina Sin B 
Hence Proved 


Distance formula 


Let P(x, a) and Q(x,,9,) be two points. If d denotes distance between them. 


d=|PO|= (x, -x,) +(y -y,)° 


or = (x, -%)° +(y; -y) 


Sargodha 2011 
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CHAPTER. 10 


Note Sign of trigonometric ratio depends in which quadrant @ exists. Important Formulas. 


1. Sinfa+)=Sin@ Cos f +Cosa@ SinB 
2. Sin('a-f)=Sina@ Cos -—Cosa@ Sin BP 
3. Cos(a+f)=Cosa CosB -Sina Sin \. 
4. Cos(a-f)=Cosa@ Cosf +Sina@ Sin B 


tana + tan # 


5. tan(a+f)= 
pa 1 — tana tan B 


lana — tan B 


6. tan(a- es 
(oy i+ tanatan # 


. 
7. (Even number) @ + a| then no change of trigonometric function. 


Example Sin [45 + 0) = Sin@ 


4 
8. ( Odd number See a then change trigonometric function as given below 


Sing, . ———-——®. Cos 0 
Qe 


tnd “2 Cow 


SecQ ———¥+# Cosecd 
————____ 


a —@—— II quadrant 
Also z+6@—— III quadrant 


2a —@—— IV quadrant 
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1. Without using calculator. Find the values of 
i Sin (- 780°) 
: °o : ‘J te . oO V3 
Sol. — Sin780° = — Sin (2x360°+60°) = -—Sin60° = — rae 
ii. Cot (- 855°) 
Sol. = ~—Cot (2 x 360°) + 135°) = — Cot 135° = — Cot (180°- 45°) = — (- Cot 45°) 
l ] 
= Cot 45° = —=-=] 
tan45° 1 
iii. Cosec 2040° 
Sol. = Cosec (5 x 360° + 240°)= Cosec 240° = Cosec (180° + 60°) 


] -1 —2 
= —Cosec 60° = — ——— = ——— = —— 
Sin60’ 3/2 V3 
iv. Sec (— 960°) 
Sol. = Sec 960° = Sec (2 x 360° + 240°) = Sec 240°= Sec (180° + 60°) = —Sec60° 
] 1 


=—- =- eo SS 2 
Cos 60° 1/2 
v. tan (1110°) ” 
Sol. =tan (3x 360° + 30°)= tan 30° = ates 
V3 


vi. Sin (- 300°) 


V3 


Sol. .=—Sin 300° =— Sin (360° — 60°)= — (— Sin 60°) = Sin 60° = ar 


a Express each of the following as a trigonometric function of an angle positive 
degree measure of less than 45° 
i. Sin 196° = Sin (180° + 16°) 
Sol. = Sin 180° Cos 16° + Cos 180° Sin 16° 
= 0.Cos 16° + (— 1) Sin 16° =—Sin 16° 
Sin 196° = Sin (180° + 16°) = — sin 16° 
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Cos 147° 
= Cos (180° — 33°) = Cos 33° 
Sin 319° 

= Sin (360° - 41°) = -Sin 41° 
Cos 254° 

= Cos (270° — 16°) = —Sin 16° 
tan 294° 

= tan (270° + 24°) = — Cot 24° 
Cos 728° 

= Cos (2 x 360° + 8°) = Cos 8° 
Sin (- 625°) 


Sin (- 625°) = — Sin 625° 


= Sin (2 x 360° — 95°) = — (- Sin 95°) 
= Sin 95° = Sih (90° + 5°) = Cos5° 
Cos (- 435°) 


= Cos 435° = Cos (360° + 75°)= Cos 75° = Cos (90° — 15°) = Sin 15° 

Sin 150° 

= Sin (180° — 30°) = Sin 30° 

Prove that Sin (180° + @ ) Sin (90°- @) = -Sina Cosa@ 

L.H.S = Sin (180° + @ ) Sin 90°— @ ) =Sin [2x 90+ @ } Sin [1x90- a@ )=(-sina@ ) (cosa@ ) 
=-Sin@ Cos@ =R.HS Sargodha 2006, 2008, 2009, Multan 2009 

Sin 780° Sin 486° + Cos 120° Sin 30° = 1/2 

L.H.S = Sin 780° Sin 480° + Cos 120° Sin 30° 

= Sin (2 x 360° + 60°) Sin (360° + 120°) + Cos 120° Sin 30° 

= Sin 60° Sin 120° + Cos 120° Sin 30° 

= Sin 60° Sin (180° — 60°) + Cos (180° — 60°) Sin 30° 

= Sin 60° Sin 60° + (— Cos 60°) Sin 30° 
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iil. Cos 306° + Cos 234° + Cos 162° + Cos18° = 0 
Sol, L.H.S = Cos 306° + Cos 234° + Cos 162° + Cos 18° 
= Cos (360° — 54°) + Cos (180° + 54°) + Cos (180° - 18°) + Cos 18° 


= Coss — Cosst - Cost8® + Cost =0=RHS 
iv, Cos 330° Sin 600° + Cos 120° Sin 150° = - 1 
Sol. L.H.S = Cos 330° Sin 600° + Cos 120° Sin 150° 
= Cos (360° — 30°) Sin (360° + 240°) + Cos 120° Sin 150° 
= Cos 30° Sin 240° + Cos 120° Sin 150° 
= Cos 30° Sin (180° + 60°) + Cos (180° - 60°) Sin (180° - 30°) 
= Cos 30° (— Sin 60°) + (— Cos 60°) Sin 30° 


(4) * ae a ‘ae S 
2S) (Galen g- gods nara 


4. Prove that 


Sin? (t+) tan +8) 


= =Cos@ 
Cot (= -8)Cos" (z-0)Cosec(27-8) 
ee 3x 
Sin’ (7+ @)tan(-— +0) (-Sind)*(LCot) 
2,38 


Sol. L.H.S = ree etek cs nw 
Cot” (“| -0) Cos? (7-8) Cosec(2n—@) "an A(-Cos) (ACosec 0) 


eos a sin F Cos@ 


l 
a Ta eae ea 2 x x SiO = Cos@= RHS 
SHE cos6 — Si Sit 


: Cos(90° +0) Sec(-O)tan(180°-9) 


Sec(360° —@) Sin( 180° + 8) Cor (90° -@) 


fees 


M. Cos(90" +@) Sec (—@) tan (180° —@) ‘ ~ Sin@ Sec@ (-tan@) 
Sec(360° —@) Sin(180° +@) Cor (90° -@) Sec@ (-—Sin@) tan@ 
_ Si SeB sar se tae 
~ Sin SecO sanO 
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8 if a, 8,y are angle of Triangle ABC, then prove that 

i. Sin(a+ B)=Sina Faisalabad 2008, 2009 

Sol. leta+Pt+y = 180° ( sum of angles of triangle=180°) 
a+ PB =180°-y 


Sin (@+) = sin (2x 90°-y) 


Sin (@ +) =Sin » Hence proved 


oY 
coe aia ade Lahore 2009 


Sol. Lleta+P+y=180° > a+ =180°-7 


a+f _ 180° —-y 
y <UAse 


Oo 
45) co 180° 
2 2 2 


a = Cos 90° = 4 
2 2 


a+fp 
Zz 


Cos 


9 

w 
ET PR i game 

Q 

a 


} = sinZ Hence Proved 
iii. Cos (@+f)=-Cos y Faisalabad 2009 
Sol. leta+f +7 = 180° 
a+ B =180°- y 
Cos (a+) = Cos (2x 90°- y) 
Cos (a@+)= —Cos y Hence Proved 
iv. tan(a+f)+tany =0 | Multan 2007, Faisalabad 2009 
Sol. let a+ +7 = 180° 
a+ =180°- 
tan (a+ 6) = tan(2x90°- 7) 


tan(a+f)=—-tany >tan(@+f)+tany =0 Hence Proved 
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EXERCISE. 10.2 
Example 2. Without using tables. Find the values of all trigonometric functions of 75° 
Sol. As 75° = 45° + 30° Sargodha 2009, Faisalabad 2009 
Sin 75° = Sin (45° + 30°) = sin45° Cos30° + cos45° sin30° 
bee dod oe 
M2 2 oe 2 Daly 
Cos 75° = Cos (54° + 30°) = Cos 45° Cos 30° — sin 45° sin 30° 


I Boob dina 


Be We OR a ae 


tan 45° + tan 30° 
l—tan 45° tan 30” 


tan 75° = tan (45° + 30°) = Multan 2007, Sargodha 2009 


1-(1) = 
3 
9./9 S 
Cosec75° = = 22 
Sin7S” 3-41 
[5 = 
Sec75° = = ae. ee 43 ! 
Casts J3=4 tan75’ 4/341 
Cos 11° + Sini1° # 
Example3. Prove that ee = tan 56" Faisalabad 2008, 
Cos11° — Sini1' 
Sol. R.H.S = tan56° = tan (45° + 11°) Sargodha 2009 
Sin’ Cost +Sinl 1° 
_ tan45"+tanIl° — " Costt? ____ Cosi J” 
1—1tan 45” tan11° ey Sinl 1° Cos 1° — Sinl 1° 
Cos\\° Cosi” 
Cosl1° + Sint 1? Cos11° Cos11° + Sin 1° 
ye 7 0 Feb? O ae Oo enaid ~bHS 
Cos1] Cos11" —Sin11 Cos1 1° —Sin1) 
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1. Prove that 
i Sin (180°+ 6 )=-Sin@ 
Sol. __L.H.S = Sin (180° + 0) 
= Sin 180° Cos @ + Cos 180° Sind 
= (0).Cos@ + (-1)Sin@ =-Sin@ =R.HS 
ii, Cos (180°+ 6) = -Cos@ Sargodha 2008 
Sol. L.H.S = Cos (180° + @) 
= Cos 180° Cos@ — Sin 180° Sin@ 
=(-1)Cos@ -(0.)Sin@ = —Cos@ =R.H.S 
ili. tan (270°- @) =Cot@ Multan 2008 
Sin (270° -6) 


Sol. -L.H.S = tan (270° - 8) = ————_ . 
Cos (270° —@) 


£ Sin 270° Cos@-—Cos 270° SinO = (-1)Cos0 —(0)Sin@ : -Cos@ 
Cos 270° Cos@ + Sin270° Sin@ = (0)Cos@+(-1)Sin@ -Sin@ 

iv.  Cos(@ -180°)= -Cos@ 

Sol. —_L.H.S = Cos (@ — 180°) 

= Cos @ Cos 180° + Sin@ Sin 180° 

= Cos@ (-1)+Sin@ (0) 

=-Cos@ =R.H.S 


= Cot@ =R.H.S 


v. Cos (270° + @)=Sin@ Lahore 2009 

Sol. L.H.S = Cos (270° + @) = Cos 270° Cos@ —Sin 270° Sind 
=0.Cos@ -—(-1)Sin@ 
=0+Sin@ =Sin@ =R.HS 

vi. Sin(@ +270°)= -—Cos@ 

Sol. LHS =Sin{0 +270°)=Sin@ Cos 270° + Cos@ Sin 270° 
= Sin@ (0) +Cos@ (—1) 
= —Cos0 =R.H.S 
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vii. tan (180°+ 6) =tan@ 
Sol. LHS =tan(180°+@) 


_ tanl80"+tan@ _ 0+tand 
|—tan180" tan 1—(0).tan @ 


tan 0 


=tan@ R.H.S 


vill. Cos (360°- @)=Cos@ 
Sol. L.H.S  =Cos (360°- @) 
= Cos 360° Cos @ + Sin 360° Sin@ 


= (1) (Cos@) + (0) Sing 
=Cos@ =R.HS 
Zz Find the values of 
i Sin 15° = Sin (45° - 30°) 
Sol, = Sin 45° Cos 30° — Cos 45° Sin 30° 
=( Liye ET ee OMe 
V2 V2 2 WOW ea? 
li. Cosi5° = Cos (45° — 30°) . 
Sol. = Cos45° Cos 30° + Sin45° Sin30° 


Gi Pda A eet 


an aleraea W2)'2)" 28° 8 a 
iii. tan15° = tan (45° - 30°) 


l v3 - 
sol, = 2an45"-tan30" _ ahs 3 
I+tan4s’tan30" 4.) 1 a 4} 


Bs 


5-18 Wat 
an, ote J341 
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iv. $in105° = Sin (60° + 45°) Multan 2008, Gujranawala 2009 
Sol. _ = Sin60° Cos45° + Cos60° Sin45° 
toe ee. =) 3 tyuky. Sah 
a V2.2 W..2Wd. | 22. 
v. Cos105° = Cos (60° + 45°) Faisalabad 2007 
Sol. = Cos60° Cos45° — Sin60° Sin45° 
: (3), | 3 (+ )-s5-oh- _l-v3 
Pais Sal ee ae Wee Beep aee Mere: 
vi. tan105° = tan (60° + 45°) 
tan60’+tan45’ - J3 41-143 
Sol eee oe 
1-tan 60° tan45’ 1-J3.1 1-V3 
3. Prove that 
i. Sin (45°+ @)= Be (Sin + Cosa ) Multan 2009 
J2 


Sol.  L.H.S=Sin(45°+ a@)=Sin 45° Cosa@ +Cos 45°Sing 


Cosa + 2 Sina ae +Cosa) 


aU pee 2 


ii. Cos (a +45°)= = (Cosa -Sina) ° Faisalabad 2007 ~ 


Sol. L.H.S = Cos (@ +45°)=Cosa@ Cos 45°-Sina@ Sin45° 


= Cosa ai F ~<shrg rid (Cosa@ —Sina )= R-HS 
V2 V2 V2 
4. Prove that : 
i tan (45° + A) tan (45° -A)=1 Lahore 2009 


Sol. L.H.S = tan (45° + A). tan (45° - A) 
=| Beet tan 45° —tan A iy 1+tan A a= —tanA 
1-tan 45” tan A) | 1+tan45’ tan A) \1-1.tan 4) \1+1.tan A 


ie 
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il. tan [z-0 + tan( 240 |=0 
4 4 
Sol. EHS. =%an [4-6] + tan( 5 + | 
. 4 


t ® _tan@« ea Seane 
ae 4 1—tan@_ mn ~1+ tan @ 


> HH SPRAY As 
1+ tan“ tand 1-tan and il. tan 6 1~(-1)tand 


J I-tan@ | —1+tand 
I+tan@ l+tan@ 


_A-sanO-1+sanO 0 


=O = RATS. 
]1+tan@ 1+tan@ 
ra Fa 
iii. Sin [0-2] - cos{ 0+") = Cos? Lahore 2009 
Sol, L.H.S  =Sin [o+ =) +C asl | 
= sin 0 Cos - = +Cosé Sin + Cos@Cos © Sinn 
6° 6 3 3 


- sipB ses0} sc0s0} - sya 
2 2 2 2 


=Cos 0 & + +] = Cos@ (1) =Cos@ =R.H.S 


SinO - Cos@.tan 6/2 


iv, =tan @/2 
Cos@ + Sin@ tan @ /2 
_/ i a ty AY . ? 
Sol. Here Sin@ ~Cos@ .tan@/ 
Cos@+Sin0.tan 0/2 
Sin@—Cos@. baidida 
rs _ Cos 0/2 _ Sin@Cos6/2- —Cos@ Sin@ /2 
di Sin@/2 Cos@/2 
Cos@ + Sing, 
se vidas Cos@/2 Cos0 Cos0 + SinO SinO/2 


Cos0/2 
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_ Sin(@-9/2) _ Sind /2 EMTS ii cpg 


é CosO/2 _ ~ Cos TS. Cos@/2 


Cos(@-0/2) 
Cos@ /2 
l-tan@.tang  Cos(@+9) 
l+tan@.tang Cos(@-¢) 


Sin@ Sind 

ek. ie Se "Cos Cos¢ 
I+tand.tang —,, Sind Sing 

Cos@ Sine 


_ CosOCosd—SinO Sing _ Cos(+9) _ Cos(6+)  LDBEED 
Cos? Cos¢ Cos@Coso * Casbeos Cos(@ -¢@) 
Cos? Cos@+Sin@ Sing Cos(@-¢@) 


Cos@Cos¢ CoséCos¢ 


_ Cosx(@ + ¢) 
Cos(@ —@) 


5. Cos(a +f) Cos(a - B)=Cos’a -Sin’ B = Cos’ f -Sin’a 
Sol. LHS=Cos(a+f).Cos(a-P) Rawalpindi 2009, Sargodha 2009 
=(Cos@ Cos f -Sina@ Sin f). (Cosa Cos B +Sina Sin f) 
= (Cosa Cos f)’-(Sina Sin PB)’ =Cos’a@ Cos’ B -Sin’a@ Sin’ B I 
=Cos*@ (1-Sin? B)—(1-Cos’ar ) Sin’ B 
=Cos*a@ - CosteStiB - Sin? B + Costasin B 
= Cos’? 1-Sin’? ZB Result I 
Again from I Cos (a +B). Cos (a— f)= Cos’ @ Cos’ B -Sin’a@ Sin’ B 
= (1-Sin’@ ) Cos’ B -Sin’ a (1-Cos’ B) 


=Cos'f - Sip’e€osP -Sin'a + Sin’atosB 


= Cos’ 8 ~Sin’ a Result 
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o, Sitar Ae Sine ~ 8). 
Cos(a + B)+Cos(a—fB) 
Sei. “gig oe Sin(a + B)+Sin(a — B) 
Cos(a + B)+Cos(a-B) 
_ Sina Cos f+ Cose-SinB + Sina CosB - Cose-8imp 
Cosa Cos — Sina StiB + Cosa CosB + Sine-Stap 
Z Cosa CosB 
7. Show that 
i cot (a +f)= Cota CotB-1 
Cota+CotB 
Peet eae 
eS RC Cota CotB-} _ tana tan f i 1—tan@ tan B 
Cota+CoB 1. S | tana tan 8 


tana tanf tana +tan B 


tana@ tan § 
- LntanatanZ lanetanB 
tanetan Bo tana + tan@ 


l-tanatanB _ ] . 
tana+tanf tan@+tanf  tan(a@ +) 
1—tana@ tan f 


=Cot(a +f)=LHS 


Cota CotB+1 
Cota—CotB 


_ Cota CotB +! 
Cot B-Cota 
I +1 
an@ tan _ I+tana tan f _lttanatang  lanetanB 


ze ti: Uae =) tan a@ tan B tanetan B tana —tan # 
tanB tan@ tan@—tan B 
1+tana@ tan 


ii. Cot(a -—B)= Multan 2008 


Sol, Let ° R.HS 


This book was uploaded by www.educatedzone.com 


COLLEGE MATH I 


_ i+tanatanf _ 


tana — tanB tana — 


TR | 


=cot(@—f)=LH.S 


1+tana@ tan 3 


tana+tanB  Sin(a+P) 
tana —tan 8 ~ Sin(a@-B) 


Sine 
tana + tan B Cosa 
Sol. LHS =——— = 
lana — tan fp Sina 
Cosa 


Sin(a + B) 


 LoseCOSB Sinl@ +B) 


tan B tan(a —B) 
SinB 
_ CosB _ SinaCosB+CosaSinB 
SinB ~~ ————sCosaCosph 
. CosB  SinaCosf —CosaSinB 
CosaCosB 


=R.H.S 


C Coseeosp Sin(a - B) 


Sin(@ - B) 


4 
8. fSing@ = Ces = ~ O<a< < o< B< 5 Show that sing ~ /j=133/205 
4)" ae 
Sol. Cos’a@ =1-Sin’a@ -1-(2] 1888 = Sal’ (Its mean a@ & [J are in! quad) 
=5 25 25 
5 3 “3 
Cos‘ @ = —=> Cos@ =-+— => Cosa = — (Because @ is in I quad) 
25 5 5 
Sin’ B =1-Cos’ B =1- (<<) =1- a ee 
] 1681 1681 1681 
9 9 
Sin B =+ re => Sin B = me (Because # is in| quad) 
Now Sin(@ — #)=sinB Cos f —Cosa@ Sin f 
‘()\(2)-A2) ae 133 
5)\41 5)\41) 205 205 205 205 
7 oe 12 a 
9, if Sing = ze ,Sinf = - & = <a<x (ainHl),— 5 < Bx (Bin Il) then find 
i, Sin(a + B) it. Cos (cx + Bf) ili. tan(a + [7 ) 
iv. Sin(a -B) v.Cos(a - Bf) vi. tan(a -— 8) 
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Sol. 


(i) 


Sol. 


Sargodha 2009 


3 
Cosa =+ 5 => Cosa = - 5 (Because « is in II) 


Cos’ 8 =1-Sin’ B =1- fl 
13 
144 169-144 25 og, 5 
169 169 169 13 


Cos B =- 2 (Because /? is in I] quad) 


tang = sina 4/ & 


Cosa -3/8 

tan@ = -4/3 

tan f = we 121 ¥ 

CosB -5/ 4K 

tan B = -12/5 P 
Sin(a + 6)=Sina Cos +Cosa@ Sin 


3 @& (— : 
5 13 


__ 20 36 =20-36 +56 
65.65 65S 


Cos(a +f)=Cosa Cosf -Sina Sin 


-3, -5 4.12. 15 48 15-48 —-33 
= (5) G,? (5) = 


Ss td 
)+ ;) rey 


ie 6 «a tes 65 


_ tana +tanf 
tan(@ + B)= 1—tana tan f 


Gites 4 12 -20-36 

Ba 0 Ge aoe Wee ee Re ae, a 

(7) eS, a a ae 
a & 15 15 
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iv. Sin(a —8)=Sina CosB -Cosa SinB 
-20 36 16 


Whose ee _ 16 
Sol. = @) in ~ arr. oro aera te ae 


v. Cos (a — 8)=Cosa Cos f +Sina Sin f = =) = - © © 


ee 3,488 
BS. 68565 


tana-tanf _ ate ee 7 


3 
“ ten(a- 8)" 7 tenatanf —4)(-12)— 1+ 
+} — || — ~ 
3 5 15 
= 20+ 36 
op Pe ee 
15+48 JS 63 63 
15 


a+ inIilquadanda — f ini quad 
10. ‘Findsin (a+) and cos (a+ B) given that 


(1). tana = = cos p = =, @ in Ill Quad. # in IV Quad. 
‘ > 9 ; 25 
Sol. LANE PSC: Et RS ey et 


=> Cosa =+ : => Cosa = : (Because @ in III) 


2 
Sin’? a@ =1-Cos’a@ -1-(=4) Fe go! = a => Sina wine 
5 25-25 5 

Sina =- ; (Because a@ is in Ill) 


sip -1-cos'p =1-() g- 5 sing - 


Sin B = ae (Because f3 is in IV) 
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i. Sin(a +f )=Sina Cos B +Cosa Sin B 
Sol. ‘(S)(8)+(F)G2)- 2+ 8-4-2 
5 J\13 5 13 65 65 65 65 
ii. Cos(a +f )=cosa@ Cos 8 -Sina Sin 8 
“a (=) (2) (2) (a2 aaa - 3 - tate 8 
: 5 )\13 5 )\ 13 65 65 65 65 


10(2) tana = - =, sing = -= (ain I, Bin HT) 


. 3 js) 4 Given a not in lV and tana = —ve 
Sol. 1+tan’@ =Sec'a => 1+|—| =Seca : vars 
8 soain Il Similarly Bin Ill 


2? 2 
14225 Sec’a —, 289 = Secaa seca =i Bhs Cosa = + Ss 
16 64 8 17 


Cosa = -—8/17 (Because @ isin II) 


+) -1-4 25)... 15 


—— = —— > Sina = + — 
176 | 


289 =289 
. 15 : 
sing = rr (Because @ is in Il) 


2 
= 25 - 
cos’ B -1-sintp =1-(57) en gee le 


Sin? a =1-Cos’a -1-[ 


25 625 625 625 


Cos =+ xs => cos =~ (Because £ is in III) 


Now 


i. Sin(a + 8)=Sina Cosf +Cosa@ SinB 


(3)(3) (=) (=) -—360 56 
Sol. = eee +|— — i= + —-— 
17 25 17 25 425 425 
_ -360+56 -304 
425 425 
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ii. Cos(a + f)=Cosa@ Cos -Sina SinB = (SSF) 


_ 192 105 _ 192+ 105"_ 297 

~ 425 425 425 425 

a, SE ar Multan 2008, Sargodha 2008, Lahore 2009 
Cos8° + Sin8’ 


Sol. 


tan45°-tan8’ ——-1—tan 8" 


Sol. _R.H.S= tan37° = tan. (45° = 8°) = ———— ——— = ————— 
1+tan 45” tan8 14+1.tan8 


_ Sin’! 
_1-tan8" —  Casg% | Cos8" — Sind" 
” T+tan8” 1. sins” Coss” 
Cos8° Cos8" + Sin8" 
- Cos8" 
G Cos8° — Sin8 ra Cos8" —Sin8 STAs 


Cos’ Cos’ +Sin8’ Cos" +Sin8° 
42; Cota /2+Cot B /2+ Coty /2 = Cota /2Cot f /2Coty /2 Federal 


Sol. Weknowthat a + 8 + y =180°> @+ f# =180°-y¥ 


at+p_ 180 180"-7 _ 2+B _o _7 2 48 L997 7 
2 2 2 es ae 2 


tana /2+tan f/2 


Divide both side by ‘2’ 
i 


tan (a /2+ £8 /2)=tan(90° = y /2) => ———————__ = Cot y /2 
SEE ORS SE ee sie 
Cot ® Corr 
Shak Ble Sng } 
| ] a B 
+ Cat — Cot = 
' ? ’ 
Cora/2 Cotp/2 ator = “ae 2. tee 
igen’ Co Sch 2 
Cota /2Cotp/2 Bit Be 


poe Obics 
Cot — Cot Ia 
2 ? 


= 
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Cota /2 + CotBl2 Cot 


2 
“Cota l2€orBT2 ~ Cota/2CotB/2—1 


Cota /2 + Cot 8/2 = Coty /2 (Cota /2Cot B/2-1) 


= Coty /2 


Cota /2+ Cot 8/2 = Cota /2Cot B /2Coty /2-Coty /2 
Cota /2 + Cot ff /2 + Coty /2 = Cota /2Cot B /2Coty /2 
13. Cota Cot +Cotf Coty +Coty Coty =1 Faisalabad 2007, 08 Sargodha 2006,10 
Sol. «a, f, y are angle of triangle then 
a+ B+y =180°=> @ + Bf =180°-7 = tan(a@ + f#) = tan (180° vy) 
] ] 


tan @ + Pe 1 
NODC egy ng ater CotB-ane 
1—tana@ tan B i 1 Coty 
CotaCatp 
Cota +Coarp 


CotaCoip 1 _, Cota+Corp Loeenp 1 


CoraCoiB-1 Cory Catw€otf “ CoiaCoip—1 Coty 
CotaCotB ; 


(Cota +CoatB ) (Coty ) = - (Cota Coif -1) 
Cota Coty +CotBCoty =—CotaCotp +1 
Cota CotB + CatB Coty +Coty Cota=1 

14, Express the following in the form of r sin (@+@) 

i. 12Sin@ + 5Cos@ 

Sol. Put12=rCos~ &5=rSing then 


12Sin@ + SCos@ =rCos@Sin@ + rSingCos0 


=r(Sind Cos@ +Cos@Sing) = 13 Sin(@ + mp) 


Where r= 13 and tan@ = 


mi 
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Sol. 


Sol. 


As Cos? +1? Sin’ = (12)? + (5) 


r’(Cos’y +Sin’@) = 144 +25 


orr=169 > r=13 


3Sin@ —4CoO =3Sin@ +(-4Cos@) Sargodha 2011 
Put3=rCos@ & —4=rSing 

Then 3Sin@ —4Cos@ = rCos@ Sin@ +rSing Cosé 

r[Sin@ Cosg +Cos@ Sing] =rSin(@ + @) =5Sin(A + @) 


Where r? (Cos?@ + Sin? @) = (3)' + (-4)? > P°=9=16 = r=25=> r=5 


Sin@ —Cos@ =(1)Sin@ +(—1) Cos@ 
Putl=rCosy &-1=rSing 


=rCosgSin@ +rSing Cos0 As P (Cos?@ + Sin?@) = (1)? + (-1)? 


Pe2>r- V2 
rSind _ -1 


=— => tan@=-1 
rCos@ | 


=r(Sin@ Cos@ + Cos@ Sing) 


= rSin(@ + g)= V2 Ssin(0 +9) 


Where r= V2 and tang =-1 


5Sin@ —4Cos@ =5Sin@ +(-4) Cosd 
PutS=rCosm &-—4=rSing then 


= rCos¢ Sin@ +rSing Cos@ =r(sin@ Cos@ +cos A sing )= rSin( @ + @) 


= ¥41 Sin(0 + @) 
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r (Cos’@ + Sin?@) = (5)? + (-4)’ 


2=25+16 > ’=41 > r= V4) 


v. Sin@ +Cos@ =(1)Sin@ +(1)Cos@ 


Sol. Put Cosy =1,rSing =1 r(Cos’@ + Sin’) = (1)' + (1)* = 2 
= rCos@ Sin@ + rSing CosO =>r= 2 
rsin 1 
=rSin(0 +g) = V2 Sin(@ + @) and S08? _* > tang=1 


rcosg 1 


vi. 3Sin 0 -5Cos@ =3Sin@ +(-5)Cosé 
Sol. Put3=rCos@ & -5S=rSing 
= rCos@ Sin@ +rSing Cos@ = y Sin(@ + g) 


Where r= /34 and tan@ =-—5/3 


As (Cos? @ +Sin’@) = (3)? + (-5)? 


=9+25=34=> r= /34 


Double Angle identities 


Therom i. Prove that Sin2a@ = 2Sina@ Cosa 
Sol. Sin2a@ =Sin(a + a) 
=Sina@ Cosa +Cosa Sing 
=Sina Cos@ +Sina@ Cosa 
Sin2@ =2Sin@ Cosa@ Hence proved 
Similarly sina = 2Sin@ /2 Cos@ /2 
Therom ii. Prove that Cos2a@ = Cos*a@ -Sin’a 


Sol. Cos2a@ =Cos(a +a) 
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=Cosa Cosa —Sina Sing 
=Cos’a@ -Sin’a 
Cos’ a@ =Cos@ —Sin’a Hence Proved 


Similarly Cos@ = Cos*a@ /2 —Sin* a /2 


i 2tana 
Therom iii. Prove that Tan2a@ = ———— 
: l-tan' @ 
Sol. tan2a@ =tan(@ +@) 
tana +tana 2tana 


Hence Proved 


> 


l-tanatana Il|-tan°a@ 


as 2tana 
Similarly tana = ———~——~ 
l-tan° a@/2 
Example 3. _ Gujranwala 2009, Rawalpindi 2009, Federal 


Reduce Cos*@ to an expression involving only function of multiples of @ raised to 
the first power. 
Sol. Cos*@ =(Cos’@)? 
1+Cos20 \ 14+ Coas20 
ee sano Meee 


(1+Cos20) 


[1 + 2Cos20 + Cos*2@] 


£l- Ble 


[1+ 2Cos2@ ee "’ Cos’20 = aoe 


= — 


-|— 


2 +4Cos20+1+Cos40 
2 


(3 + 4Cos20 + Cos4A] 


ol— fe 
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Double Angle Formulas Double Angle Formulas 
i) Sin2@ =2Sin@ Cos ==> Sind = 2Sin @ /2Cos 0/2 
ii) Cos2@ =Cos’@ -Sin’ 0 = Cos@ =Cos*@/2-Sin*@/2 


Cos20 =2Cos’°O-1 = Cos@ =2Cos’@/2-1 
Cos2@ =1-2Sin’@ => Cos@ =1-2Sin?@/2 
2tan@ 2 tan 0/2 


iii) tan2@ = ——_—— => tand = . 
|1—tan~ @ 1-tan° 8/2 


iv) 1-Cos20 =2Sin°O => 1-Cos@ =2Sin’ 9/2 
v) 1+Cos2@ =2Cos’°O = 1+Cos@ =2Cos’@/2 


EXERCISE. 10.3 


t : 12 a 
1.i Sing = B ,O<ac< 3 Sargodha 2010 


Sol.  Cos’@ =1-Sin’a@ 


(2) 144 
=j]-| — =1{- — 
13 169 


169-144 25 5 
= ——— _ = — > Cosa = + — 
169 169 13 


5 
Cosa@ = B (Because @ is in | quad) 


; 9 
tang = ina NRG bABeegAs _ 12 


Cie 3/13) 94 5. 5 


120 
169 
Cos2@ =Cos’@ -Sin’a Multan 2008 
) -(2) -3- 144_ 25-144 _ -119 
13) 169 169 169. 169 


12 
2 
_2tana _ =) 


1-tan’ @ ; @) 
5 ’ 
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ei 24/5 nN 24/5 Bic idince,. i 25 _ 120 
,144 25-144 5-119 119 
25 ee ae 
3 
il. Cosa = 2, 0< a nm [2 
Sol. Sinta@ =1-Cos*’a@ =1- 


i) 


ii) 


2. Cota -—tana@ =2Cot2a 


Sol. 


2(Cos’a@ — Sin’a) 
2SinaCosa 


L.H.S = Cota -—tan@ = —— —- — = 


(Because « is in|) 
4/5 4 


Ae Ee oe ee 


~ Cosa 318 3.3. 


Sin2@ = 2Sina@ Cos@ = 2(4/5) (3/5) = = 


2 2 
Cos2a@ =Cos’a@ -Sina = (2) as (2) = 
5 5 


9 16 _9=16_-7 
a5 135 | 338 28 


5) 
3) 8/3 8/3 8/3 8 9 -24 


7/9 3-7 7 


“I-an'a (4) 16 9-16 
1-(5] 9 9 
Faisalabad 2007, Multan 2009 


’ 2 een 
Cosa — Sin’ 
SinaCosa@ 


Cosa Sina 


Sina Cosa 


2Cos2a 


(‘X’ & + by 2)= =2Cot2a@ =R.HS 
Sinda 


Sin2a 


Sol. 


1+Cos2a 


L.H.S = 


=tang Multan 2007,09 Gujranwala 2009, Sargodha 2008 


2SinaCosa Sina 
ee SNE RS 


Cos’ a Cosa 


Sin2a 


14+Cos2« 
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1 — Cos a 
4. =e Sargodha 2008, 09 
Sina 2 
ra ea 2Sin? 2 sin@ " 
Sol. chat al = - == 2 = tan > = R.H.S 
paged 2Sin— Cos Cos — 
2 2 2 
Cc — Si 
5. piel cose: =Sec2a@ —tan2a 


Cosa + Sina 


Cosa - Sina Cosa-Sina Cosa -— Sina 


Sol. LHS= a ee 
Cosa +Sina Cosa+Sina Casa — Sina 


_ (Cosa ~ Sina)’ _ Cos*a + Sin’a-2SinaCosa _ 1-Sin2a 


Cos*a - Sin’a Cos2a Cos2a 


ote Oe Bevin ak RIES 
Cos2a Cos2a : 


‘ 1+Sina — Sina/2+Cosa/2 
; 1-Sina Sina/2-—Cosa/2 
aos = ear 1+Sina- _ Sin’ a /2+Cos*a/2+2Sina /2Cosa/2 
, ee 1-Sina Sin’? a/2+Cos*a@/2-2Sina/2Cosa/2 
_ |(Sina/2+Cosa/2)’ _ Sina /2+Cosa/2 Seis 
(Sina /2-Cosa/2) Sina/2-Cosa/2 


Cos@ +2Cosec 20 f 
Sec@ 


Cos 6 /2 


Ee tee See Epes! tak 
sol, Lug = CO8A+2Cosec2O _ Sin@ — Sin2@ _ Sind" ZSinCos6 
Gee Sec0 Sud zt. 

Cos Cos@ 
_(_Cos0+1 )Sos _ — ZCos’0/2 ——_Cos0/2 
SindCos6 ) 1 ~— ZSinO/2CosO/2 Sin /2 


= Cot@/2=R.HS 
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8. 1+tana@tan2a@ =Sec2a 


Sina Sin2da — CosaCos2a+SinaSinl2a 


Sol. LHS=1+tan@tan2a@ =1+ 


Cosa’ Cos2a CosaCos2a 
_ Cosa (1—2Sin?a@)+Sina.2SinaCosa _ Cost [\- 2Sinta + 25in*a | 
CosaCos2a Cosa: Cos2a 
= =Sec2a@ =R.H.S 
Cos2a 
2Sin@ Sin2E 
9. ————— = tan20 tan@ 
Cos0 + Cos30 
2Sin@ Sin2 
Sol. US eS cncae warns t,o aicase) 
Cos0+Ces3@ 
; 2Sin@ Sin20 _2Sin@Sin20 _ ___ ZSinO Sin20 
Cos@+4Cos*@-3Cos@  4Cos*@-—2Cosé ZCos0(2Cos°@ —1) 
ca 
= Sind. Sin20 =tan@tan2@ =tan20@ .tan@ =R.HS 
Cos@.Cos2@ 
Sin30 Cos36 24 
10. ——— =2 Faisalabad 2009 
Sin@ Cos@ 
aa pares Sin30 — Cos30 _ Sin30CosO—Cos30Sin8 _ Sin30-—@) 
"  S Sin = Caso Sin@Cos6 SinOCosO 
__Sin20__ 2SipbCOO | 
co Sin@ Cos? = Sinbeaso 2° 
11. Cae “+ Conse =4Cos2@ Federal 
Cos@ Sin@ 
Cos3@ = Cos30 = Sin0 Cos30 + Cos0 Sin30 
Sol = L.H.S= — + 2 
Cos@ Sin@ Cos@ Sin@ 


_ Sin(Q+30) ___ 2Sin40_—___-2Sin2(20) 
Sin@Cos@ —2Sin@Cos@ ——-Sin20 
ae Ass Cos2¢é 

= ———__——_ + 4 (os28 = RUS 


Sin 
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tan0/2 + Cot@/2 z 


be De ra See AT CaS up PS Yim AA aie pe =Sec@ 
Cot@/2-tan@/2 


12. 
Sind /2 A Cos@/2 

Sol. LHS = 1229/2 + CotO/2 _ Cox/2 _ Sino /2 
7" Cot8/2-tan0/2 ~— Cos0/2 _ Sind/2 
Sin@/2 Cos@/2 


Sin? @/2+Cos?@/2 . 
_  Sin@/2CosO/2 _ 1 é Sin@Loe 2 
Cos’@/2~Sin?@/2 Cos 2 Cos*@/2 -Sin’O/2 
SinO/2Cos@/2 
. Cos@ 
Sin30 rs Cos36 
Cos@ Sin@ 
Sin3@ ‘ Cos30 _ Sin3@ Sin@ +Cos30 Cos@ 
Cosé Sind Sin@ Cos@ 


= Sec =R.H.S 


13. = 2Cot2 G 


Sol. L.H.S= 


_ Cos30 Cos0 + Sin30 Sin@ “ 2Cos(30—-0) _ 2Cos20 


~ = =2Cot20 
Sin@ Cos@ 2Sin@ Cos Sin26 


2 
1-Cos 22 Faisalabad 2009, Federal 


14. Sin’ @ =(Sin’@)? = ( ; 


1—2Cos20 + Cos? 20 


Sol. OS — = 1~cos2@ 


3 
4 4 2 


1 [2-4Co92 os -.. 1400840 
1 foie eet) z ; [3-4 Cos20 +Cos40) Cos'20 = —-— 


s 3-4Cos26+Cos40 
8 
15. | When 0 =18° Multiply by 5 
Sol. then5@ =90° > 20 +3@ =90° > 2@ =90°-3@ 
Sin (20) = Sin (90°-30) = 2Sin@ Cos@ = Cos3 0 


Sin’@ 


[1-2cos20+ =i 
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2sSin@ Ces = 4Cos?O -3Cos0 = Cos@ (4Cos’@ - 3) 


2Sin@ = 4(1-Sin’@)-3 => 2Sin@ = 4 -4Sin’6 -3 


4Sin? @ + 2Sin0 -1=0 a=4,b=2,c=-1 
~b+,/b’ - -2+/(2)?=4(4)(- 

eis bt Vb -4ac _ tv) 4(4)(-1) 

2a 2(4) 
sha -24,/4+16 -24+/20 -242V5 Z(-1+5) 
ing = ———— = —————_. = 

8 8 8 x, 
sin@=— a Put @ = 18° then Sin 18° = “ANS pecause 18 is in | quadrant 


Cos?@ = 1-Sin?@ =1- foes al we 


\ 


=) 


\ 
| SEs =f im 16- Sos 10+2V5 


i 


Cos 


5 10+2 10+2v5 
ba» MADE iseweydll 298 ai eyntr a BOS 


4 


10425 
Cosig°= *———_ (Because 18° in | quad) 


il. When @ = 36° 
Sol. then Cos2@ =2Cos’@ -1 
Put @ = 18° = Cos2 (18°) = 2Cos*(18°) —1 


+2 ; 2 
conerea Moezts | -1onf en) 


16 


10+2V5-8 242V5 _ 2(1+,J5) - 
8 8 8 


] 
Cos36° = —— , Sin O. = 1-Cos’ 0 
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Sin?36° = 1 —Cos*36° 


sin?36° = 1- [is n1-[ 282205) ecsoas 


16 16 


= 10-25. sine’ _yl0-2V5 


iii. | When @ =54° 


10-2 ¥5 
Sol. Cos54° = Sin (90° — 54°) = Sin36° = 10-2 v5 


1+V5 


sin54° = Cos (90° — 54°) = Cos36°= ; 


iv. When @ =72° 


. 10+ 2/2 
Sol. Sin72° = Sin (90° — 18°) = Cos18° = ~————_—_ 


4 
1+J5 


Sin72° = Cos 72° = Cos (90° — 18°) = Sin 18°= “a 


19. Cos36° Cos72° Cosi08 ° Cos144° = 7 


Sol. —_L.H.S = Cos36° Cos72° Cos108 ° Cos144° 
= Cos36° Cos72° Cos(180° — 72°)Cos(180° — 36°) 
= Cos36° Cos72° (— Cos72°) (— Cos36°) 


= Cos’36° Cos’72° 
_(14v5) (V5-1) (145 4205) (541-205 
4 4 16 16 


_ (6+2V5)(6-2V5) _ (6)? - (25) 
16 x16 16 x16 


_ 36-(4x5) 36-20. 16 1 


= =— =R.HS 
16x16 16x16 16x16 16 
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Formulas: Product To Sum 

i) 2Sina@ Cos # =Sin(a+f)+Sin(a—-Zf) 

ii) 2Cosa@ Sin 8 =Sin(a+f)-Sin(a-f) 

iii) 2Cosa@ Cos 8 = Cos(a+f)+Cos(a-£) 

iv) -2Sina SinB =Cos(a+P)-Cos(a-P) 


Sum To Product 


p- 
vy sinp+sing =2sin -*2 cos = Q 
is < [Take a+ P= P&a- fp =O 
vi) sinP-Sin@ = 20os ~ +2 Sin a thena+ B+a-f =P+O 
ei ; P+O 
P+0O Nee, =>2u=P+O>a= g 
vii) CosP + CosQ = 2Cos Cos = - 
we — ; O p Es Similarly B= 2 : g 
vill) _CosP — Cos Q~ =@Sin ae Sin - S = 


Example — 1. Express 2 Sin 7@ Cos39 as asum or difference. 

Sol. 2Sin7 @Cos3@ =Sin(7@ + 30) +Sin(7@ -3@) 
=Sin10@ +Sin4é@ 

Example — 2. Prove Sin19°Cos11° + Sin71° Sin11° = 1/2 

Sol. —_L.H.S = Sin19°Cos11° + Sin71°Sin11° 


| 
= — [2Sin19°Cos11° + 25in71°Sin11°] 
= — [2Sin19°Cos11° — (—2Sin71°Sin11°)] 
[{Sin(19° + 11°} + Sin(19° — 11°) — {Cos(71° + 11°) —Cos(71° - 11°)}] 


| 
= — |Sin30° + Sin8° — Cos82° + Cos60°} 
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Ra eR OF ES Hee. 

=+Sin8" —Cos(90" -8" )+— 

2 2 

HR cae hearty 

: E SinS — Sin +3] 


E +3)+4 y= =R.H.S 
Z 


" 


A ieee 2 

Example — 3. Express sinSx + sin7x as a product Sargodha 2008,09 
; :  Set+Je. . Sx-Fx : 

Sol. Sin5x + Sin7x = es =2sin6xcosx 


- ~ 


Example — 4. Express CosA + Cos3A + CosA + Cos7A as product. 
Sol. CosA + Cos3A + Cos5A + Cos7A 
= [Cos7A + CosA] + [Cos5A + Cos3A] 


TA+ A 7A-A 5A+A 5A -— A) 
=| 2cos cos +|2cos cos | 
2 2 See 2 


= 2Cos4A Cos3A + 2Cos 4A CosA 
= 2Cos 4A [Cos3A + CosA] 


: \ 
=2Cos 4A 2Cos| s4 +4 Jeas{ tA ] 
Mae mae: ] 


= 2Cos 4A [2Cos 2A CosA] = 4cos4ACos 2A CosA 


1 
Example — 5. Show that Cos20° Cos40° Cos80° = — . Multan 2007 


8 


Sol. L.H.S = Cos20°Cos40°Cosg0° 


Cos20° [2Cos80°Cos40°) 


N | — 


Cos20° [Cos (80° + 40°) + Cos (80° - 40°)] 


wil 


1 \ 
Cos20° [Cos120° + Cos40°] = ; Cos20° E = cosa" 


a 


Nie 
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= = Cos20° [ soe ]= £ Cos20° [— 1 + 2Cos40°] 
2 2 4 
= ; [- Cos20° + 2Cos40°Cos20°) 


[- Cos20° + Cos (40° + 20°) + Cos (40°— 20°)] 


[- Cost” + Cos60°) + Cost0” j= ; [Cos60°| 


“3 (5)-grRes 
4 \2 8 : 


1.1. 25in3@ CosO ii. 2Cos5 O Sin3 8 Faisalabad 2008 
Sol. = Sin(3@ + @)+Sin(36 -@) Sol. = Sin(50 +30) — Sin(s@ -30) 
= Sin40 +Sin2@ =Sin8@ —Sin20@ 
iii. Sins 0 CosO iv. 2Sin79Sin2@ Multan 2007,Sgd 2011 


sol. = 2 (2sins @ Cos2.0) Sol. = —(-2Sin7 0 Sin24) 
2 = —[Cos(7@ +2@)-—Cos(7@ -26@)} 


5 [Sin(5 +2 )+Sin(SO ~20)) = —(Cos9@ -Cos5@) 
= Cos5@ —Cos9d 
SS = (sin7 9+5in3 9) 


v. Cos(x+y)Sin(x-—y) Rawalpindi 2009 
ee $(2€0s (1+ y) Sin(x-y)) 
= 5 (sin ((x+y)+(x-y))-Sin(x+y)-(x- y)) 


= 5(sin(x+ f44- f)-Sin(L+y- 4 +y)) 
= £(Sin2x - Sin2y) 
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vi. Cos (2x + 30°) Cos (2x - 30°) 
Sol. = 5(2¢0s (2x + 30”) Cos (2x - 30°) 

- =[Cos (2x + 30” + 2x — 30°) + Cos( 2x + 30°) —(2x - 30” )] 
= 5| cos (2+ 20° + 2x— 30°) +Cos( 24 + 30° - 2X + 30°) | 
= =( Cos4x + Cos60° ) 

vii Sin12° Sin46° 

Sol. = > (— 2Sin12°Sin46°) = — : (Cos (12° + 46°) — Cos(12° — 46°)) 
--5 (Cos58° — Cos( - 34°)) = - ; (Cos58° — Cos34°) 

viii. Sin (x + 45°) Sin (x — 45°) Multan 2008 

Sol. =~ 5(-2Sin(x+45 ) Sin (x - 45 )) 

1 f a a , ; eo a 
=- 5[ Cos [(x+45°)+(x-45 )|-Cos| (x+45")-(x-45 )]] 
=- 5| Cos (x+ 95° +x 45° |-Cos( 4 +45" -£+45")| 

-=- 31 os2x — Cos90” | = 5(- Cas2x+C 0390" ) 
= +(c 0s90° —C os2x) 
2.i Sin5 8 +Sin3@ Faisalabad 2007 
Sol. = 2Sin eS Cos Ot uit 2Sin 40 CosO 
ii. Sin8@ -sina@ Sargodha 2008 
80 + 40 80 - 40 
Sol. 


= 2Cos ia oo + se ease aa 2Cos6 OSin2 A 
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Cos6@ +Cos30 
66 + 30 


= 2Cos 


Cos7@ -—Cos@ 
76 +86@ 


= —2Sin 


Cosi2° + Cos48° 
12° +48’ 
2 


60° 
= 2Cos —— Cos ———— 
2 


2Cos 


= 2Cos30°Cos(18°) 


vi. 
Sol. 


Ax 


nzsn| 77] 


Sin3x —Sinx 


3.i 
Cosx —Cos3x 


Sol. L.HS= 


Cos 


Sin Bee 
> 


ie et 


Sin (x + 30°) + Sin (v- 30°) 


x+ +x- 30 30° )—(x—30° 
= 2Sin [eet xe Egeheee re») 0) 


= Cot2x 


578 TRIGONOMETRY IDENTITIES 


bin! Cos — roi 
2 e) 


“ 


=i 
oo = =2 Cos 


Multan 2008, Lahore 2009, Sargodha 2011 


=-25Sin4@ Sin3 0 


bin 


Multan 2008 


2 


£ +30" — £ +30° 
2 


{ 


= 2SinxCos30° 


Lahore 2009 


Sin3x — Sinx 


Cosx —Cas3x 


3x+x 


2Cos Sin 


3x+x 


2 
= Cot2x = R.H.S 


Sin8x + Sin2x 
Cos8x +Cos2x 


—2Sin 


Sin 


3x-X 
2 

x—3x 

2 


~- 


_ Cos2x Sint 
” Sindx Sime 


Cos2xSinx 
~ —Sin2x(—Sinx) 


Cc Jo82.xSinx 


ie Sin2 xSin(— x) 


= tanSx 
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. =5 
= a 2Sin veal Cos ced 
Sin8x + Sin2x 2 2 
Sol. L.H.S =| ——————q—r = em qr 
Cos8x +Cos2x 1 BERL... OX~ 25 
2Cos OF 
= SinSx Cos3x_ z tansx = R.H.S 
Cos5Sx Costx 
iii. Sia BaP | EP og ete Sargodha 2010 
Sina + SinB 
so igs ee = 
Sina + SinB 
ont? * Fy Sin? - Fy. -C a+P)\) .{a-p 
ZC Os( ) Sin(@ OS 5 in 5 
het owpad” Wega aes Yarn ht Lye ho Saw 
Zsin(~ : SP cos =F) snl 5 P) Corl # | 


- - - a+ 
= Cot ae tan ie =tan (A5 Jeot ey 
2 2 2 2 
4.i Cos20° + Cos100° + Cos140° = 0 
Sol. _L.H.S = Cos20° + Cos100° + Cos140° 


| uv 0” 9 Vv = Oo 


= 2Cos 60° Cos(- 40°) — Cos40° 
1 
= 2 [5] Cos40° - Cos40° 
Z 
= Cost — Cost =0=RH.S 
ii. Sin (< - 0) Sin & + 0] = > Cos20 
4 4 2 
URS Sin [4 s 0| Sin G + 6) 
4 4 
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sie {—2Sin & -0| sin( 2 “0) 
2 4 4 


‘ts 2 - Cos (-20)] 


= | (o~c0s20} = 1 cosz0 =R.H.S 
2 2 


iii. _Sin9 + Sin30 + Sin30 + Sin70_ = tan 4@ Sargodha 2011 


Cos@ + Cos3@ + Cos5@ + Cos7@ 


SinO + Sin3@ + Sin5é + Sin7@ 
Cos@ + Cos38 + Cos5@ +Cos70 
Sig oO cg OM ing, OS TE. oO = 70 
oe MERE art io a 
0+306 o= - 30 56+ 780 oe 0 


2Cos = Cos i 2on— > Lae 
2 a 2 2 


2Sin20 Cos (—@)+2Sin 60 Co(-@) 
2Cas20 Cos(-—@)+2Cos 60 Co(-@) 


2 sO) (Sin20 + Sin60) 
LEO. a 


. 20+ 60 20—-— 


2Sin———— Cos 
sin40C. 
Ce aay ZSin ZSin40 Cosh2) = tan40=RHS 


Cos see Cos ree -60 Fae cae al 


Sol. L.H.S = 


1 
5.j Cos20° Cos40° Cos60° Cos80° = Faisalabad 2008, Sargodha 2008 
Sol. L.H.S = Cos20° Cos40° Cos60° Cos80° 
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= Cos20° Cos40° (=) Cos80° 
1 ° 0 0 
= 5 (Cos20° Cos40") Cos80 
= ri (2Cos20° Cos40°) Cos80°  (’x’ & ‘+’ by 2) 
= — (Cos (20° + 40°)+ Cos(20° -80°)} Cos80° . 
= - [ (Cos (20° + 40°) ] Cos80° + (Cos (20° ~ 40°)) Cos80° 
= : (Cos60° Cos80° + Cos20°Cos80° = (Cos(-20°)= Cos20°) 


( 5 C0s80" , 2Cos20 Cos80 


= ; (cos80" + Cos (20° + 80°) + Cos (20° - 80°)) 
= ; (Cos(180° — 100°) + Cos (100°) + Cos (— 60")) 
= s|- Cos t50 + Cost00° + Cos60" | 


at G - Lanes 
8 


a) 3G 
4 
il Sie bi hie” sig eS Multan 2009 
- - eS ee ae 
? 
Sol: CHS Ree aot ey * Sa 
eo 8 
= $in20°Sin40°sin60°sin80° 
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. Oc: o V3 . o 
= Sin20°Sin40° — Sin80 


= w (Sin20°Sin40°)Sin80° 


=- = (-2 Sin20°Sin40°)Sin80° 


== [Cos (20° + 40°) — Cos (20°— 40°)] Sin 80° 
= =v3 [Cos 60° — Cos (— 20°)] Sin80°= S(t ~Cos20° )in 80° 
4 4 \2 
=- 3 ee Sin80° — Cos20°Sin80°} 
4 2 
V3. Sin80° —2Cos20° Sin80’ 
2S SS 
4 2 
V3 o o te) ° o 
. {Sin (180° — 100°) — [Sin (20° + 80°) — Sin (20° - 80°)}} 
V3 ; 
-- =| Siet00° - Sint + Sin (- 60°) 
ne (—Sin60°) = - v3 [--2- J RAS 
8 8 2 16 


1 
iii. Sin10°Sin30°Sin50°SIn70° = 6 Multan 2007, Faisalabad 2008, Sargodha 2009 
Sol. L.H.S = Sin10°Sin30°Sin50°SIn70° 
] 
= $in10° @ Sin50°Sin70° 


1 
pi (Sin10° Sin50°)Sin70° 
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4 
- 4 (-2 Sin10° Sin50°)Sin70° 


: [Cos (10° + 50°) — Cos (10° ~ 50°)] Sin70°} 


- ; [Cos60° — Cos(— 40°)} Sin70° 


l 
= [Cos60° Sin70°— Cos40°Sin70°) 


we 1 (s Cos70° — Cos40°Sin70°) 
4 2 


1 [See —~2Cos40° Sin70° 


4 2 


=— — [Sin (70°) —{(Sin (40° + 70°) — Sin (40° — 70°)}] 


ce ; [Sin (180° - 110°) — Sin110° + Sin ( — 30°)] 


=~ 5| Sint10° - Sint 10° - Sin30° 
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TESF YOUR SKILLS 


Q#1. Select the Correct Option (10) 
i. Sin294" = 
a) Sin24° b) Cos24' 
c) —Sin24" d) —Cos24" 
ii. Sin20 = 
27anO 2Tan@ 
a) eT STS - b) ee Oa 
1-—Tan'0 1+Tan@ 
c) b= Ton 6 d) 1+Tan’0 
1+Tan’@ 1—Tan’@ 
e en 
ili. cos( E+ p= 
a) Cosfh b) —Cos fp 
c) SinB d) —Si 
iv. Cos 0/2 is equal to: 


SinB 
: {pee if i fi—Cosd 
2 2 
es : 
¢) = ae 4) fi 1+Cos0 


2 
Vv. Sin O/2 is equal to: 
BP + 1+ Sina b) + [i-Cosa 
2 2 
Re pF grates __ ety 
“) ty +Cosa 4) + i= Sina 
2 2 
vi. Cos?’ @ is equal to: 
a) 1+Cos20 b) 1—Cos20 
1+Cos20 1—Cos2@ 
c) ——— d) ——— 
2 2 
Vil. lan(a —@) equals: 
a) Tan @ b) Cota 
Cc) Tana d) —-Cota 
vill. 3Sin a —4Sin’ a is equal to: 
a) Cos3a b) Sin3a 
c) Cos2a ad). 4 Sine 
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ix. Ifa+B+y =180" then Cos(a +f) = 


a) Siny b) Cosy 
c) —Cosy d) —Siny 
x. 2Sin12° Sin46° = 
a) Cos34° + Cos58” b) Sin34° -Cos58" 
c) Sin34’ + Sin58’ d) Sin34° —Cos58" 
Q#2. Short Questions: (10 X 2 = 20) 


i. State the Distance Formula: 

ii. ExpressCos76 + Cos@ as product 

iii. Prove that Cos330° Sin600° + Cos120° Sin1 50° =—1 

iv. Find the value of Sin2a@ and Cos2a@ when Cosa =3/5 where 0<@ < 1/2 


Vv. Prove that Sina ~ SinB oe tan( =F | co( 222) 
Sina + SinB 2 


vi. Prove that Si(90° —a@)Sin(180° +a) =—SinaCosa 
vii. Show that Cos(@ + f).Costa — B) = Cos’ B -Sin’a 

AT Prove that | aces OE Tan%/, 
viii. Sina 2 
ix. Without using table/calculator find values of Sin75’and Tan75". 
i, Prove that wi Ea cL = Tan56° 

Cosl1° — Sint l’ 

Long Questions: (2 X 10 = 20) 


Q#3. (a) Express 3.S/n0 + 4Cos@ in the form of rSin(@ +~) 
(b) Ifa + B+yv =180" show that CofaCot PB + Cot Coty + CotyCota =| 
Q#4. (a) if Sina = 4/5 and Sin =12/13 Find value of Cos(a— f) 
Where 2/2<a<zanda/2<B<x 
(b) Prove that Sinl0° Sin30° SinS0” Sin70° =1/16 


’ 
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TRIGONOMETRIC FUNCTIONS 
AND THEIR GRAPHS 


Domain & Range of Trigonometric Functions: 


TE RY ND i) ETT a = gy r 
Function Domain 


"y = Sinx -9 <x<+ Mult 2007,09 Fsd 2008 
Guj 2009 Sed 2009 


"y= Cosx -2 <x<+o% Lhr2009 -isys1 
SS ES, | aa ee —- x = 
| 2n+! 


—0 <x<+ 2, x4 ( Jesnes 


2 Fsd 2009, Sgd 2010, Rawal 2009 


ee bith. te ee pee | 

y = Cotx —O<X<0O,xFNT,NE Zz. Mult2009 |-w <y< oo Sgd 2006, 011 | 

| y = Seex 2n+] y>lory<-1 Fsd2009 
2 


exec t | ~ branes Sgd 2011 


| y = Cosex —-O<X<+O,x FnaTnEez ‘y>lory<-1_ ‘com, 


Period of Trigonometric function: 


The smallest + ve number which when added to the original circular measure of the 


angle gives same value of function is called period. 


Sine is a periodic function and its périods is 27. 


Suppose p is period of sine function such that Federal 
Sin(9 +p) =Sin 6, V 0-e R ——— ] 
Now Put 0 =0 


=> Sinp=0—= = p=Sin'0 
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=> p=O+ 7,427,437} vic 

If P= 7 then form | 
Sin (7 +@)=Sin @ False because |sin(z +@)= —sin@ 
if p=22 then from (I) 


Sin (277 +0) = Sin @ (Which true) As 2 z is smallest + ve number for which 
Sin (27 +@)=Sin 6 
..277 is period of Sin @ 
Similarly we can prove that 
(i). 27 is period of Cos@ 
(ii), 27 is period of Cosec? 
(iii). 27 is period of Sec@ ‘ 
Theorem: Tangent is periodic function and its period is 7 : Federal 
Proof: Suppose p is period of tangent function such that 


I 


Tan(@+p)=Tan8@, ¥V AER 
Now put @ =0 

Tan (0 + p) = Tan 0 => p=Tan™ (0) 

p=0,+ 27 ,+27432 

Ifp = 7 then from I 

Tan (@ + 7) =Tan(@) Which is true 

As 7 is smallest +ve number for which Tan (@ + 2) =Tan@ 


.. ® is period if Tan 0 


Example. Find the period. 
; i z, x 
(i). Sin 2x (ii). Tan (=) 
3 
Sol. (i). We known that the period of Sine is 2 z 
. Sin (2x + 2 7 ) = Sin 2x ; Sargodha 2007, Multan 2008, Faisalabad 2009 


=> Sin 2(x + 2) = Sin 2x 
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Sol. 


Sol. 


Sol, 


Sol. 


Hence 7 is period of Sin 2x 


(ii) We know that period of tagent is 


* Tan [z+2) = Tan (=) 
3 3 


\ 


=> Tan sa +32) =Tan (=) 
3 3 


x 
Hence period of Tan 3 is3 7 


Find the periods of the following functions: 
Sin 3x Note: 


We know that period of sine is 2 7 1, Period of Sin x, Cos x 


Sec x, Cosec x is 2 77 


2 
“. Sin (3x+ 2277) =Sin 3x => Sin 3 (1422) = Sin 3x 
3 2. Period of tan x and 


Cot xis 7 


2 
Hence = is period of Sin 3x 


Cos 2x Multan 2009, Rawalpindi 2009 

We know that period of Cos is 2 z 

', Cos (2x +27) =Cos 2x => Cos 2 (x + 2) = Cox 2x 
Hence period of Cos 2x is z 

Tan 47 Gujranwala 2009 


We know that period of Tan is 


4 
”. Tan (4x+ 2) =tan 4x => ied data ) = Tan 4x 


1 
Hence period of Tan 4x is ry 


x 
Cot — 
7 


— 


We know that period of Cot is 7 
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Sol. 


Soil. 


Sol. 


3 +2 
is Cot (~ + 2) =Cot~ = Cot seh =Cot > 
Sy) ag 2 2 2 
1 
= Cot fee 2a) atot= 
2 fs 
. x, 
Period of Cot > is27 


Sin : Sargodha 2008, 2011 


We know that period of Sine is 27 
*. Sin ( " 2n | = Sin ~ 
3 3 


x +67 


arnt 


}=sin $= sins (x +62) =Sin ~ 
q 3 3 ae 


Hence 6 7 is period of Sin : 


x 
Cosec — 
4 


We know that period of Cosec is 27 


.. Cosec (= + 2n | = Cosec a 
4 4 


‘ ne 
=> Cosec “| = Cosec ; => Cosec ais 8 z ) = Cosec - 


Hence 8 zr is period of Cosec 3 


ae : 
Sin 5 Faisalabad 2007, Multan 2008, Sargodha 2009 


We know that period of Sine is27 


“. Sin fe + 2n| = Sin <2 => Sin aa Sine 
5 5 5 5 
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Sol. 


Sol. 


10. 


Sol. 


11. 


Sol, 


1 x 
=> Sin = (x + 10x) = Sin * 
5 5 
Hence 1077 is period of Sin . 
¥ 


Cos 5 Multan 2007, Faisalabad 2008, Sargodha 2008 


We know that period of Cos is 2.7 


C05 : + 2m] = Cos a => Cos == oe = Cos 
6 6 6 6 


] x 

=> Cos — (x+127)=Cos — 
6 6 

" A b 

Hence 12 7 is period of Cos 6 


Tan : Multan 2007, Faisalabad 2008, Sargodha 2009 


We know that period of Tan is 7 


ey Tan (~ + 7) =tan z => Tan (=) =Tan = 
7 7 7 7 


1 eS 
=> Tan 7 (x+77)=Tan 7 ; Hence 7 7c is period. 


Cot 8x Faisalabad 2007, Sargodha 2010 


We know that period of Cot is 


“. Cot (8x + 2) = Cot 8x = cova» 1 4 = Cot 8x 


Hence _ is period of Cot 8 


Sec 9x 
We know that period of Sec is 27 
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2 
“. Sec (9x +27) =Sec9x > sec9 {x + = = Sec 9x 


2n 
Hence oO is period of Sec 9x 


12. Cosec 10 x 
Sol. We know that period of Cosec is 2 z 


.. Cosec (10x + 2 7 ) = Cosec 10x 


2a 

= Cosec 10 [> + = = Cosec 10x 
nr 

=> Cosec 10 [x + . = Cosec 10x 


5 
Hence 5 is period of Cosec 10x 


13. 3 Sinx Faisalabad 2009 
Sol. We know that period of Sine is 2 z 
“, 3Sin(x +27) =3Sinx 

Hence 2 7 is period of 3 Sin x 

14. 2 Cos x 

Sol. . We know that period of Cos is 2 z 
“. 2Cos(x+22)=2Cosx . 


Hence 27 is period of 2 Cos x 


15.  3Cos : Sargodha 2011 
Sol. What know that period of Cos is 2 7 


“. 3Cos E + 2n | =3Cos ss 
5 5 
= acos (2+ 10 23 Cos 8 Casit (2102) S39 tes ~ 
5 5 5 5 


x 
Hence 10 2 is period of 3 Cos 5 
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1. Draw the graph of each of the following function for the intervals mentioned against each 
i. y = Sinx x € [-27,27] 


ii, y=2Cosx x € [0,27] 
Sol. y=2Cosx [0,2 7] 
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iti. y = Tan 2x x € [-z, 2] 


Sol. 


x € [-2n, 27] ¥ 


iv. — ystanx xe[-27,27] 


120° 


180° 240° 
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xe [-2n,2n] Y’ 


x 
Vv. Y =Sin x xe [0,27] Federal 
Sol. ¥=Sin = 

2 
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. x 
vi. ia xe [-z7, 7] 


-180° -120° -60° 60° 120° 180° 


2(i).  y, =sinx, ¥z = sin 2x Federal Board 
Sol. 
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2 (ii). Y =Cos x y2.=Cos2x 
Sol. 


-0.5 
0.75 
-1.0 
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3(i). Sinx=Cosx , x € [0, z] 
Sol. Take y; = Sin x _ _¥2 = Cos x 


(ii). ¥,;=Sinx y.=x ,xe[0, 7] 
Sol, 
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TEST YOUR SKILLS Marks: 15 


Q#1. Select the Correct Option 
i. Period of Cos x/6 is 


a) 127 b) 67 
Cc) 27 d) 5 


ii Period of 3C'os x is 


4 
a): (2) b 
3 
c) 27 +3 d) 27 
iii. Period of Zan x/3 is 
9 
a) eid b) 67 
3 
¢) 3x d) x/3 
iv. Period of 3C os .x/5 is: 
a) 4x b) 10x 
c) 5x d) 2a 
V. Period of Cosec10x is: 
9 
a) a b) a 
10 5 
Cc) a d) an 
=} 5 


Q#2. Short Questions: 

i, Write the domain and range of y = Corx 
ii, Find the period of Sin x/3 

iii, Write the domain and range of y = Tanx 
iv. Find the period of Cor8x 


v. State the Domain and Range of Sine Function 
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APPLICATION OF TRIGONOMETRY 


Application of 


Trigonometry 


Find the values of: 
Sin 53° 40’ 

Sin 53° 40° = 0.8056 
Tan 19° 30’ 

Tan 19° 30’ = 0.3541 
Cos 42° 38’ 

Cos42° 38’ = 0.7357 
Sin 18° 31’ 

Sin 18° 31’ = 0.3176 
Cot 89° 9’ 

Cot 89° 9’ = 0.0149 
Find @, if: . 


Sin ? =0.5791 
@ =Sin* (0.5791) 
= 35° 23’ 

Cos @ = 0.5257 

0 =Cos* (0.5257) 
= 58? 17” 

Tan @ =21.943 

0 = Tan® (21.943) 
= $7° 23’ 


Cos 36° 20’ 

Cos 36° 20’ = 0.8056 
Cot 33° 50’ 

Cos 33° 50’ = 1.4920 | 
Tan 25° 34’ 

Tan 25° 34’ = 0.4784 
Cos 52°13’ 

Cos 52° 13’ = 0.6127 


Cos 0 = 0.9316 
@ = Cos’ (0.9316) 
= 21°91’ 

Tan@ =1.705 

@ = Tan’ (1.705) 
= 59° 36’ 

Sin 0 =0.5186 

@ = Sin* (0.5186) 
= 31° 14’ 
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EXERCISE 12.2 


Important Formulas in right angle triangle 


1). a+ B+ y =180° 
a+ B +90° = 180° 
a+ Bf =90° 
2), a’ +b? =c? 
3). Sina = 2 Sa = Sin! (<} 
: ¢ c 
~ b ’ =| : 
4). Cosa = —=>a=Cos = 
c es 
a eee ee 
5) Tana =—=>a@=Tan | — 
b i) 
1. Find the unknown angles and sides of the following triangles. B 


Sol a=4,b=?,c=?, @=45°, y =90°, B=? 


c 
B =90°-a@ 4=¢4 
B = 90°-45°=45° => |B =454 rae ® 
ales 4 4 ies Ss : 
Sing =— => Sin4ds" =—> ¢ = —— > c= 5.656 
c ¢ 0.7071 
tana =" 
b 
tends? anit oe 
b 
ii. 
Sol. B =?, 4-= 60", 7 =90°, c= 12, b=?,0=7 
B =90°- a 


B =90°-60°=30°=> | 8 = 304 


a 


Sin @ = {> Sin 60° =~ => a= 12 (0.866) => = 10.39 
Now a’ +b’ = c’=> (10.39)? + b= (12)? —> b*= 144-108 = b’- 36 > b=-6 
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Cc 


Sol, 


Sol, 


Sol. 


vi. 


Sol. 


M. - APPLICATION OF TRIGONOMETRY 


b=5,c=10,a=? , » =90°,a@=?, B=? 


a+b? =c?=> a*=c*-b?=> a’ = 107-5? = 100-25=75-—> a = 8.66 


Now Cos @ = ae Es: = == a -cos' (7 


= Cos* (0.5) => |a = 604 
B =90°-.a@ = 90°- 60° = 30° = | 2 = 304 


a=8,b=?c=? , a =40°, B=?, 7:=90° 

6 =90°- a = 90°- 40° => | B = 504 

sine = 2 = singe’ © ER. LES OHS 
¢ c Sind0" 0.6427 


a’+b?=¢? => (8)? +b? = (12.44)’—> b’ = 154.89 -64=- 90,89=>b = 9.53] 


a=?,b=?,c=15, @ =56°, B=?, y = 90° 


B =90°-@ =90°-56° => | B = 344 


Sin 56° = a => a= 15 (0.890) = 
a’ +b’ =c'=> (12.43)" + b’ = (15) => b” = 225 - 154.50 = 70.49=>b = 8.39) 
a=3)b=8,c=? , a =?, BP =?, y =90° 


a’ +b? = ford 


8+ 8? =c° = 644+ 64=c? > 8 =128c=11.31 


tan @ = - = Fasc =tan?(1) => a= 454 


B =90°-a =90°-45°=> | B =45 
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Solve the right triangle ABC, in which y = 90° 

2. Qa =37° 20’ ,a=243 Faisalabad 2007, Multan 2008, Sgd 2009,10, 11 
Sol. a =37°23', B =?, 7 =90° ,, a=243,b=?,c=? 


B =90° ~a =90°-37°20' =| 6 =52° 40’ 


sine = be 370s hee eS 
C c 0.6064 


a’ +b? =c? => (243)* + b’ = (400.69)" 
b’? = 160552.48 — 59049 =>|b = 318.59 


a = 243, b = 318.59, ¢ = 400.49 
a= 37°25’, B= 52°40, 7 = 90° 


3. @ =62°40',b=796,a=?, c=?, ff =?, y =90° 
b 79 796 
Cosa = — => Cos (62°40') = besa 8 C= Seen => |c = 1733.57 
c c 3 


a’ +b? =c* => a? =c’—b? = (1733.57) — (796)? = 2371670.174 


= la = 1540.02 

B = 90° - @ = 90° — 62°40’ => |p = 27°20’ 
a= 1540.02. b = 796, c = 1733.57 
a= 62°40', B = 27°20", y = 90° 


4. a= 3.28,b=5.74 Sargodha 2008 
Sol. a= 3.28,b=5.74,c=?, @ =?, B=?,  =90° 
c’=a’ +b’ = (3.28)? + (5.74)? = 10.75 + 32.94 = 43.69=>{ = 6.61] 


“be ba4 


@ =tan™ (0.5714) > la = 29°44'41" 
fi =90°-a =90°-29°4a’ 41” =| f = 60°15/18” 
3.28, b = 5.74, ¢ = 6.61 
= 29°44'41", B= 60°15'18", y= 90° 
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5. 


Sol. 


Sol. 


b=68.4,c=96.2 


a=?,b=68.4,c=96.2 , @=?, B=?, 7 =90° 
a’ +b*=c* => a? +(68.4)° = (96.2)° 


68.49 =a 
a’ = 9370.24 — 4678.56= 6575.88 => a= 67.64 


5b 67.64 
Cos@ =-—= - 
c 96.2 


a =Cos*(0.7031) => |@ = 45°19’20” 
B =90° -a@ =90°?-45° 1920” = 44°40'40" 
a = 67.64, b = 684, ¢ = 96.2 


@= 45°19'20", B= 44°40'40"., y = 90° 
a= 5429, c= 6294 


. B 
, a= 5429, b= 2 c= 6294 , a=? B =?, y =90° 
es ~ 6294 
a’ +b?=c? => (5429)* +b? = (6294) “ a= $429 
b’ = 39614436 — 29474041 = 10140395 =>[b = 3184.39 
A Cc 


a 5429 
Sina@ = — = ——— =0.862 > a =Sin* (0.8625) >la = 59°36'21” 


B =90° -@ =90°-59°36'21" > 
a = 5429,.b = 3184.39, c = 6294 
a = 59°36'21", B= 30°23'38" , y= 90° 
B =50° 10’, c = 0.832 


B =50°10', w@-=?, y = 90°, c=0.832, b=?, a=? 
a =90° — 8 =90°-50°10' > @ = 39°50’ 


Sin aw =~ S-sin.39°%0’ = — => a = (0.832) (0.6405) > = 0.5329 
i” % 

a’+b°’=c’ => (0.5329)? +b? = (0.832) 

b’ = 0.6922 - 0.2840 =0.4082. => [b = 0.6389, 


a = 0.5329, b = 0.6389, c = 0.832 
a= 39°50’, B= 50°10', y= 90° 
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EXERCISE 12.3 


a ue A chiegFor looking at B above the horizontal line, we have to raise our eyes then 


angle <AO6 is called of angle of elevation. (see figurel) Fsd 2008, Multan 2009, Sgd 2009,10 
(Chae hte — For looking at C below the horizontal line we have to lower our 


& 
eyes, then angle <AOC is called angle of depression. 


Figure: I 


c 
1. A vertical pole is 8m high and the length of its shadow is 6m. what is the angle of 


elevation of the sun at that moment? Gujranwala 2009 


Sol. Let require angle is @ then 


tan@ = = 


7 


8 8m 
tan 9 = ey tan @ = 1,33 


B 
@ = tan (1.33) =|53°7'48” A 61 c 
2. A man 18 dm tall observes that the angle of elevation of the top of a tree at a 


distance of 12m from him is 32°. What is the height of the tree? 


Sol. let AE be height of man and h be the height of tree B 
Then tan @ = ae 
AC : 
BC BC 
Tan sate =o. 96942 BO h 
12 12 
BC = 12(0.624) aZ) ie 


12m 
18dm=1.8m - 


y= 


AE = CD = 18dm = 1.8m 


BC =7.498m=7.5m 4 


h= BC +CD 


= 7.5m +1.8m=>)/h= 9.3m] 
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3. 


Sol. 


Sol. 


Sol. 


Sol. 


At the top of a cliff 80m high, the angel of depression of a boat is 12°. How far is 
the boat from the cliff? Multan 2007, Faisalabad 2008 
Let x be required distance 


5 


Then tan 0 = : 
‘ AC 


Tan 12° = a => 0.2125= ie 
x x 


x= e Fo k= 376.37m 

0.2125 be suit one 
A ladder leaning against a vertical wall makes an angle of 24° with the wall. Its 
foot is 5m from the wall. Find its length. : 
Let @ be length of ladder 


7 


J 
Then Cos @ ===> Cos 24° =— 
AC f 


fai > _ _,[7zs5.a7m 


~ Cos2# 0.9135 


A kite flying at a height of 67.2 m is attached to a fully stretched string inclined at 
an angle of 55° to the horizontal. Find the length of the string. 
Let / be length of string then Multan 2008, Fsd 2009 

B 


ge. 6.72 W, 

Sin @ = ===> Sin 55°= —— 
AB t W/, 
+7 X\ 

tS . 

Sin( 55") We 
i) " 

A 


When the angle between the ground and the sun is 30°, flag pole casts a shadow 
of 40m long. Find the height of the top of the flag. Sargodha 2008 
Let h be the height of plane then 


tan@ = BC = tan30° = - 
AC 40 


~~ 
a | 
ho 


67,2 


h = 40 (tan 30°) 


h = 40 (0.577) => 


Adm -. Cc 
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7. 


Sol. 


Sol. 


Sol. 


A plane flying directly above a post 6000 m away from ay anti-aircraft gum 
observes the gun at an angle of depression of 27°. Find the height of the plane. 
Let h be the height of plane then 


h = 6000 (tan 27°) => h = 600 (0.5095) = 3057.15 A 6 00m re 


A man on the top of a 100 m high light-house is in line with two ships on the same 
side of it, whose angles of depression from the man are 17° and 19° respecting. 
Find the distance between the ships. 

Let distance between two shop is x then 


tan @ = cai 
AC 
tan17° = 100 — AC = 100 
AC tan17° 
ae = 19  _, 4E~ 327.08 
0.3057 
2 wink. Foe 
Now tan 19° = —— = —— 
CD: CP 
— ) — 
pe 100 => CD = 290.42 


tanl9” 0.3443 


x= AD = AC = CD = 327.08-290.42 >) = 36.7m 


P and Q are two points in line with a tree. If the distance between P and Q be 30m 
and the angles of elevation of the top of the tree at P and Q be 12° and 15° 
respectively, find the height of the tree. Multan 2007 B 
Let h be the height of tree & x be distance from p to A then : 


Tan @ = mt! h 
AP 
; I =<] 
Tan12°= >x+30= : » pan x 4 
x+30 THEE” ea es | Nea aN ce 
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10. 


Sol. 


x= -~ 3) I 
0.2125 
9 AB oh 
Again tan 15° = —— = — 
te 
h h 
= Six 
tan 15° 0.2679 
x= : I 
2679 
h h 


Comparing I & I : 
0.2679 0.2125 


fe na aa ca A Se, a 
0.2125 0.2679 0.2125 0.2679. 
h (4.7058 — 3.7327) = 30 


0.9730h=30 => h= ET => h=30.9m 


Two men are on the opposite sides of a 100m high tower. If the measure of the 
angles of elevation of the top of the tower are 18° and 22° respectively find the 
distance between them, (Federal Board) 

Let distance betweenA& is x, & x) between D & C and his height 


_ 100 


Tan@ = BO uy tan18° 
AD X, 


Prag na 2 ARP a 
‘ tanl8° ~—- 0.3249 ‘ a 


Also tan@ = a = tan22° = 1 | hoe 
* 


i ; A wert erewerene x sosossanernes Dovnnensnrenty onceenene 


X2= = = = => x = 2475 
tan22” 0.4040 “ae 


Reluaried distance = X, +X, = 307.76m + 247.5mE 555.26m 
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11. Aman standing 60m away from a tower notices that the angles of elevation of the 
top and the bottom of a flag staff on the top of the tower are 64° and 62° 
respectively. Find the length of the flag staff. 


CD & 
Sol. Let x be the length of flag staff then tan @ = = t 
, ! 
nd D 
° CD PP ° 
Tan 62° = “20. = CD = 60 (tan 62°) = 60(1.88)= 112.84 
BC BC 
Now tan 64° = —— => 2.050= Va 
AC 60 ; Ae c 


60 
BC =60 (2.0540) > BC = 123.01 
so. x = BC — CD =123.01- 112.84 [x = 10.17m] 

12. The angle of elevation of the top of a 60m high tower from a point A, on the same 
level as the foot of the tower is 25°. Find the angle of elevation of the top of the 


tower from a point B, 20m nearer to A from the foot of the tower. 


Sol. Let a be the required angle Let x be distance from B to C D 
Tan @ = cD => Tan 25°= oe 
AC x+20 
On 
60 60 
x+20= = 
tan25° 0.4663 — 7 7 
=>: XH DO 6128.67 SS Kw 12867 = 20 = OBR wcrmrmannncsiiass 49g winsonc tibiae 
tana = = = = = 0.5521= @ = tan’ 0.5521 => a = 28°54’16"| 


13. Two buildings A and B are 100m apart. The angle of elevation from the top of the 
building A to the top of the building B is 20°. the angle of elevation from the base of 
the building B to the top of the building A is 50°. find the height of the building B, 

Sol. Let h be the height of building B and x be the height of A then 


100 
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So 


14. 


Sol. 


45, 


Sol. 


0.3639 = a => DE = 100( 0.3639) ; a E 
Cea] 


= D 
DE = 36,39 : | 

CaP Nu k 
NowWitan sO xiao = tat SO" a ee ; : 

= 100 
AC = 100(tan 50°) = 100 (1.1917) (S}: 
AC = 119.17 ‘ 2 : 


h= BD + DE= AC + DE=119.17+ 36.39 >= 155.56 m 


A window washer is working in a hotel building. An observer at a distance of 20m 
from the building finds the angle of elevation of the worker to be of 30°. The 
worker climbs up 12m and the observer moves 4m farther away from the building. 
Find the new angle of elevation of the worker. 


Let a@ be the new angle 


= ‘po 
BC i 
Tan @ = BE | 12 : 
x e : 
Tan 30° = oe 20 tan 30° = 20 (0.5773)= 11.54 Ra 
x | 
nie ee dk Serb 
AB iv 4. fs 20 ja 
: seteceseneemnnnnee D4 -meerenneesernennne 
Pra x+12 5 11.54+12 _ 23.54 = 0.98 


24 =. «(24 


@ =tan* (0.98) > 


A man standing on the bank of canal observes that the measure of the angle of 
elevation of a tree on the other side of the canal, is 60°. On retreating 40 meters 
from the bank, he finds the measure of the angle of elevation of the tree as 30°. 
Find the height of the tree and the width of the canal. 

Let h be required height & x be required width so 

SC = tan 60° = 4 

CD x 


Tan @ = 
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1.7320 = 5 => h= 1.7320 x ———I 
x 


<2 B 
BC : i 
Now tan30° = ” = . 


0.5773 = 


h 
x + 40 | 
i 

h = (x + 40) (0.5773) 
h = 0.5773 x + 23.0940 II LE) /60° 
Comparing | & Il 
1.7320 x = 0.5773 x + 23.0940 
1.1547 x = 23.0940 
Plies Siang, oe Width = x = 20m 

1.1547 ie 


Put in | 


h = 17.320 (20) = |Height = h = 34.64 


Faisalabad 2007, Rawalpindi 2009, Sgd 2006(only statement) 
In any triangle ABC draw a perpendicular form C to AB atD then. In right triangle CAD 


a 


e 


Swe Se hee ae 
AC. #6 


In right triangle CBD 


Sin f == = = h=a Sinp —— A D B 
Similarly if we draw a perpendicular from Ato BC then = a IV 
Sing Siny —_ 
Combining HI & TV 
ae 3 aes Hence proved 
Sina  SinB  Siny 
Faisalabad 2007, 08, Lhr 2009, Multan 2008, Sgd 2011 


In any triangle ABC, co-ordinates of points are A(0,0), C(b,0), B(c cosa@, Csina ) 


Then by distance formula 
(BC)? = (c Cos@ —b)’ + (cSin@ -0) 


a’=c’Cos*a@ —2bcCosa +b?+c?Sin?a 
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=c (Cos'@ + Sin a@)~2be Cosa +b ; lar are BE BAOS 54 
=>a’=c’+b>-2be Cos a 
ora’ =b’ +¢’—2bc Cos 
Similarly b’ = a° + c? - 2ac Cos f 


¢’ = a’ + b*?—2ab Cosy 


2 Rae) oh SNe 2 a: i 
Cos@ = ee CosB = GS 2B. 
2be 2ac 
Bb +c¢’.-a 
Cosy = = 
2he 
Low of Tangent: Sargodha 2008, 2010 (only statement) 
Tan = ao 
a~b _ 2 
a+b Tan & +B 
2 
Proof: We have 
a b c 


Sina SinB Siny = D (say) 

thena=DSin a,b=DSinf# 

a-b _ DSina — DSinB _ D(Sina —SinB) 
a+b DSina+DSinB  D(Sina + SinB) 


~ B é a- 
? Send aE of 
a-h 72008 Sin F a op a-p 
eee: a-B a an = 
OH Nc Digs eg - 
2 
~—p 
a-b_ tan — 5 
~ If a>b 
a+ mare 
pig ant tan{ 25 x 
Similarly -—£ fms 1 ae & St we BELGE ee 
te Yan pry are tan( 227) 
2 2 
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Solve the triangle ABC, if 


- B =60°, y =15°, b= 6 Faisalabad 2008, Multan 2009 


Sol. a+ B+ y =180° 


a@ =180°- 8 - y = 180°-60°-15°= 105° 


a b a V6 
a = 


Sina SinB- Sin105°  Sin60° 


NS Sin105" _ V6 (0.9659) 


= 2.7320 =V3+] 
Sin 60° 0.8660 v3 


c= a’ +b’ —2ab Cosy 
c* = (2.7320)? + (V6 )” -2(2.7320) (V6 ) cosi5° 
=7.4641 + 6 - (13.38) (40) (0.9659) = 0.5358 => c=0.7320= J3 -1 


a = 2:73=J3-1, b=J6, ¢ = 0.5358 =J34] 
a= 105”, B= 60°, y= 15° 


2. B =52°, y =89° 35’, a= 89.35 

Sol a+ fh +y =180° => a@=180°- f-y 
@ = 180° —50° — 89°35’ =38°25’ 

ee... Mee a le, 

Sina SinB  Sin38°25'  Sin(52° ) 


(89.35) (Sin52”) (89.35 )(0.7880) 
b= b= 5 = 113.32 [b= 113.32] 
Sin38° 25' 0.6213 3: 


c’ = a’ + b’— 2ab Cosy 


c’ = (89.35) + (113.32)? — 2(89.35) (113.32) Cos 89°35’ 
= 7983.42 + 12841.4 — 147.26 = 20677.56 => = 143.79] 


a = 89.35, b = 113.32, ¢ = 143.79 
a= 38°25’, B= 52°, y= 89°35 
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3. b=125, y =53°, a =47° 


Sol. 8 = 180°-a@ — y = 180°-47°-53°=80°=> 
Now Soeue 
Sina Sing 
a 125 125 Sin 47° 
—. senntincatneitin => = 


Sin47’  Sin80° ‘Sin 80° 
_ 125(0.7313) 
= 92.82 ~ 93 =>[a =93 
0.9848 


“A =y Sees =, 92.82 _ c 
Sina  Siny — Sin47° — Sin 53° 


(92.82 )Sin53” — (92.82)(0.7986 ) 
= 5 = 101.36 = 101 => = 101] 
Sin47° 0.7313 a 


= 93,b = 125,¢ = 10] 
a= 47°, B= 80", y= 53 


4. c=16.1, @ = 42°45’, y = 74°32’ 
Sol | + B + Y = 180° 
B = 180°-a@ - y =180°- 42°45’ - 74°32' >[B = 62°43 
a c a ae ft) 


Sina Siny  Sind2°45"  Sin74°32" 
16.1Sin42°45' — (16.1)(0.6788) 
~ Sin74#°32’——«S«~S*« 9637? 
10.92 
~ 0.9637 
ee ee 
Sina SinB 
Ls eee a, - p = (11.34) Sin62°43' 
Sin42°45"  Sin62°43" Sin42° 45" 


=> a=/1]1.34 
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 — (11.34)(0.888) 
0.6788 

a= WBA b = MS c= el 

= 42°45, B= 62” 43', y= 74°32 


= 14.83 = b=14.83 


5, a= 53, 8 = 88°36’, y = 31°54’ 
Sol @ = 180°-B-y = 180°- 88°36’ - 31°54’ => |a = 59°30’ 
a b 53 b 


= ete a > i aa aE he 
Sina Sing Sin 59°30" = Sin 88° 36' 
_ 53(Sin88°36") — 530.9997 ) 


b=>———————\_—_ s SS Ss 
Sin59’ 30! 0.8616 b= 61.49 
a c 53 c (53) Sin3 1°54! 
= FR TS OO OE 
Sina  Siny Sin59°30' ~~ Sin31°54' Sin59° 30' 
5 284 
cx re = 32.50 >= 32.50 


a=33,:b = 61-49, ¢ = 32:50 
a= 59°30, «B= 88°36', y= 31°54! 


Solve the triangle ABC in which: 
4; b=95,c=34and a =52° Faisalabad 2008, Sargodha 2009, 2011 
Sol. a* = b’+c’—2bce Cosa 
=(95)'+(" *—2(95) (34) Cos 52° 
= 9025 + 1156 — 6460 (0.6156) 
= 10181 — 3977.17 


= 6203.83 => ja = 78.76 


y 


Cos B are" =P ie (78.76)° sted 2 ee) 
2ac 2(78.76) (34) 
6203.83+1 156-9025 _ -1665.17 
‘ 5355.68 5355.68 
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COLLEGE MATHEMATICS-1 


B = Cos* (-0.3109) = 108°6’48” 
y =180°-a-£B 
= 180° —52°— 108°6'48” =>|y = 19°53'12” 
a= 78.76,b = 95,¢ = 34 
la = 52", B= 108°6'48",. y= 19° 53'12" 
2. —b=12.5, c=23, @ =38°20' 


Sol. a= b*+c*-2be cosa 
=(12.5)’+(23)*-2(12.5)(23)cos 38°20’ 
=156.25+529-575(0.7844)=685.25-451.03=234.22 4a =15.30 


a’ +e? =b? (15.30) +(23? =(12.50)' 
cos B = ————. = ee 


2ac 2(15.30)(23) 
4 29 156.25 
Ps 234.09 + 529 - 156.25 _ 606.84 = 0.86? 
703.8 703.8 


B = cos'(0 862) = 30°25' 

y = 180° -a—B = 180° — 38°20" ~ 30°25" = 1] )°15' 
a=15.30,b=12.5, c=23 

@ = 38°20, B=30°25', y=1179° 15 
3. a= /3'-1,b= V3 +1 and y =60° 


Sol. c= a’ + b’—2ab Cosy 
= (73 -1)? + (V3 +12 (v3 -1) (3 +1) Cos60° 


=3+1-2 3 +341+2 V3 -2(3-1) (1/2) 


& 


= 8-2(2)(0.5)=8-2=6=>|c=6| 
Bb +0? — g _(N3417 +(V6/ =e 97 


Cosa = ————__ i NN NE 


2he V3 +1) (V6) 


2 —3-J+2 2.92 

_ 3+1+2V3+6-3-1+2V3 _ 12.928 EPs 
13.38 13.38 
@ = Cos” (0.9662) = 14°55’54” = /5° Sia= tk 
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B =180°-a@ -y = 180° - 15° - 60°=105°=>| 8 = 1059 
a=V3-1, b=V3+1, c=V6 


a=15°, B=105", y=60° 
4. a=3,c=6and / = 36°26’ 
Sol. = b =a’ +c’ -2ac Cos Z 
= (3)? + (6)? — 2(3) (6) Cos 36°20’ = 9 + 36 — 36 (0.8055) 
= 45 - 29.0010 = 15.99=> b = 3.998 => 
bse? -a’ (4) +(6F - (37 _ 16+ 36-9 
2be 2(4)(6) 48 


43 
Cosa = ao Cos” (0.8958) =>[a = 26°23'4” 


vy =180°-a@ — B =180°- 26°23’4” - 36°20’ = |y = 117°16'56"| 


a=3, b=4, c=6 
& = 26°23'4", B=36°26', y =117°16'56" 


Cos@ = 


5. a=7, b=3, y =38°13’ 
c’ =a’ +b’—2ab cosy 
c’ = (7)? + (3)? — 2 (7) (3) cos 38°13’ = 49+ 9 -42 (0.7856) 
c’ = 58 ~ 32.9984 = 25.0016 = 25 => = 5 


sect te _3P +(5P -(7) 9425-49 _-1 
2be 2(3)(5) 9. 2 


a=cos”™ (=)- 120° => 


B =180° -a-y =180° — 120° —38°13' = 21° 47' 


Ge ba 3. CaS 
a=120°, Pear 4a? , ¥ = 3813 
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Solve the following triangle, using first law of tangents and then Law of sines: 


6. 


a = 36.21, b= 42.09 and y = 44°29’ 


a@ + B =180°- 44°29’ = 135°31’ —__] 
a+ fp _ L353 = 67°45'3)" 
2 2 
B —a t f-a@ 
bao oes 
b+a 4,8 +& ~ 42.094 36.21 tan 67°45'30" 
toatl #4 
50S 
78.3 2.4453 
2.4453 x 5.88 ie 
78.3 2 
0.1836 = ten (A —*) 
OP a: ; = =tant (0.1836) = 10.4036 
B- @ =20°45'26" ul 
Solving | & II 
B + a =135°31' 
B -~d = 20°48’26” 


28 =156°19'26” => 8 = 78°9'43” 

Put value of @ inI 

@ +78°9'43” = 135°31' 

@ =135°31'- 78°9'43” = 57°21'17" 

5° c 42.09 c (42.09) (Sin44°29') 
ar cay’ ee 2 ee 


N om ————_—__ = 
° SinB  Siny — Sin?8°9'43" — SindP29 Sin78°9'43" 


gs RS aut eas 


0.9787 
a = 36.21, b=42.09, ¢ = 30.13 


a= 57°2'17", B= 78°9'43", y= 44°29 
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7. a=93,¢=101and f = 80° 


APPLICATION OF TRIGONOMETRY 


So. a+fh+y=180° > a+y=18°-f 
Q + y = 180°-80°= 100° —_/ 


M gil ek #3 


= 50° 
2 
c- a 
si tant 
Z 
Bed {= 
101-93 Lina , 8 tan 5 


= —=> caer 
101+93  tan50° 194 =: 1.1917 


v 


tae 2 5 “ =0.04914 => y- a =5°37'37" —II 


Solving I & I 

y — & =5°37'37" 

y + @ =100° 

2y = 105° 37'37” => y =52°48'48" =53°=|y =53 

Put in! 

@ +52°48'48” = 100° => @ =100°- 52°48’48” = 47°11'11” = 48° = [a =48 
a b 93 b 


= => —_ = 


Now fer 
Sina SinB — Sin47°11'12" — Sin80" 


93 x Sin80” — 93(0.9848) 
b = b= 124.86 = 125 = |lb=12 
SmiPITIP ~~ 07335. cytes 


a= 93,¢ = 101, b = 125 
a= 48", B= 80". y= 53” 
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8. b= 14.8,c=16.1 and @ = 42°45’ 
Sol @+Bh+y =180°> B+ y =180°-a 


B+y =180°-42°45' > y + B = 137°15’ —] 


tan? 
c-b 2 
Now ——— = Pa 
c+b ‘ian 
2 
RON oak : Font 


——.__+____ = 


a EES Biot => Se 
16.1+14.8 tan 68°37'30" 30.9 2.5549 


MO fad Se 
2 30.9 


roP = Tan" (0.1074) = 6.1350 


= 0.1074 


y ~B = 1291612” —I] 
Solving I & Il 

y ~ J =12°16'12” 

y + & =137°15' 


2y = 149°31'21”" = [y = 74°45'36"| 


Put value in| 
B +74°45’36” = 137°15’ 
$B = 137°15’ —74°45’36” = | B = 62°29'24’ 


Now ene 

Sina Sing 

= 14.8 14.8(0.6788) 
8 ge ——— = @= 4332 
Sin42°45'  Sin62°29'24"  “~ 0.8860 p= 11.3% 
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APPLICATION OF TRIGONOMETRY 


lb = 14.8, = /132,¢ = 161 
a= 42°45', B= 62°29'24", y= 


74° 45'36" 


9. a=319, b=168, y =110°22’ 
Sol. a+ ff + y =180° => a + B=180°-y 


@ + J =180°-110°22’ > @ + B = 69°38’ —/ 


a — B a zz 
pba Pers aiesie 7 
We know that = oe Re eee 
ath 4 ,4+B8 ~ 3194168 ee 
‘ot St am 


. &—f enh 

eee if Pig@ ese a =p 
Se ee oe ee a ene et EG 

487 tan 34°49' = 487 0.6954 . 487 2 


tan— =f = U. 2156 => <— B =tan'( 0.2156 )= 12.1684 


= 


tan = ae = 0.2136 => — 2B sy! 2156 = 12.1084 
=a — Bf =24:3369 = 24° 20'13" ——I 

Solving | & Il 

a - ff = 69°38’ 


a + £ =24°2013" 


2a@ =93°58'13" > |@ = 46°59’ 


Put inl => 46°59’ + 7. = 69°38’=> B = 69°38’-46°59'=22°39’ =| @ =22°39" 


Also : ee pened 
sin siny sin B 
_ (168 )sin110°22' _(168)(0.9374) 157.4832 
———_§§_ = 5 = 9 > | = 409) 
sin 22°39 0.3851 0.3851 . 


= 319 b = 168.c = 409 
a= 46°50 B= 22°39, = 110°22' 
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10. 


Sol. 


AP TRI 


b = 61, c = 32 and @ = 59°30’ 
a@+P+y =180°> B+y =180°-a 


B+y =180°-59°30' => y + B =120°30' —/ 


tan 21 
b-¢ 2 
No = 
Bae Bey 
2 
B-y . ome 
ee eas ri ag 5 


z —————_ > = 
61+32 tan 60°15' | 93 1,7496 


= € 9 
2 93 


B = = Tan™ (0.5456) = 28.6162 


B -y =57°14" —lI 
Solving I & Il 

B- f =57°14’ 

B+ f =120°30' 


28 =177°44’ => B/= 88°52/ 


’ Put value in| 


y¥ + 88°52’ = 120°30’ 


7 = 120°30' - 88°52’ ={7 = 31°38’ 
y 


a b 
Now = — 
Sina  SinB 
Pisin ts Gl _. 61(0.8616) 
5in59°30' ~ Sin8’S2'  ”  p.990g Bad 
6 = 6l,- a = 53,c = 32 


a= 59°30', B= 88°52, y= 31°38! 
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COLLEGE MATHEMATICS-1 622 APPLICATI TRI RY 
Q. #11: Give b= 2,c=3, @ =57° £ =?, y =? Faisalabad 2009 


Soi. 


12. 


Sol. 


a+B+y =180°° > B+y =180°-a@ 


B + y =180°-572123° —-] 


Sa 
Pe pas: 5 
ct ry aa 

2 

yf ¥=8 
32 ‘an et ; Jan > 


= ee 
3+2 tan61°30' 5 1.8417 


tant —F - oo = 0.3683 att = Tan™ (0.3683 ) 


ae a 5 B = 201317" 


y — B = 40°26'34’-——_II 


Solving | & I 
y — £ = 40°26'34" 
y+ £ = 123 


27 = 163°26'34" => 

Putin! 

B + 8194317” = 123° 

B =123°-81°43'17” 

Two forces of 40N and 30 N are represented by AB and AB which are inclined at 
an angle of 147° 25’. Find AB , the resultant AB and AB. 

a=30,b=?,c=40, B = 147°25’ (Federal Board) 
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b’ = a’ +c’—2agcos B 
(acy =(BC) +(4B) -2(4B)(BC)Cosp 
= (30)? + (40)* — 2(40) (30) Cos 147°25’ 
= 1600 + 900 — 2400 (-0.8426) 
= 2500 + 2022.26 


b=? 
(acy = 4522.26 ee ee E 


= A 40=c 8B 
[4c = 67.29 


Theorem I sin 5 = Watters Sargodha 2008, 2010 
c 
Prof: We known that 
2 2 2 
asin? & =1- Cosa Osa = oe Tee De 
2 2be 
a eee 
vot Sept eS 
2 2be 
2be —b* -¢? +a 2 a’? —(-2be +b? +c?) 
* 2be 2be 
a-(b-cY — [(a-(b-¢)] l(at(b-c)] _(a-bte)(at+b-c) 
% 2be 2be 2be 
(a+c+b-—b-b)(a+hb+c-c-c) 
ss 2be 
(28 - 2b28-2c)_ 4(S -—b\(S ~e) 
~ 2be 2be 
ss & _MS-bS—c) , a _A(S-bS-0) _ 5 a _ (Sb S-c) 
in 2 2be 2 Abc 2 be 


Similarly Sin B_ pes. re ae e-OS<? 
- ac 2 ab 
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APPLICATION OF TRIGONOMETRY 


a 
Theorem II Cos > = io Sargodha 2008 


Proof: we know that 2 Cos” = -1+Cosa 


a 2 p¢%- a? Dhe+ b> HO Ha Ob Hey =a 
Fe ee ioe BR a a oo 


2 2he 2he 2b¢ 
(O+e-aybt+c+a) (b+ct+a-a-alat+b+c) 
z Qhe 2he 
(28 ~2a\(2S)_48(S-a) 
ei ied aR ; 


Cos” a _AS(S—b) 9) coy L2 gles @) ze 
2 Abe 24a he 


Similarly cae = SS =O) 9 Gach = ps re) 
2 ac 2 


ab 


a 
Theorem III tan ay 


Sin 
Proof: tan = = 
San KOEN, 
[(S-bNS—c) , | ke _ |(S-bS-c) 
: be S(S—a) S(S-a) 
B_ |(S-a\(S—c) y _ |(S-a\(S-d) 
Similar ee pee 
milarly _ 5(S—b sini S(S—e) 
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Formulas for this exercise when three sides are given. 


i 


Sol. 


Sol. 


& “+e - a a IS(8—a) 
cosa = ————,_ COS — = ,|— =+2 => 
2be 2 be 
cos Bp = a se estes StS =b) where nC de ad 
2ac 2 ac 2 
@ + bo ¢’ x= IS(S~e) 
cosy =~, COS = = 

g 2ah 2 ab 
Solve the following triangles, in which 
a=7, b=7.,,c=9 Note : 

@+6 +e T+ TaD rs Just for practice one 
xe 2 = 2 . questionis solve hy | 
ae a S(S—a) half angle formula 

=o be , 
(11.5) (115-7) [Q15) (43) S175 pe 
(7) (9) VY 63 63 

a Q@ ’ 
cos — = 0.9063 => — = cos '( 0.9063) = 25° => |a = 50° 
“ane = SC S —h) 

2 V «ae 

(11.5) ALS-7) — [AT S) (43) ~ [51.75 Loree 
= |e [= | = Je O.S2]4 

\ (7) (9) 63 ' 63 
“0 B = B oan es a | q <V aes 
OS eT On (0.9063 ) = 25 =[ =50 
y = 180°- a ~ B= 180°-50°-50°= 80° =|7 = 80” 
a=32,b=40,c=66 
2 Se, \2 27 yn 
adores! 33 5° + °¢ ee (40)° + (66 ) (32) 
2be 2(40)(66) 
1600 + 4356 — 102 
COSQ= = = = 0.9340 => @ =Cos*(0.9340) = |e = 20°56’6” 
=¢ = 
r+e—b (32) °=(40) 102444356 - 
she a +c b | y +(66) (40) _ If 4+ 4356 1600 98048 
2ac 2(32)(66) 4224 
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B =Cos* (0.8948) => B{= 26°30'22"] 
y =180°- a@- B =180°-20°S9'6” — 26°30'22” =>|y = 132°3031| 
3. a=283, b=317, c=428 
b #e' =o" (31.7)? +(42.8)? -(28.3)° 


cosa= 
be 2(31.7 (42.8) 
_- 1004.89 + 1831.84 — 800.89 _ 2035.84 _ 4 o599 
2713.52 2713.52 


a =cos'(0.7502) = 41°23' 
ate’ -b?  (28.3)' +(42.8) -(31.7) 


ia 2 28.3)(42.8) 
_ 800.89 + 1831.84 ~ 1004.89 
2422.48 
ae 
2422.48 


B=cos'(0.6719) = 47° 46' 
y = 180° —a — B = 180° — 41° 23' — 47° 46' = 90° 50' 
4. a=28.3, b=31.7, c=42.8 
b?+c?-a® = (56.31)? + (40.27)? -(31.9) 
2be 2(56.31)(40.27) 
. 3170. 81+ 1621. 67-1017.61 _ 3774.87 _» 9,3 
4535.2 4535.2 
a = cos”! (0.8323) = 33°39 
*+e7=-b? (31.9) +(40.27)? -(56.31)° 
Zac ¢ 2(31.9)( 40.27) 
_ 1017.61+ 1621.67 -3170.81 _ -531.53 
2596.66 ~ 2596.66 
B =-0.2046 => B =cos™'(-0.2046 ) 
B= 101° 48 
y = 180° —a@ — B = 180° — 33°39' — 101° 48 
y = 44°33 


COS a= 


cos B= 
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5. 


Sol. 


Sol. 


Sol, 


a=4584, b=5140, c=3624 
b’ +c’ -a" (5140) +( 3624)? -( 4584)? 


cosa= 
2be 2( 5140 )( 3624) 
_ 26419600 + 13133376 — 21013056 _ 18539920 _ ear 
37254720 37254720 


a =cos ‘(0.4976 ) =60°9' 
a+e°—b? (4584) +(3624)? -(5140) 


sa a ace 2( 4584 )( 3624) 
a UES 2 IEE — OO TS 
33224832 33224832 


B= cos '(0.2325) =76°33' 

y = 180° —a— B = 180° -—60°9' —76°33' = 43°18" 

Find the smallest angle of the triangle ABC, 

when a = 37.34, b = 3.24, c = 35.06 Federal 
a= 37.34, b= 3.24,c=35.06. b<c<aso smallest angle is B 


2 ae. oH 
se ea te ca 


Cos fp =(3234)"+(35.06)'-(3.24)' _ 1394.27 +1229.20-10.49 
i 2( 37.34) (35.06) 2618.28 


Cos B =0.9979 => B = Cos* (0.9979) => 
Find the measure of the greatest angle, if sides of the triangle are 16, 20, 33. 
a= 16, b=20, c= 33 Sargodha 2007, Faisalabad 2007, Federal 
c>b>aSo » is greatest 
a+b’-c? — (16) +( 20)? -(33)° _ 256 + 400-1089 
ae. 2(16 )(20) . 640 
¥ =Cos*(-0.6765) => 
The sides of triangle arex +x +J, 2x +] andx’- 1. Prove that the greatest angle 
of the triangle is 120°. Faisalabad 2007, Multan 2007, 2009 ~ 
@=xX+x+),b=2k+]1ce=x¥ Dahesh gree dik hack =? 
bY te = a? (2x4 1) 4 (x? =P = (x? 4 x $7) 
2be ~ 2(2x+1)(x’ - 1) 
_ 4x? +4x41 +x" — 2x7 +1 (x! 4x2 4] 420° + 2x4 2x) 


2( 2x? - 2x + x’ - 1) 


cos y= = —0.6765 


Cosa = 
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_ 4x? pide $1 +x" = Dy? 4. Peat = xtc atten dy — 2’ 
” 22k” = 2 4%" =1) 
=x" + 2x —x" +f og De ke =F) 

Nix ~aeex Sl) Wee oes LD 2 


a =Cos’ =) = 120° 


9. The measure of side of a triangular plot are 413, 214 and 375 meters. Find the 
measures of the corner angles of the plot. 

Sol. a=413, b= 214, c= 375 

bie hg? (214) 40375) =(413 7 15852 


Cosa = —— = ().0987 
2be 2(214 )(375) 160300 
@ = Cos’ (0.0987) = |84°19'54” 
aig SSS BAY (a7 oy" — cata) 
= 2ac 2(413)(375) 
170569 + 140625. — 45796 _ 265398 A 
- 309750 309750 z 214=b 


B =Cos* (0.8568) = | = 31°21'21” ¢= 375 


y =180°- a -# =180°-84°19'45" - 31°3'21” 
erst B 413=a 
y = 64°37'45 
10. Three villages A, B and C are connected by straight roads 6km, 9km and 13km. 
What angles these roads make with each other? 
Sol. a=6,b=9,c=13 


2 yet 2 ees 2 
Cosa = ee Te ey (6)" 


Cc 


2he 2(9)(13) 
BL +169 = 96 | 214 aus 
. 234 234 


a@ = Cos* (0.9145) = 23°51'39” => la = 23°51'39” 


7 > 
wae c? — sp? 


Cos /3 = 
2ac 
eG St ae Ue? ‘ 36 + 169 = 41 _ 124 _ 9 7048 
2(6)(13) 156 156 


B =Cos' (0.7948) = |B =37°21'25” 
y =180°- @ - B = 180° -23°15'39” - 37°21'25" => \y = 118°46'56” 
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EXERCISE 12.7 


Area of Triangle when one side is given. Two sides are given 
1] a’ SinB Siny / 
A= —- — A=—ab Sin 
2 Sina. , 
2 a Ae ] 
A= i 5° Sina Siny A=—ac Sing 
2 SinB 2 
aire Z ce’ Sina Sing ae “be Sing 
Z Siny 4 


Three sides are given 


a+b+ec 
ao? 


A = /S(S—a) (S — 6) (S —c) Where S = 


Two sides are given then Area of Triangle 
, l 
Theorem I. Area of triangle = A = = ab Siny Sargodha 2008 


Proof: A 


AD 
In fig (i) AC = Siny ——1 


~ = Sin( 180° —y )=Siny 


I 


In fig (ii) 


AD 
In fig (iii) AC 


= 1=Sin90° = Siny ——III 


From I, Il, & Ill it is clear that 


AD 
= = Siny = AD = AC Siny =b Siny 


Now Area of triangle = A = e (base) (attitude) 
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= : (BC) (AD) = Sab Siny 


Similarly A = * be Sina & A= ; ac SinB 


1 c*SinaSinB 


Theorem II A = 
2 = Siny 
Gi = b ee: 
Proof: We know that Since = SinB = Soy. 
cSina ‘e cSing 
Siny Siny 
Now A= sab Siny 
-> one oe Siny (Put values of a& b) 
2 Siny Siny 
_ 1 ¢*SinaSing 
2. = Siny 
? Si j 2 ; 
Siniarty Ae, EOP gg 2 la aid 
Sina 2 ‘SinB 
Theorem III Heroes formula A= /5(S—a)(S-D)\S—c) —_¢942008,09, Rawalpindi 09 


Sol. We know that A =5 bc Sina 
.. Since Sine. . 2Sin = Coss 


A= be2SinE cos % 


be [S=bMS=e) os =c) Be2 a) _ be _[S(S=aNS—5) ay(S —b\(S—e) 
be 2 


praia eke 
Sui Mami ee ee 
be 
=J/S(S-a)(S—b)(S-c) 
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Find the area of the triangle ABC, given two sides and their included angle: 
a= 200, b= 120, y = 150° Multan 2007, 2009 


_ 


Sol. A= sab Siny 


= ; (200) (120) SinlS0” = 5 (24000) (0.5)= 6000 sq unit 
ii. b = 37,c=45, @ = 30°50’ 
Sol. A= =be Sina -5 (37) (45) Sin( 30°50' ) = 426.69 sq unit 


iii. a= 4,33 , b=9,25, y = 56°44’ 
Sol. A =Sab Siny = “(4.33 )(9.25 )Sin( 56°44’ ) = (20.02 )(0.8361) = 16.73squnit 


2. Find the area of the triangle ABC, given one side and two angles: 
I. b= 25.4, y = 36°41’, a = 45°17’ 
B = 180° -a -y 
= 180° - 45°17’ — 36°41’ = 98°2' 
a = 1b! Sina Siny _ 1 (25.4) Sin45°17" Sin36°41' 
2 Sing 2 Sin98° 2’ 
1 (645.16) (0.7105) (0.5973) 
2 0.99018 
il. ¢=32, @ = 47°24’, B = 70°16’ 
y = 180° -@ = 9 
= 180° — 47°24’ — 70°16’= 62°20’ 
A = 1 ¢ Sina SinB _ 1 (32) Sin47°24' Sin70°16' 


= 138.25 sq unit 


2. Siny 2 Sin62' 20’ 
oe eR ay ie ais 
2 0.8856 gg 


iii. a=4.8, @ = 83°42’, y =37°12’ 
B =180°-a-y 
= 180° — 83°42’ — 37°12’= 59°6’ 
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_ 1a? SinB Siny — 1 (4.8) Sin5S9’6" Sin37°12' 


A 
2 Sina ee Sin83’ 42' 
iy : 
* 1 (23.04) (0.8580) (0.6045) = 6.0116 sq unit 

2 0.9939 
3. Find the area of the triangle ABC, given three sides; 
i. @ =18,b=24,c=30 Fsd 2007, 2008, Multan 2008, Lahore 2009 
Sol. gatos Ree = 36 


A = JS(S-a)(S-—b)(S—c) = J36(36 -—18 )( 36 —24)(36-—30) 


= ./36(18)(12)(6) = V46656 = 2/6 sq unit 


ii. a= 524, b=276,c=315 


52442764 315 11S 
r 2 ere 


Sol. S = 557.5 


(ao Sige et eae ap ER : Sey kes kc 
A = JS(S—a)(S—b)(S—c)= 357,3( 557.5 —524 )( 537.5 —276 )(537.5-—315) 


= 4/( 557.5 )(33.5 )(281.5)(242.5) = ¥1274910861 = 35705.89squ int 


iii. a= 32.65 , b = 42.81, c = 64.92 


2 : : , 
oa eee : +o _ anghe sel geen ’ meee Ve ig 


A = JS(S—a)(S—b)(S—c) = §70.19(70.19-32.65)(70.19-42.81)(70.19-64.92) 
= 4/(70.19 )(37.54)(27.38)(5.27) = ¥380201.27 =616 squint 


4, The area of triangle is 2437. If a = 79, and c = 97, then find angle / : 


Sol. A= 2437, a= 79 ¢=97, P=7 Sargodha 2006, Raiwalpindi 2009 


A= i ac SinB => 2437 = ; (79) (97) SinB 


2437 
2437 = 38315SinfB—=> sinB= = 07.6360 =| B = 39°29'5” 
B= sinB=sFr35 
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5. 


Sol. 


The area of triangle is 121.34. If a = 32°, B =65°37',c=?, y =? 
y =180° -a - fp 
y = 180° -32°23’-65°37’ > ly = 824 
Now 4 ad. Pe Rin SinB 

2 Siny 
1 ce? Sin32” Sin65°37' 
2 Sin8&2°23' 
1 &° (0.5299 )(0.9108) 
4 0.9912 


«2 _(121.34)(0.9912) x 2 _ 240.54 
(0.5299) (0.9108) —— 0.4826 


L24.34= 
121.34 = 


=498.434 >\c = 22.24 


One side of a triangle garden is 30m. If it two corner angles are 22° % and 112° %, 
find the cost of planting the grass at the rate of Rs. 5 per square meter. A 
Given a= 30, # = 22°30’ y =112°30' 
a =180°- B-y 3 

= 180° — 22°30’ — 112°30’ = 45° 


Nowe a _/ a SinB Siny 


Sina 


1 (30)° Sin22°30' Sin112°30' 
2 Sin45" 


22" = 22° 30' 


112°%=112° 30' 


(900) (0.3826 ) (0.9238) 
0.7071 
Total Cost = 244.43 x 5 = 1125 squint 


/ 
ics = 224.43 squint / per rupees 
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COLLEGE MATHEMATICS-| APP. i EF 
ee LS. CE A 
R= 2Sina 2SinB  2Siny 


Theorem I 


CD) 


a Gi (ii 
In fig (i) In right triangle ABCD 


Sol. 
RON a Sina Tien BOC) 
mBD 
In fig (ii) m 2 BDC + m Z BAC = 180? (Sum of opposite angle of cyclical quadrilateral = 180°) 
=> ZBDC = 180° —m ZA = 180°- @ 


In right triangle BCD 
lahat = Sinm < BDC = Sin (180°- @) =Sin@ - 


mBD 


Il 


in fig (iii) clearly Ea = 1=Sin90° = Sina Hl 
mBD 


BC i 
Liss =Sinaw => oe Sina when mBC = a &mBD=2R 


From |, Il, tl — 
mBD 


= 2RSina@ =a => R= : 
2Sing 

Siittiady Weak 3 

2SinB 2Siny 


|; = 
TheoremIIl R= cx Fsd 2007, Multan 2007, Sgd 2010, Federal Board 


Sol. we know that R = Since Sina = Sin = Cos sl 
2Sing 2 2 


R= 2 
2.2sin= cos *. 
> 3 
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r }(S-b)(S-c) |/S(S-a) y 
bc be 


a a a abe 
S(S—a)(S-6)(S—c) 
b?¢? 


Theorem II r= < Faisalabad 2007, 08, Federal 


Proof 


Theorem IV 


Proof 


Similarly 


In triangle ABC OD, OE, OF are perpendicular to BC, AC and AB respectively 
then Area A ABC = Area of A OBC + area of A OCA + area of AOAB. 


A=5BC x OD +5 Cax OE +5 ABKOF 


1 
A=—r (a+b+c)=—r (2S) 
aff ) 5 ( 


A=F7S = en 
Ss 


A A A 
rh, =——<—_ .b 

~ S$-6b S-c 

Let “o” be the centre of escribed circle Draw lar, D, E, F then 


AABC= A OAB+ A OAC- AOBC 


Faisalabad 2008 


mh= 


wr 


N-a 


=—(AB)(OF ) + =(AC)(OE) oy 5(BC 0D) 


* + br, ~ Sar, 


A=—1r,(2S-2a)= 5h (S-—a) 


A=n (S-a)=> h= = 
-a 


Sh a! Mes Federal 
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EXERCISE 12.8 


Important formulas about 12.8 


r=— g Cos — = paz 
S 2 he 
(S —L 
n= = cost. = jee 2 
S-a 2 ac 
n= = are Cas? = S(S —c) 
S-6 eS ab 
A et is —b) (Sc) 
fost Sin— = aaa 
: S-e 2 \ be 
Rc abe sinf = CROA RDG LA Be Bat: 
4A 2-y\ ac 
. 2 = —_ 
Settee sink = JE a) (S—b) 
2 2 ab 
See 9 ae aT a (S—5)(S—-c) 
A= /S(S- S-—b)(S-e tan— =. |——_———_— 
N eee PU ae 2 S(S-a) 
B 


a 5 er (S-—a)(S-c) 
R= - = - = tan— = . |———_——_ 
2Sina 2SinB  2Siny S(S-b) 


1. Show that: 


i. r=4RSin = Sin c Sin Sargodha 2010 


NTS 


|(S~b) (S—c) (S—a)(S—c) (S—a)(S—b) 
= AR ; : MSE Se dks ETE 
\ be \ 1 ab 


ac 


4 abe |(S—a)’ (S—b)' (S—ey’ 
4A \ a’b?¢? 
abe jee (S—b)? (S-cy? 
ah. Sabc? 
abe S(S—a\S —b)(S—c) 
a) S(abe) 
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EO Ig ee 


ii. S = 4R Cos — 5 cca Cos = 


y = = a Las ee ~¢) 
"4A \ 
abe Ss Sts= a) (Sa) (S-a) a) (S-a) 


A 
aie SJS(S-a)(S-b)(S-c) 
A 


= we 
<7 S A=S=RHS 
2. Show that: r =a Sin £. sin Sec =b Sin S sin& Sec 2B =€ sin sinZ. Sec 
2 2 2 2 2 2 2 2 
Sol, Now Considers 


| Sk eee 


a$in 2 Sint see? esi ant. 
2 2 2 Z 2 


Pi 


_ a |{S=OS-6) was c) [(S-a)(S -6) a)(S-b) 
ab con 


a Sape a) (S-cy ee» b) | be 
is a(S a) 

q |S= ay (S= bys — c)be 
; S(S —a)a*be 


aloe (S-b)(S=c) 
r Sa” 


‘ ee eS " &"s"byS) 
= Sa 


ayS(S-a)(S—b)(S—c) Se 4 
Ss 


> aS 
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F eosin et 
2 pape 


3 


Again bSin > 


a 
Sin— Sec 
2 


% oe [(S—b)(S-c) 1 
@ 


V be [S(S-) 


Vac 
[(S-a)(S-b) [(S=b)(S—e) [ae 
. ab be S(S 0) 
: ac(S-a)(S-b (S-c) 
* S(S<B jab’c 
b |S(S -a) (S-b\S—c) 
: sy 


~._F 


a 
Again cSin — Sin— Sec + 


2 2 2 
_¢ [S=b)(S-e) (S=a)(S-c) ab 
be ac SiS-e) 


ub(S—a)(S-b)(S-c)* 


abe’ S( S<t ) 


[S(S-a) (S-b\S—e) y, A. a 
=¢ Fe 7NS —io=—_ = yp 
cS? Zs 3 


Hence proved that 


r=a Sin B Sin 2 Sec“ = b Sin 2 sige Sec 
2 2 2 2 2 


3. Show that: 


=¢Sin& sinZ Sect 
2 2 2 


bal 
2 


Bf 


aie 
fe Nee. See Base 


This book was uploaded by www.educatedzone.com 


; Mee? y 
i, r, = 4R Sin = Cos Cos ~ Multan 2007, Faisalabad 2007, Sargodha 2008 
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abe S'(S—bF (Sach P(S=c)  _ abe fest Se Eas 
che Pee oie 4. abe(S-ay 
=. Palatine 
oie ME (Sa) 


ii. r2= 4R Cos > 5 sine Cos * 
Y . habe |S(8-a) [(S-ay(S=c) [S(S-e) 
a 


R.H.S = 4R Cos sin? Cos — 
2 2 A be \ ac V ab 


_abe |8*(S-a) (S-c) 
A a’b’e? 


we S(S-a)(S- bS-c) 1 Af oA 2 
= Oe r,=RHS 
A wth (S—b) “eR Sed Be : 
Bia? 


iii. r3=4R Cos = nae gi 


- i cae S(S-a) (ow =) em aS (S-a)(S-b) 
Sol, 


_ abe S*(S- -ay (S= -b) 


A a’b*c? 

_ abe - (S*(S 07 1§= b)'(S- cy 

leas a’b’e?(s—c)? 
_ KE S(S-a)(S-b)(S-c) 
4 OR Soe) 
ae a A 

TE foe Be 

4. Show that: Multan 2008, Sargodha 2009 


i. r,=Stan @/2 


Sol. | RHS=Stan 2 os [oO 
2 S(S —a) 
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S(S-a) (S-b)(S-2) _, A 


ma A aR eR I, =r = LHS 

‘ S?(S-a)? S(S—a) 
ii. r’=Stan f Sargodha 2010 
Sol. R.H.S =S$ tan B =§ ons Se 

2 5(S —b) 

e dh me Pa ek. ete =r, = LHS 

: S?(S—b) SiS=b) S~b 
ii, ree Stan : Multan 2008, Sargodha 2010 
Sol. ry2Stan+ = aaron 

2 S(S-c) 

: S(S=a) (S=b)(S=e) -g—4_._4-_, orm 

3 S°(S—c)° S(S—c) S—e 
5. Prove that: 


i, rife+fory +3; =S° Lahore 2009, Sargodha 2011 


Sol. L.H.S = ryr2 + rors + r3ty 
a A A A A A 
= x oa x= + x 
~S-a S-b S-b S-c S-e S-a 
Aan A A 


$$ 4+ 
-(S-aj)(S-b) (S-b)(S-c) (S-e)(S-a) 


Al — ER) Tako u < l _ ai] Sa¢e+S—a+S-b 
“~~ |(S=ayS—b) (S-b)(S—c)  (S—e)(S-a) (S-a)(S—b\(S -c) 


Azs| 3S —(a+bh+e) Ne POUNCE 
= "| §(S —a(S =b\(S -c) "ae 3 


ot 
= as|38 3] = S(S)= 8? = RSH 


x 


ii. ryt Multan 2007, Faisalabad 2009, Sargodha 2008, 10 
Sol. LAS = rry fo ¥3 
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Sol. 


Iv. 


Sol. 


Sol. 


A A A A 
= 5° Soe Sib Se 
4 4 
ae aa eg ae IS 
~ S(S-ayS-—hyS-c) & 
r+ f2+r3—-r=4R Multan 2008, Faisalabad 2008, Sargodha 2008 
LH.S=rfy,+f2+3—-1r 
A A A A 


oeh AoBse| a] 2S-a-b ryce 


os 
(S=a}(S=-6)° S(S-c) (S-a)(S-b) S(S-e) 


A A+B+c-A-B € 5 A ee pee 
(S-—a)(S-b) S(S =e) | - (S-a}(S-b) S(S-c) 


ae ; [4 SrOesaas 9) 
“= LS ahs =b) SS =e) S(S—ay(S—b\S—c) 


: cal SxS NS a8 ta] -<4l 28? -S(a+b +0) Me 


x av 
2 rol a o, — . b 
| See ee ri 2) ate 42 aR = Ras 
. A A 4 
ri f2t3 = rs" 
L.H.S = ry f2 rs 
A A A 


"Sag (Sab Sao 


> is pee daee 
~ (S—a)(S—b\(S—c) S 


+ 4d 3 
= SM, let ON 0 IE pal PORN, =RHS 
- S(S-aj(S-b)(S-c) & 
Find R, r, 1, t2 and rs, if measures of the sides of triangle ABC are 
a=13,b=14,c=15 
at+b+c_13+14+15 _ 
2 Qe = 


A= {S(S-a\S—b\S—c) 


21 
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= /21(21- 13)(21-14)(21-15) =,J21(8)(7N6) = 7056 = 84 


Now 
Ae 
. ae Gujranwala 2009 
hn ee oles 
Sa. 21-13 — 8 Mul tan 2009 
A 24, 
SS Mahecmbeg ge ee oy 
oo dee eg Bhs 
S=-¢ 21-15 6 
p= abe _ (131415) _ 2730 _ = 8.125 Lahore 2009 


4A 4(84) 336 
ii. a=34,b=20,c=42 


Sol. ‘ex anne a. 96 = 48 


A= see ay(S — We —¢) SR —34)(48- -20)(48 - 42) 
A= pi) seeds = V/12896 = 336 


Se. eee 


Ka abc _ = (94)(20)(42) _ 28560 = 5, 25 


4A 4(336) 1344 
7, Prove that in an equilateral triangle, Faisalabad 2008, 09 Sargodha 2009, 2010 
i. riRerel132:3 
Sol. In equilateral triangle a = b=c 
So 


sae aaa a A= JS(S—a)(S-b)(S-c) =JS(S-a)(S-a)(S—a) 


This book was uploaded by www.educatedzone.com 


COLLEGE MATHEMATICS.-| 643 APPLICATION OF TRIGONOMETRY 


_ fa @ _ faa Va 
Ze = 16 4 
3a° 


LHS=r:R:r, =9_ 4, N3a 
2V3 V3 2 
Multiplying by Bs 


8 2. A 2A8 3h AG 
Be a EN Ae es Beer & 
=1:2:3:=R.HS 

il. riRitiirg:r3=1:2:3:3:3 

Sol. L.H.S = e:Reryirzirs 


ig afee M8e 30, Na 

* 243° 4/3 2 
Multiplying by ——— 2v3 
428 AW 6 1G A, Ni Sid 18 
28 # ok | dae a Oar oa 
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= 1:2:3:3:3 = R.H.S 
BF 


? a 
8.(i) A=Fr cot—col—cot— 
Z ze Hy 


it eee 


Cot— =r a 4 i 
z tan— tan B tan f 
a) os 2 


is ay =) a c) (S- a b) 
S(S —a) {5 se b) S(S —c) 
S(S-a) _ ( SG—-b) = |. SS ey, 

(S-b)(S “bYS—c) \(S-ay (S-a\(S-c) \(S-a)(S -b) 


S°S(S — a(S —b\S—c) oe 2 
(S —a)?(S—b)'(S- 
is 
(S —a)(S—b)(S -c) 
(SES A ee 
S(S-—a)(S—bh)(S-ce) 
ee ded 
=A=LAS 
a gk 


8. (ii) = B Y 


r=stan— tan— tan 
2 2 


“an ee 


R.H.S. =stane mi: Mah 


sg |G (S-b)S (= (S-ayiS=e) ce) |(S-a)(s— (S-a)(S—6) _ 
> ME =¢) S(S-b) — S¢S-c) — —c) 
S(Srayh-by(8-c) wat! A ws 
“ s/S(S-a)(S-b)(S-c) Sa S 


aii). A= 4RrCos = fos! CosZ 
2 2 2 


RHS=P cot Cot 


( Multiply and divided by S ) 


(S-a}'(S-b)'(S-cy 
a irs S(S-—a)(S—b)(S—c) 


Sol. Rats: = 4RrCos = Cork Cost 
2 2 2 


abe | [S(S—a) [S(S—b) [S(S-c) 
4A be ac ab 
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abe [S(S—a)8(S—b)(S)(S=c) 
A (be )( ac )(ab) 


abe | [S?.S(S-a)S(S—b)(S—c) 
ae a’b'c’ 


wet rS S(S-a)(S-b)(S—c) SA. 


Te A=LH.S 


ee We 
Se ee OF 
9 (i). oh ok Be Ge Gujranwala 2009 
sald 
Soy kgs ee a ee 
Ei Oo Bs AB se 
S ott 28 


BA A ad AE a: OE, ae Io Ps Se a SN 


abc aoc abc abe be ac ab ab be ca 


adh Sargodha 2006 


Sol. R.H.S= $41 ee s- S-c 
te Bee A A A 


_ 5 [S8-a+8-b+8-c] 


- + [38-(a+b+e)) 


sApalesepes ss Sings arco foras 
"oa aA F Ss A or 
asin ® sin” 
10(i) r= ——2 2 
Cas © 
, 2 
o [(S-a)(S-e) (S-ay(S-b) (S-a)(S-¢).(S—a)(S—b) 
‘ ac ab =o abe 
3 S(S-a) S(S-a) 
be be 
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COLLE 


10 (ii). r= 


Sol. 


10 (lii)r= 


Sol. 


4 |4e(S= -a)(S- ac(S-a)(S—b)(S-c) (S- on! ips 
 @cb’S(S-b) ng Some eee ee 


MATHEMATICS-1 646 


S(S-aNS=bNS=c) _4_ 
s 


Sans ame 
dbsin — sin 


B 


cos = 
2 


Si as £ 
¢ ie ink 
Cost 
esin® sin® 
R.H.S 


(S-aN(S~c) 


=r=Lils 


5 (S=bS-e) eae c) (S-ay(S-b) — Bai 


5 |SS= a)(S-b)(S- S(S-a)(S—b)(S-c) 


APPLICATION OF TRIGONOMETRY 


S(S- =a)" (S-b)(S- c)_¢# (s- a)(S-b)(S-b) 
mS a) tt Ss 


ae. ~b) 


“Bb _ ea Sare LHS 


ie } ae, [(S=bS=c) [(S=anS=c) [ab 
S(S — be ac VS(S-c) 


ab(S -a)(S-b)(S- SL ees 
abe’S(S-c) 


Hence Proved 


, [S(S= a)(S-by(s— ‘S—c) 
cs? 
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11. 


Sol. 


Sol. 


Sol. 


Prove that: abc (Sina +Sin§ +Siny)=4AS 
L.H.S = abc (Sina +SinB +Siny) 


= abe| ats +5)- 


a b c 


2R.2R 2R . ss 
2Sina 2SinB  2Siny 
C Zs 5 ea  l=>sina= wr ae siny = — 
poe | 7 ao 2R’ a OP 
44) 4A 
Prove that: 
(ry +12) tan = = Faisalabad 2008, Multan.2009 


tf A 4 |(S-a)(S-b) 
L.H.S = (ry +42) tan > = 54 4) mercer 
u ! (S-ay(S-by ; 
=A — | | "xX" "2" by S Gish 
sss! S(S—a)(S—by(S-c) ‘* y(S—a)(s )) 


Al SbGR Sp aa 
-“" | (Sa) (SH) A 
=2-a-b=A4+B +¢-f- 6 =c=RHS 


(r3—r) cot! = € 


LHS =(r,-r) cot £ = [ a NS 
ri f 


s-c § an” 
a. ] 3] S(S-c) 
3 S-e S/)\(S—ayS-6) 
($8 2) S’(S—e)? 
S(S—c) JV S(S —a\(S -b\(S — ce) 
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TEST YOUR SKILLS Marks: 50 


Q#1. Select the Correct Option (10) 
i. Siny = 
a) Area of triangle b) 2(Area of triangle) 
‘c) - (Area of triangle) d) 3(Area of Triangle) 
l 
"i _ 
2rR 
2abe 2s 
a abe 
iii. _= 
a) col b) 24 
s-c s—b 
c) e d) 2 
s—b s—b 
iv. 2s=a+b+c thenSina/2= 
a) (s—b)(s—c¢) b) (s-a)(s—-c) 
be be 
¢) (s—h)(s—a@) d) s(s— a) 
be be 
Vv. Cos @/2 is equal to: 
a) pp tsioe b) 3 cone 
2 2 
c) + L +Cosa d) + 1- Sina 
2 2 
vi. R = 
4A be 
a) — b) — 
abe 4A 
A A 
c) _ d) 
s§ : S-a 
vii Cos a/2 =equals: 
a) s(s—a@) b) s(s—b) 
be ac 
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2 s(s—c) d) jmeee 
ab bc 
viii, In any triangle le A ~ 
S(S—a) 

a) Tana/2 b) Tan B/2 

c) Tany /2 d) Cota/2 
ix. ifa=3,b=4, ¢=S then S= 

a) 9 b) 6 

c) 12 dq) 7 
0 A triangle which is not right is called 

a) Isosceles b) Equilateral 

c) Oblique d) Quadrilateral 
Q#2. Short Questions: (10 X 2 = 20) 


i. In right triangle @ = 37°20’, a =243, y =90°, c=? 
ii. Prove that r.r.r,r, = A* 


iii, Prove that R= ec 

4A 
iv. Write any two law of Tangents 
Vv. Solve right triangle if a = 58°13’, b =125.7, y = 90° 
vi. Prove that A=,/s(s—a)(s—b)\s—c) 
vii. Prove that 7, =stana/2 
Vili. Define angle of Elevation and Depression: 
i Find Area of Triangle if b = 21.6, c = 30.2, a =52°40' 
x. Prove that Cos B/2 = s(s— 6) 

ac 

Long Questions: (2 X 10 = 20) 
Q#3. (a) —_ Prove that nr, 4+7475,4+4n=5° 


(b) Prove that r=4RK Sina/2Sin B/2 Siny/2 
Q#4. (a) Prove that in equilateral triangle r:R:7,=1:2:3 
(b) Solve triangle if b= 95, ¢c=34, @ = 52° 
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Inverse Trigonometric 
Functions 


1. Evaluate without using tables/calculator. 


i. sin™*(1) -1 
iv. Tan? | —= 
Sol. —_ Let y= Sin”*(1) ———1 V3 
t 4f-1) 
=>Siny=1=> y= — Sol, Lety =tan iz ——— | 
2 \ v3 
mois & — 
Bhi si Sin “(1)= 5 stany-{ | 
v3 
ii. Sin *(-1) 
at if —] tT 
Sol. Let y= Sin’ (-1) ———-1 = y=tan 3 => y=- 6 
=> Siny=-1 >y= e ; I 
2 | become tan? = aa 
3 6 
pies} ia 
I become sin” (—-1)=-— = i 
+ x Vv. Cis — 
g 2 
iii. cout} 22 ae 
2 Sol. Let y=Cos" a ———= 
V3 | 
Sol. letyeamgis ca ———] =>Cosy=— > y= — 
= 2 6 
ra 
v3 l 
— Cosy = “25 => y= He. | become Cos” rs = a 
Ibecome Cos’ 5 = = 
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vi. = Tan™ (=. viii, © Cosec* [ $} 


] -2 
Sol. Let y=Tan* a) Sol. Let yscose{ ae 
V3 V3 
l mr =9 e os 
Te =tany > y= — = casbeye eS Saye ee Sy 
V3 6 V3 2 3 
" ] x a = 
I becomes Tan “) = | become Cosee™? =2 — = 
3) 3 J3 3 
vii, Cot™ (-1) 
Sol. —_ Let y=Cot™7(-1) I cag 
ix. Sin” %| 
=> Cot y=-1 V2 
=> tan areas ina t a! 
Y Sol. tety = Sm? | —— | 
= v2 
ges a aco 3x ] 
: + : 4 = sinye[ =| => y= = 
ab? 4 
x 37 
(oe = er 
ey: | become Sin"| 75 | = — 
because Domainof cot” is [0,2] ) 4 i 
=> | become Cot™ (-1)= 
2, Without using table/ calculator show that: 
i. tan = sin! > 
I2 13 
Sol. Let Sin* (=) = a—/ >Sin a oe 
13 13 
12 oe. 
tana = — >@ stan’? — 13 
5 12 5 
Mes 41 
Sin” —stan™ — (use |) 
13 12 
x 
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Sol. 


NowSin2@ =2Sina Cosa@ 


iii. Cos” 5 = Cot? ‘ 


By Pythagoras 


Sol. Let Cos? 5 = a—l 
a+b =e’ 


4 
=Cos@ = 5 a’ =’ -b’ a 
; a’ =(5)' -(4Y 
ae ye a’ =9>a =3 b=4 
| azl 4 es ent ee 
Cot a = : SG -cor"( $) ee (=) =i ( J(vses) 
3. Find the value of each expression: 
I 
i. Cos | Sin” *| 
[se 5, 


] ; l 
Sol. Let =Sin’ —- —I=siny=—= 
gam a 
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=y="% = sin ee use | 
4 ean 
Now Cos sin 45 |+Cos t= 
V2 4 2 
ii Sec [cos 4 
2 
Sol Let _y=Cos™ E ——] astiide ae 
; 2 2 
4 Des he 
=>y= —=>Cos™| = |=— (use 1) 
3 22-3 
Now Sec [cos 5 }+SeeE = : ioe Ee, 
2 3 Cos ™ 1 
oan 
iii, tan cos" 2 Sargodha 2008 
3 
sol. wreos'{ 2+» le Cosy = = => y= = (use I) 
Now Tan Coe v3 eg bee 
2 6 3 
iv. Cosee (tan™*(-1)) 
Sol. Let ~ y=tan‘(-1) ——1=> tany =-1 


T 1 —T 
=>y =-—>tan (-1)=— (use] 
peer ; (use I) 


Now cosec (tan“(-1)) = Cosec =). Se eS nt cs ef 
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~] 
ci, 1 SSE | Se eae . eave eh 
Sol. Let y=Sin - I =>Siny= = 


pt 


Now Sec sin (3) =See( 4 pee oe : oa 
* S Cos{ | Cos © f 3 3 


vi. tan ( tan™*(—1)) 
Sol. Let y=tan”’ (-1) 


ca. 
=> tany=-1 => y= , 


= Now tan(tan'(—1)) = tan{ 2) =—tan aon! 


~(o(!) 


vii. 


Sol. Let y=Sin * (SJ— => Siny = ee 5 a Sin (3}-2 
2 2 6 PON EY 
Now Sin [sin 4 JsinZ at 
2 G22 
see +s “f 3) 
viii. tan} Sin | — . 
2 
Let y=Sin {= —I=> he zy, =V= fsint{ FF (use I) 
2 2 6 CFF 
\ 72 2) ie) —] 
Now ‘tan} Sin™| — | |=tan| — |= —— 
2 6 3 


ix. Sin(tan™*(-1)) 

Sol. Let y=tan™ (-1) ——J 

=>tany =-1> y= Sain ae 
er 4 


Now Sin ( tan™ | —1))=Sin [=}- a eras 
4 ef 


V2 
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EXERCISE 13. 2 
Important Note: In whole exercise 13.2 take values of cos@ and sin@ positive 


because cos @ is positive in domain of sin@ and sin@ is positive in domain of cos @. 


Theorem I Sin A+ Sin” B = Sin (A j1—B* +B /1- A’) Lahore 2009 


Proof: Letx = Sin’ Aand y = Sin? 8 ——] 


B 
=> Sin x= < and Sin eS 


Cos x= ji-a 

a=fi-# 
Cosy = ./1-—B? 
Now Sin (x +y) = Sin x Cos y + Cos x Siny 


Sin(x+y)=A i= B? +B 1-4? 


x+y=Sin"(AJ1-B? +B 1-4’) 


b=J1-F 


(use I) Sin™“A + Sin“B = Sin(A /1— B? + BJ1-A 2) Hence proved 


TheoremII = Sin” A= Sin” B = Sin (4,/1- B? + 3/1 ~ A’) 


Proof: Let SinA=x and Sin’ B=y 


=> Sinx= Sand Siny=4 


Cos x= vie => Cosx= Jl=A4? & Cosy = /1-B? 


Now Sin (x—y) = Sin x Cos y—Cosx Sin y A B 


Sin (x-—y)=A J/1-B’? —B,/1-4? 


x-y=Sin*(AJ/1-B? -B.ji- A?) 


= Sin A-SiNB=Sin"(A1_-B? - B 1- A?) 


Hense proved 
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Theorem II Cos A+Cos7B = Cos*(AB- ,/(1— .4”)(1— B’)) 


Sol. Let Cos ?A =x and Cos’ B=y 


1 
j 2 = 
=0osx= 4 and Cos y= a 
ye jt A 
Sin x = & Siny= 
Sinx= J1-A’ &Siny= J1-B° ! = 
Now Cos( x+y) = Cos x Cos y — Sin x Siny 
Cos (x+y)=AB- J1-A? 1-B? B 
=> (x+y) = Cos (AB- (1-47 )(1-B°)) 
=> Cos *A+Cos* B= Cos (AB- Ja ~ A*)(1-B’)) 
Hense proved. 
Theorem IV Cos*A-Cos*B =(AB+ \/(1-A’)(1- Fe 1 
Si-#=a 
Sol. Let Cos*A=xandCos B=y 
= Cos x= = = Cosy= = A 
“ Oe a iB? ; 
inx= , an ny : Ji-F= 
Sinx= J1-A* andSiny= J1-B° 


Cos (x-y) = Cosx Cosy+SinxSiny=(AB+/I-B’ 1-4’) 
=> (x- y)=Cos'(AB+V1-4? V1-B’) 
=> Cos? A-Cos?B = (AB+ (I-A? )(1- B’)) 


> 
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A+B 

Theorem V__ tan” A+ tan’B = tan™ 1_AB Sargodha 2008, 2011 

Sol. Let tan’ A=xand tan’ B=y => tanx=A&tany=8 


tanx+tany A+B. 
l-tanxtany 1-—AB 


Now tan (x+y) = 


A+B an" A | B= tan"! A+B 
=>x+y=tan? 1-AB => tan + tan =tan |-AB 
‘ -1 -1 1 ( A-B 
Similarly tan A-tan B=tan Federal 
1+ AB }. 
Exercise 13.2 
Prove the following: 
1. Sin? = + sin? =Cos* = Sargodha 2009 
13 25 325 


Sol. Let int oe DS axe — se Eee al 
13 13 25 25 


By Pythagrras 


Now Cos(x+y)=CosxCosy-SinxSiny |@ +b’ =c’ 


a’ =c’? — b? 


coool US}IS) fear wr | 97 b 
A CEVICLOMELTIOL a’ =(13) — (5) 
_ 288 35 _ 288-35 <n es — 
325. 325. -- 325 oe -= 
Cos (x +y) = —=>x+y=Cos'! ae Be (7). 2 
325 +(7) =(25) 
2 2 
EA 953) |o +(25) = (7) 
=> Sin” — +Sin™ 75 =Cos—1 | —— 
" 325 = 
/ 7 
b=? 
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Be BAO a3 ; 
2. tan ia tan 4 =tan 19 Fsd 2008, Multan 2007,08, 09, Rawalpindi 2009 
i 8 A+B 
Sol. We know that tan” A+ tan’ B= tan 
ay 
| ] 
PutA= — andB= — 
4 5 
1 1 §+4 
I 45 20. 
Then tan ’ —+tan' —=tan™! 2— |=tan'—4 
4 5 {tf od 
als 20 
Sd e = aru - ee 4 ( Py aN gg ie > ye -s So 
a ee ae 20 = tan” re 
w 19 I 
“Hence proved 
2 ape 
3. 2tan” — = Sin™' — Federal Board 
3 13 
2 2 
Sol Let tan’? —=x>ranx=— 
3 3 


2 
Sinx = ——&Cosx 


V13. < 


Now 


Sin 2x = 2 Sin x Cos x 


Sin2x= 


Sin 2x = a => 2x=Sin 
13 


2tan? 


ta | th 


serylecy 


412 


? 
= Sin ! a put value of x) 


This book was uploaded by www.educatedzone.com 


COLLEGE MATHEMATICS-1 INVERSE TRIGONOMETRIC FUNCTIONS 
4. tan” a0 =2Cos™" ba d 
119 13 


Sol. Take Cos? ORS 
13 13 


Sin’? x = 1-Cos? x= a ee 


169 169 


P 
Sinx = B (Sin is + ve in Domain of Cos x ) 


5 
Tanx= pune = ws = = 
Cos x es 12 

KB 


2t (5 
Nowtan2r=——* = _\I2) 


I-tan’x = ,_ 25 


144 
1010 
12 12 10 144 
2x = aS Ee 
nee 14-35 * 119 * 13." 119 
144 144 
tan 2x = ee 2x = tan (\s 2Cos ' = tan”! 
9 119 119 
5 Sine 5 Car Bae Sargodha 2011 
i ir ; 
Sol take sin™ nae r=5 Pe vines ieee ‘ica. 
WS stout v5 2 
1 
and Cot'3= y >Coty=3 > tany= — 
a Ue 
c 
b=2 
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Sol. 


Hencd 


Sol. 


l 

tanx + tany _ 2 
1— tan xtan y -(3 15] 
2\3 


Sg 
Tan (x+y) = 98> = “7 =1=9x+y=tan” (1) “7, 
= 


Now Tan (x + y) = 


6 
l re 3 
Hence Sin* —— + Cot '3=— (Put values of x & y) 
V5 4 
aa Pe Re 
Sin 5 + Sin 7 = Sin 95 Multan 2008, 2009 Sargodha 2011 


we know that 


Sin? A +Sin“B = Sin? (AV1—B? + BV1- A?) 


Put A=3/5 and B = 8/17 


3 8 of3 64.8 9 
sin? + Sin! — = Sin™| =| ,J1-—— + —,/l-— 
ge Ca ea 2 289 * 17) a) 
Pa ne genes § ps)-s nia. 5 4) 
4 647 47'S 
“es =) = 50" Sa) sn] 
85 
) 8 
1 


sin? > + Sin'—= Sint 
5 7 85 
ait ae iS 
Sin ae — Sin = = Cos 7 Faisalabad 2008,Multan 2009, Lahore 2009 


Takei? <a <ig , Sin” oe B 
85 5 

= Sina wee, SinB == 

85 5 
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Cos’@ =1-Sin’a@ 


sons 


, Cos’ B=1-Sin’ 
=| B B 


Cos’ a -1-( 


7225 
aot 
Cos’a@ = CAEN ET ena (Cos in +ve be in Domain of Sin) 
F225 5 
Cos’@ = _ => Cosa = ed (Cos is +ve in Domain of Sine) 
7225 85 


Now Cos(a@ — 8)=Cosa@ Cos f +Sina Sin B 


-(2)(2)-(2\(2)- 2-2-2 - 
“(gesjis) (esJis) 425 425 425 17 


a- B= cos( 15) = sin 2 - Sin = Cos’ (Pur values of a & B) 
Hence proved. 
8. cos? 3 +2tan"' 2g Sin" 3 Faisalabad 2008, Sgd 2009 
65 5 5 
> 1 
Sol. Cost 2 5 tan’ 5 > |= Sin" 3 Use 2tan™ A = tan”? s ; 
65 ' ( 1 5 1-A 
5 
2 
Cos? ——+tan? | —2— | = Sin 3 
ina : 
25 
2 
cost tan’ 2 = Sin" te 
25 
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es 
cox? 9? +tan?| =x = = Sin = 
65 S 24 5 


costees tan? = = Sin = 
65 12 5 


INVERSE TRIGONOMETRIC FUNCTIONS 


Let Cos" =a &tan* 2 HZ 


Cosa = SS fg tan f pee 
65 12 


16 12 f 
Sina = —, Cos B = — ut 
ina a os B 7 a7 


Now sin(@ + B)=Sin a Cos B +Cos @ Sin B 


(S28) (ees au 

65 /\13 65 /\ 13 845 845 

_ 1924315 507 _ 3 
845 845 5 


a+ B =Sin" [2} = cos 83 + tan | 2 = Sin" = (Put values of a@ & f) 


9 tan? — + tan’! — — tan™ = = - Multan 08, Fsd 09, Guj 09, Sgd 2010 
i 27 27 
Sol. L.H.S = tan| 4 _5_ stan 5 a —20_ ais Vw age 20 tan & 
1-33 19 Pe 19 VW 19 
4°5 20 pi 
a7 8 513-88 z 
wen | EO ees He ON ONS sig 
= tan es F =tan 209 +216 tan =tan (1) =R.AS 
11°19 209 209 
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(, Re Rs s cf 
10, Sin’ 5 B ba 65 12 Federal Board 


4 
Sol. LH.S = Sin" > B - 65 


Vi-B? + BVI # | si n! ° 


4 5 yi os 16 | 5 3% 
= sin <{I-| = | += ,/l-— |+Sin 2 
5 eS See © 25 65 


63 [4225-256 256 sat 4225 — 3969 
= Sin! 65 4225 #0956 


(8 3969 | 16 5) 
a A Re 


> ¥4225 65 ¥ 4225 


“3 
3969 256 Ze) sin (4 4225 


= Sin | 4995 * 4005 
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THEMATICS-1 INVERSE TRIGONOMETRIC FUNCTIONS 


1 1 Pa 
11. tan +tan™ ‘- tan! zt tan : 3 Multan 2008, Fsd 2009, Sgd 2010 


6+55 61 
= tan} 28 | = tan $8 = tan) =7 
]-— Seied 
66 66 
amet ie 
Now R.HS=tan —+ tan — 
3 7 
=tan®” A+B fa 32. =tan? : =tan™ : =t tie 
: 1- 4B) |, 11] mee OO hash nage 
3,2 6 6 
Hence L.H.S = R.H.S 
12. stai* Ssiee tee 
3. 7 
Sol. LHS = 2tan"* tan 
2 
= tan? | —> 
—= 
5 
= tan 2 
3 
5) I 
! 4.7 1 ok. | 28 1 Us 
=tan | ——————~ }= tan” | —=— |= “| |= is = 
an (30) an ie tan 25 tan” (1) 3 R.H.S 
4)\7 28 28 
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13. Cos (Sin*x)= V1-x? 
Sol. _Let Sin'’x=a@ => Sina =x 


Cos’ @ =1-Sin’ a =1-x’ 
Cosa = ¥1—x’ (Cosa@ is tve in Domain of Sin @ ) 


Cos (Sin*x) = ¥1—x" (Put values of a) 


14. — Sin (2Cos*x) = 2x V1— x? 


Sol. TakeCos'x=a@ => Cos @ =x 


= Sin? a@ =1-Cos? a@ => Sina = V¥1—Cos’a 


> 
“ 


Sina =vl-x 


Now Sin2a@ = 2Sin@ Cosa@ 
Sin2 (Cos x) = 2¥1—x?.x= 2xV1—x° (Put values of a) 


15. Cos(2Sin“x) = 1 — 2x? Faisalabad 2007, 09 , Federal 
Sol. TakeSin’x=a@ => Sina =x 
Cos2a@ =1-2Sin’a 


Cos (2Sin“x) = 1 2x7 (Put values of a) 
16. tan’ (-x)=-tan*x 
Sol. or tan? (-x)+tan?x=0 
L.H.S = tan” See =tan(—° = tan? (0) =0 
1-—(—x)(x) 1+x" 


=> tan’ (-x)+tan™x=0 

=> tan (-x)=-tan’x , 
17. —- Sin” (-x) =-Sin™ x ' Multan 2008, Sargodha 2008 
Sol. _ Let Sin (-x)= @ => -x=Sing 

'X’ by-1s0x=—Sin @ orx=Sin(-a@) 

=>Sin’x=-a@a => -Sin’x=@ 


or Sin” (—x) = —Sin™ (x) (Put values of a) 
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18. Cos (-x) = 7 -Cos*x 
Sol. or Cos™ (-x) +Cos*x= 7 
Cos*@ +Cos’B =Cos*(a B -.J/(l-a@’)\(1- B’)) 
Puta =-x& Pf =x 
Cos™ (-x) + Cos*x -= Cos™ ((—x)(x) - Ja- (—x)’(1—x’)) 
= Cos (-x?- /(1- x?)(1- x") ) 
= Cos? (-x?- /(1-x7)? ) 
= Cos (=x? (1- x’) 
=Cos'(—x*-1+ x”) =Cos" (-1) 
Cos’ (-x)+Cos?x= 2 => Cos™(-x) = 7 —Cos™ x 
19. tan (Sin™ x) = Se: 
Vv1-x’ 
Sol. take Sin*x=a@ => Sin a@ =x 
Cos’ @ =1-Sin? aw =1-x 
Cos a@ = ¥1—x’ , tana = Sine 
Cosa 
x Ps 
Tan @ = - = tan (Sinx) = 
V1-x? vl-x’ 
Sy 
20. | awsin® = So 'sivene rub a=1 
2 2 
: ] 
Sol. Now Sin x= 5 , Cosec x =2 b=V3" 
é 3 we 2 e+e apectuy 
osx = —— , Secx = —=_=—— 
2 v3 V3 b?=2?-P =4-1=355=V3 
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TEST YOUR'SKILtS Marks: 30 


Q#1. Select the Correct Option 
i. For—2/2<@ < 2/2,Sin'(-1/2) =6 =is 


a) -1/3 b) n/3 

c) 7/6 - d) —1/6 
ii. Range of the function y = Cos™'x is 

a) Osysxr b) O<y<z 

¢) -Isysl d) -l<y<l 
iii. Cos "'(-x)= 

a) Cos'x b) —Cos'x 

c) m-Cos'x d) m+Cos"'x 
iV Tan™ -4z = 

CW, 
a). x/3 b) ~[3 
c) r/6 d) —1/6 


Q#2. Short Questions: 


i. Prove that Tan*'x = = Cot 'x 


~ 


ii. Prove thatTan ‘1/4 +Tan™'1/5=Tan '9/19 
ili. Find the Value of Sec(Sin™'(—1/2)) 


Long Questions; 


Q#3. (a) Without using Calculator prove that Sin™' i. +Cot'3= = 
J5 4 
ar) 45 FD S408 
(b) . Prove that tan” — + tan! —= tan '—+tan7!— 
1] 6 3 2 
5 253 
Q#4. (a) Prove that Sin” aan ed =Cos” : 
13 25 325 
(b) Prove that Cos ee +2Tan™ a Sin! 3 
65 5 5 


- 
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M. ICS-1 SOLUTION OF TRIGONOMETRIC EQUATIONS 


Solution of Trigonometric 
Equations 


Sargodha 2009, Multan 2009, Lahore 2009 


The equations, containing at least one trigonometric function, are called 


trigonometric equations. e.g. 


2 
Sinx = re Secx = tanx, Sin’ -Secx + 1 = : 
- Example 1: Solve sinx=1/2 $gd 2006,09, Multan 2008,09, Fsd 2008 ; 
Sol. Sinx is positive in 1 & II quadrant 
Reference angle = x = sin 1/2 = 2/6 ——in/ quad 
x= 7-2/6=52/6 ——inIl quad 


S8={ 2+ ama] UE +20 wneZ 
6 J~\6 


Example 2: ‘Solve 1+ cosx=0 Sargodha 2009,10, Fsd 2009, Gujranwala 2009 
Sol. 1+Cosx=0 => Cosx=-1 
There is only one solution, x = 7 in [0,2 7]. Since 27 is period of Cosx 
General value of xis 7 +2nz ,n & Z. 
SS={2+2nr},neZ 
Example 1(of general solution): Solve Sin.x + Cos x =0 Sargodha 2008 
Sol. Sinx + Cosx = 0 


Sinx  Casx 
_ +———_ =0 => Tanx+1=0 => tanx=-1 
Cosx  _Cosx 


1 
Tan x is—ve in I] and IV Quadrant with the reference angle = 4 
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= aa 
X= 1-—= = inl quad 
4 4 
x=2a - 1/4=7 7/4 but notin[0, 2 ] so it is not solution 


3x 
General value of x is a +n0 


3x 
Solution set = onal, nezZ 


Example3. Solve the equation Sin2x = Cos x Sgd 07, Multan 07, Rwi 09, Federal 
Sol.  Sin2x = Cosx => 2Sin x Cos x = Cos x 


=> 2Sinx Cos x-Cos x= 0 => Cos x (2Sinx -1) = 0 


Either Cosx=0 or 2Sinx-1=0 
(i). If Cosx=0 
= x= and a where x € [0,2 7] As 2 27 is period of Cos x 


> 3x 
.“. General value of x are = +2nz & 2s +2nN7T,nNEz 


~ 


l 
(ii). If 2Sinx-1=0 => Sinx= 5 


Since Sinx is +ve in | and Il quadrant with reference angle = 


aA 


5x 


he Scandic e = — 
6 6 


a» 


where x= € [0,277] 


a 5x 
“. General values of x are — +2nz and —— + 2nz7,nezZ 
6 6 
Hence 


Solution set = (5 an u(== *2nt pu tanm pu (>= +2n7} 
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EXERCISE 14 
1. Find the solution of the following equations which lie in [0, 2 7] 
anl3 ii. Cosec G =2 
i. Sinx= eet Multan 2009 
Sol. Sin @= 2 
Sol. Sinx is -ve in [Il & [V quadrant 2 


and x = Sin” [| 


3 
Therefore 
x= 7 + —=— inIll 
x=2e— => WIV 
3 
iii, Secx =-2 Multan 08, 
Sol. => Cask = we Guj 09, Rwi 09 


~ 


Cos xis —-ve in Hl & Hl quadrant 


ESD See 2 
Reference angle= x = Cos” — = — 
PS ie 
© -2s 
x -—=— inl 
3 
xn A4nx 
Ree rg oe 


Sin@ is +ve in] & I 


Reference angle=@ = Sin *(1/2)= . in I 


Sol. 


Bn Ge oe Cee 
5. 6 


Cot@ = ah 


V3 
= tand = V3 


Sargodha 2008 


tan@ is +ve in] & II] quadrant 


and @ =tan? V3 = inl 
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COLLEGE MATHEMATICS-} SOLUTION OF TRIGONOMETRIC EQUATIONS 
2. Solve the following trigonometric equations. 
4 
i. tan’@ = : Fsd 08, 09, Sgd 09 | ii. Cosec’ 9 = 3 Sgd 2011, Federal 
l 2 3 
Sol. => tan 0 =+ >= Federal Sol. => Cosec =+ — or Sin@ epecinh 
, 1 
When tan@ = BB When Sin@ = v3 
@ is +ve in] & Lil quadrant Sin is +ve in | & Il and 
1 
= Le ity ice 
@ =tan 5 inl @ = sin? v3 2 
2 3 
a 
O=7 + —=— inIll 
6 O= = inl 
+] 3 
When tan @ = —— 22 
v3 O27-—= “inh 
Tan @ is—ve in Il & IV quad , 3 
When Sin @ is -ve in II] & TV 
© Sr. : 
@=7 - —=— inll V3 “ 
6 6 @ =Sin™ | = 3 
0 =2 ~ Sa in. Bt 2 
n Sx 7x lin O=2+— = — int 
gee riers 5 
ous ed In = 2a piv 
iii, Sec’ @ =— Multan 08, Fsd 09 
3 g- #2 4n Sn 
Sol. Bie 3 i ae 
iv. Cot?@ =— Lahore 2009 
3 3 
=> Cos. 9=+ — 1 
B 2 Sol. = Cot@ =+—~ 
When Cos? = — : 
Ortan@ =+ v3 


Cos@ is +ve in I & IV quadrant 


When tan@ = V3 
@ isin 1 & ilquadrant 
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Pee Peay 
6 6 


V3 


When Cos@ =— a 


Cos@ is -ve in II & Ill quadrant 


@ = m-—=— inlll 
6 = #4 tnV 
6 
+ 
So @ = a 


ee BOS 


SOLUTION OF TRIGONOMETRIC EQUATIONS 


@ =tan?v3 = z inl 


O=n+n/3 - Sint 


When tan 0 =- V3 
tan@ is-ve=inll& IV 


So 


ge # 2m 4x Sn 


Find the values of @ satisfying the following equations: 


BF a 


Ncwean Wtion Oatn ess Wh 
6 6 6 


Federal 


3. 3tan? 9 +2 J3 tan @ +1=0 

6b. 8 tan@)?+23 tan@ +(1)?=0 
(/3 tan@ +1)?=0 
J3 tan@ +1=0 = tan@ = — 
Reference Angle =@ = tan’ aia 

3-6 
4. Tan? @ -SecO -1=0 
Sol. orSec’@ -1-Sec@ -1=0 


(Sec@ —1) (Sec@ +1)-(Sec@ +1) =0 
(Sec@ +1) [Sec@ -1-1] =O=> (Sec + 1) [SecO —2] =0 


=> Sec? +1=0 or 


SecO =-1 or 


Secd -2=0 
Sec? =2 
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Cos@ =-1 Cos = 
O=7 Cos@ is +ve in] & IV quadrant 
1 
6 =Cos? — == in} 
2.83 
O <2 -— = ni 
3 
5. 2Sin@ +Cos* 8 -1=0 
Sol.  2Sin0 + J -sin?@- 1 =0 
2sin@ —Sin?@ =0 
Sin@ (2-Sin@) =0 
Sin@ =0 or 2-Sin@ =0 
0=0,27 Sin@ = 2 Not possible 
6. 2Sin’@ -Sin@ =0 => Sin@ (2sin@ -1)=0 Multan 2007, Sargodha 2010 
Sin@ =0 ; or 2Sin@ -1=0 
G=0,7 Sin@ = 7 


Sin @ is +ve in 1 & II quadrant 


6 =Sin? — = 7 Gnd 
2 


rl 


Pe ea 


Hence @ =O, z, > a 
6 6 


7. 3Cos?9 -2 V3 Sin@ Cos@ -3sin? 6 =0 

Sol.  3Cos’@ -2V3 SinO Cos@ —3sin?@ =0 (‘+' by Sin’@ we get) 
3Cot’d - 2/3 Cot -3=0 
Subtract and add V3 Cot@ 
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3cor?@ -2V3 Coté — V3 Cotd + V3 Cot@ -3=0 
3cot?@ - 3/3 Cotd + V3 cotd - V3 V3 =0 
3cot@ (cot@ - 43) + V3 (cot@ - ¥3)=0 

(cot - V3) (3cord + V3) =0 


coro —/3 =0 or 3%CotO + J3 «0 
a. =e 
Cot@ = V3 or Cot @ = =<; 
3 BS 
1 
tan@ = —=: tan@ =- V3 
V3 
tan@ istvein! & Il} tan@ is-veinll& IV 
1 wr r4 
@ =tan’ — =— inl 6 =tan? 4/3 = — 
an ve Z ; 
jot eae Popes oe 
6= 6 3 3 
Mie pees On20- 7 = inv 
GKb "SS 3 


4Sin?@ -8Cos@ +1=0 
4(1—Cos*@)-8Cos@ +1=0 

4-4Cos’0 -8Cos +1=0 

— 4Cos’0 -8Cos0 +5=0 

4Cos*@ + 8Cos 0 @e5 = 0 (Multiplying by “—1” ) 
4Cos’@ + 10Cos0 -2Cos0 -5=0 

2Cos@ (2Cos0 +5)-1(2Cos@ +5)=0 


(2Cos@ +5) (2Cos@ -1)=0 ; 
2Cos@ +5=0 or 2Cos0 -1=0 

-5 ; ] 
Cos@ = — Impassible or Cos@ = — 

2 2 

ok 
@ =Cos’ — = — inl 
ee 
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COLLEGE MATHEMAT 675 SOLUTION OF TRIGONOMETRIC EQUATIONS 


So =—, 
Find the solution set of the following equations. 


9. 3 tanx —Secx-1=0 Note: Add 2nz inCosx & Sinx and n min tanx. For soll 


Sol. 3 tanx —Secx -1=0 —~-/ 


3 tanx = Secx +1 
Squaring both sides 
3tan’x = Sec’x + 2Secx + 1 
3(Sec*x — 1) = Sec’x + 2Secx +1 
3Sec’x — 3 -Sec’x - 2Secx-1=0 
2Sec’x —2Secx-—4=0 => Sec’x-Secx—2 =0(+ by 2) 
Sec’x — 2Secx + Secx -2 = 0 
» Secx (Secx — 2) + 1 (Secx — 2) =0 
(Secx — 2) (Secx + 1) =0 


Secx—2=0 or Secx+1=0 
Secx = 2 or Secx =—1 

] 
Cosx = 5 or Cosx =—1 


Cosxis+vel & IV 


5 2 /3 Does not satisfies | equation 


ssa ©: + 2n| U {r42n7)},nez 
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10. Cos2x = Sin3x 
Sol. 1—2Sin*x = 3Sinx - 4Sin?x 
or 4Sin°x — 2Sin*x - 3Sinx+ 1=0 


take Sinx = 1 


4sin*x - 2sin*x — 3Sinx+1 = (Sinx — 1) (4Sin’x + 2Sinx — 1)=0 


Sinx—1=0 or 4Sin*x + 2Sinx — 1=0 
Sinx-1=0 ag 4 i 
nee 2+ ¥(2)-4(4)(-1) 
2(4) 
Sinx = 1 ae Be 
hae i oak 2% ae 
2 CAS aa 8 
Sinx = -1- v5 = ~0.8090 
Sinx = —**> . 9.39900 
Sin x = 0.3090 Sinx = — 0.8090 
Sinx +ve in] & H Sinx is —ve in IlJ& IV 
X = Sin’ (0.3079) x = Sin” (0.8090) 
X= 18°= 18°, = = ny gn $4? aw 5a = _3n 
180 10 10 180 10 
ieee ae eke in xX=7 + — inl 
10°. J 
xe2z Se cd in TV 
10 10 
3 


This book was uploaded by www.educatedzone.com 


COLLEGE MATHEMATICS-1 677 ‘OL RIC EQUATIONS 


11. 


Sol. 


12. 


13. 


Sol. 


Sec3@ = Sec 
Sec3 0 =SecO = Cos3@ =Cos@ 
or Cos3@ -Cos@ =0 
30+0 ii poe 46 
=> Sin2@ Sin@ =0 


=> Sin26=0 or Sin@ =0 


-2Sin 


20 =n > or O=nzr 


nr 
2 


$S={nz}U \Zlnez 


tan2@ +Cot@ =0 Multan 2008, Federal 
tan2@+Cot@=0 — 


Sin2d , Cos _ 
Cos20 Sin@ 


Sin2@ Sin@ + Cos2@ Cos@ 
Sin0 Cos26 


=0 


as Cos20 Cos@ +Sin2@ Sin? =0 


=> Cos(20 - )=0 => Cos = “0055, 


s5=}= + ann} U |= + 2m, neZ 


Sin 2x + Sinx = 0 Sargodha 2011, Federal 
or 2Sinx Cosx + Sinx =0 
Sinx (2Cosx +1)=0 = Sinx =0 or 2Cosx+1=0; 
x=nz or Cosx =—1/2 


Cosx is —ve in Il & Ill 
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COLLEGE MATHEMATICS—1 678 | N OF T TIONS 
1 
KeCog? —. a 
Ze: 3 
| 
X= 7% —-— = —inll', x= x + — = — inl 
3 3 


14, 


Sol. 


15. 


Sol. © 


Sin 4« —Sin 2x = Cos 3x 
4x + 2x 4x — 2x 


2Cos ————— Sin —-——— = Cos 3x 
2 2 
2Cos 3x Sinx ~ Cos 3x = 0 => Cos 3x (2Sinx-—1) =0 
Cos 3x=0 or 2Sinx-1=0 
340 2 See or Sin 2 
2 2 
3x= 5 +2n0 i 3x2 = sane or Sinx is+ vein] & ll 
x 2nz n nx ot igs 23 
x=—+ »x=— + — or x=Sin° — = — inl 
6 3 2 3 PING 
| aaa: ae 
’ or X= 7 — — = — inll 
6 6 
ssu={E 4 2mt|y{ a , dn U oh Or U ek te nez 
6 3 2 3 6 6 
Sinx + Cos3x = Cos5x Multan 2007 


or Cos5x — Cos3x—Sinx=0 . 


agin 5x : 3x Sin 5x -— 3x 


— 


—Sinx =0 


—2Sin 4x Sinx - Sinx = 0 = —1 [2sin4x sin x + Sinx] = 0 
Sinx (2Sin4x + 1) =0 
Sinx = Oor 2Sin4x+1=0 


x=0,7 or 2Sin 4x = -1 


‘ Sintec > Qxasin § 2 = 
2 2, & 
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COLLEGE MATHEMATICS-1 SOLUTION OF TRIGONOMETRIC EQUATIONS 


Sinx is—ve in Ul & IV quadrant 


henna 2 6 pS sch de as 2% baphen ee 2 wee 
6 6 6 24 2 
6 6 2 
7x na llz nz 
SS = {0+ 2n7}U {x + 2nz}u ra Pier BT. ae mw 
: 24 2 24 2 
16. sin 3x+sin2x+sinx=0 Faisalabad 2008 
Sol. Sin 3x + Sin 2x + Sinx = 0 or Sin 3x + Sinx + Sin2x = 0 
2Sin a p Cos 22 4 Sin 2x= 0 => 2Sin 2x Cos x + Sin2x = 0 


Sin 2x (2Cosx+ 1) =O = 2 Cosx+1=0 or Sin 2x=0 


ifSin 2x =O => 2x=0, m7 => 2x=0+2n7 &2x= 7 +2nT —x=nT &xe= > +n 


if 2Cosx + 1=0 ; Cosx =-1/2 


s 
Cer vitn vee Weta 
5 3 
2 
ees SS aesee eo 
3 3 3 3 


if: Sin 7x — Sinx = Sin 3x 


Tx — 
Sol, 2s 1% gin = ~ sin 3x=0 
a) 


2Cos 4x Sim 3x — Sin 3x =O => Sin 3x (2Cos 4x-1) =0 


Sin3x = 0 or 2Cos 4x — 1=0 
=> 3x=0, 7 > 3x=04+2n7,3x= 72nzr 


lf Sin 3x =O 
2n7r mz 2nn 
X= ——— orx=—+ 
3 3 3 
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Cc T. S-| SOLUTION OF TRIGONOMETRIC EQUATIONS 
ket 
2Cos 4x -1=0=> 4x = Cos? — = — ing See ak 
$a 3 
wT ele ela taee 
4x = 4 te 3 
5 Sig OF pay 
12 2 
2nr x 2nzx x nT 5x ont 
ee ue. ae noe 
| 3 Os za a. 3 ee 
18. Sinx + Sin 3x + Sin 5x=0 
Sol. Sinx + Sin 3x + Sin 5x=0 or Sin Sx + Sinx + Sin 3x =0 


Sx +x 5x -—x 
2Sin ants Cos 


“ 


+ Sin 3x = 0 => 2Sin 3x Cos2x + Sin 3x =O 


Sin3x (2cos 2x + 1) =0 


=> 3x=0, 3x=7 


3x=O+2nz7 &3x=”7+2nz 


+ 


2a 
i= g +nz inIll 


PCa Lacan ae | 
ss={ 5 lulz ; }u{E + me} U2 + mel mez 
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COLLEGE MATHEMATICS-} SOLUTION OF TRIGONOMETRIC EQUATIONS 
19, Sind +Sin3@ +Sin5@ +Sin7@ =0 
Sol. Sin 7@ +Sin@ +Sin50 +Sin3@ =0 

Sin (7 + 4 bos (2 - = +2Sin & + =} fz & al 

2 2 2 we 

2Sin 40 Cos 30 +2Sin40 Cos@ =0 => 2Sin 4 (Cos 30 +CosO)=0 

2Sin 40 [cos “e cd Cos =< 4 =0= 4Sin4@ Cos26 Cos@ =0 

Sin 40 =0, Cos2 0 =0, Cos@=0 

IfSin4d@ -0=> 46 =0, > 40 =2nz &40 =7+2nz > 0-7 802" + - 


3 3 
If Cos2@ =0=>20=—+42n2 820 = +2nt =O =" +nz a=, +nz 


— ~- 


lfCos@ =0 => G= 7 +2nx a p= = +2n7 


“ 


S.S -\3 jul ~ hue + mah + onus + 2m} | 3 + 2na}neZ 


Sol. 


Cos@ +Cos3@ +Cos5@ +Cos7@ =0 
Cos7@ +Cos@ +Cos5@ +Cos3@ =0 


2Cos (748) Cos & = 2} + 2Cos & paths Cos (2 3 =0 
2 2 2 2 


\ ~ 


2Cos 40 Cos 30 + 2Cos 44:Cos@ =0 => 2Cos 40 (Cos 30 +Cos@) 


2Cos 4@ =Oor 2Cos we Cos ere 


=0 > 2Cos2@ Cos 8 =0 


~ 


Cos 4@ =0 = Cos20 =0 ; Cos@ =0 
ifCos4@ =0=340 = = +2nm 860 =>” s2nz > On + * go 2 3%, 
2 2 8 2 8 2 


lfCos20=-0>286 = 5 +2n7 &20 = +2nz=>0 = Ttar&O a = +n 


= 


3x 
IfCos0 =0 > @= “+ 2nz & O= ie +2n7 


— 


ss=f% + Int ju ‘ 2 U iE va 3 vn ; ee juz ve \nez 
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COLLEGE MATHEMATICS-~I 682. LUT RIC EQUATIONS 


Q#1. 


vi. 


vii. 


TEST YOUR SKILLS 


Select the Correct Option 
Solution Set of 1+ Cosx = Ois 
a) {Z+2ne},nez b) {x+2nz},nez 
Pa 
c) ie +- 2mm ez d) None of these 
3 
? Ke, 
Sinx = >:xis equal to 
T a T t 
a) _ b) — c) = d) — 
2 6 4 3 
Number of solutions of trigonometric function is: 
a) Finite b) Infinite 
c} Only one d) None 
Number of solution of 1+ Cosx =0 arein [0, 27] : 
a) l b) 2 
c) Infinite ‘ d) 3 
Short Questions: 


Solve Sin?x = = in[0, 27] 


Solvel + Cosx = 0 
Find solution set of 2Sin’@-Sin@ =0 


Define trigonometric equations 


Solve Sinx = 


bo|— 


] 
Solve tan x = —= 


V3 


Solve Cotx = see € [0, 2x] 


V3, 


Solve Sinx + Cosx =0 
Solve Sin2x + Sinx = 0 


Find solution set of Sin2x = Cosx 
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